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ELEMENTARY TOPOLOGY OF CHAMPS 

MICHAEL MCQUILLAN 


Abstract. Broadly speaking the present is a homotopy complement to the book of Giraud, 
[Gir71 , albeit in a couple of different ways. In the first place there is a representability 
theorem for maps to a topological champ (the translation stack will be eschewed O.V.ll and 
whence an extremely convenient global atlas, i.e. the path space, which permits an immediate 
importation of the familiar definitions of homotopy groups and covering spaces as encountered 
in elementary text books, |0.I| In the second place, it provides the adjoint to Giraud’s co¬ 
homology, i.e. the homotopy 2-group 02, by way of the 2-Galois theory of covering champs. In 
the sufficiently path connected case this is achieved by much the same construction employed in 
constructing 1-covers, i.e. quotients of the path space by a groupoid, |O.II| In the general case, 
so inter alia the pro-finite theory appropriate for algebraic geometry, the development parallels 
the axiomatic Galois theory of (SGA-L exposee V], [Odlll The resulting explicit description 
of the homotopy 2-type can be applied to prove theorems in algebraic geometry: optimal 
generalisations to n 2 (by a very different method, which even gives improvements to the 
original case) of the Lefschetz theorems (over a locally Noetherian base) of SGA-II 


0.IV.4 


|0.IV.6| and a counterexample to the extension from co-homology to homotopy of the smooth 
base change theorem, |0.IV.3| These limited goals are achieved, albeit arguably at the price of 
obscuring the higher categorical structure, without leaving the 2-category of groupoids. 
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0. F.A.Q. 


0.0. What’s this about, and why should I care ? 


0.0.1. Is this one of those manuscripts that I need to know 25 alternative definitions of n- 
Category and 16 generalisations of the etale site in order to get started ? No, it’s elementary. As 
such the higher category pre-requisites are no more complicated than 2-categories, 2-functors, 
their transformations, and, occasionally, their modifications, all understood weakly rather than 
strictly. The slightly more demanding pre-requisite is that one should be familiar with how 
one uses 2-categories to construct what might be termed “exotic gluings” of spaces, be they 
topological, differential, symplectic, algebraic or whatever, i.e. in an arbitrary site. This 
is Grothendieck’s theory of champs, and, unfortunately, the literature tends towards 

an obsession with algebraic geometry. Notable exceptions are Grothendieck himself, “il s’est 
avere impossible de faire de la descente dans la categorie des preschemas, meme dans des cas 
particuliers, sans avoir developpe an prealable avec assez de soin le langage de la descente dans 
les categories generales”, [SGA-I, Expose VI], and the book of Giraud, [GirTlJ, “Gohomologie 
non abelienne”. What’s involved, however, is, in the hrst instance, just extending the dehnition 
of sheaf from a functor with values in sets together with some gluing conditions, to that of a 
2-sheaf, i.e. a (weak) 2-functor with values in groupoids with some further gluing conditions, 
A.iii to which some geometric conditions such as the existence of an atlas should be added. 


Thus although A.iii is rather terse it shouldn’t be impossible to become acquainted with the 
language as one goes along, albeit having some examples in mind such as quotients by foliations, 
dynamical systems, the hbre O Xk S for O an or bifold supported on a knot K in the 2 or 3 
sphere, S, may be necessary for this to work. Alternatively, one could take the hrst few chapters 
of [LMBOOj, and replace “schemas” by “my favourite category”. 


0.0.2. But I know 26 definitions of n-Category and 17 generalisations of the etale site, are you 
saying this isn’t for me ? One has to distinguish two different phenomenon. The hrst is that 
the most common case of champs that one tends to encounter (even in algebraic geometry) 
are orbifolds, which have the particular feature that they are spaces almost everywhere. Gon- 
sequently, the richness (even under the separation hypothesis of §jl]j^ of the generalisation 
and the clear introduction/motivation for higher category theory that it provides get obscured. 
The second is the very considerable advances in higher category theory, notable [Lur09j. Gon- 
sequently, in higher category terms, the value tends to be limited to the space like description, 
albeit in very low degrees, of things which have a comparable, and more general, descriptions 
in topos theoretic terms. 


0.0.3. Now I’m confused, isn’t champ just a pseudonym for orbifold, and to imagine any similar 
structure which isn’t a space almost everywhere is just nonsense. What do you intend to do ? 
Distinguish between a space and a group acting trivially on a space ? Basically, that is exactly 
the distinction that one should make. For example the action of a group on a (closed) point, 
F ^ pt, is invariably trivial. On the other hand if one expresses a space, X, by way of an open 
cover U = iUa Ua) ^ X and the gluing R : = Uq n Ujs) = U XxU U of the same, then 

the rule for giving a map f : T ^ X expressed in terms of the equivalence relation R ^ U is 
best seen by viewing the later as a category, i.e. there is a functor V XtV R for some open 
cover V = Vh of T, and the set Hom(T, X) can be identified with 


(0.1) functors V Xt V —>• i? for some cover y/(equivalence over a common rehnement) 


and if one applies the prescription (0.1) to the category T 
of F-torsors over T. 


pt the resulting set is the set 


Moreover the (2-category) of equivalence relations is rather particular 
since (by the simple expedient of taking the quotient) it’s equivalent to the 1-category of sets, 
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a.k.a. categories in which every arrow is an identity, so the general prescription is not to define 


Hom(T, —) as a set via 0.1 but as a category with objects 

functors F : V Xj^V ^ R for some cover V and 
arrows natural transformations ^ : Fw —>■ Gw 


( 0 . 2 ) 


for W a common refinement of the covers on which F and G are a priori defined, which in 
the particular case of F ^ pt leads to Grothendieck’s definition of Br, i.e. the 2-functor 
(understood weakly unless one wants to get into large category issues 0.V.4) from spaces, T, 
to groupoids (a.k.a. a category in which every arrow is invertible) which to T associates the 
category whose objects are F-torsors over T, with arrows torsor maps. In any case, the basic 
relation between champs and spaces is that between groupoids and sets. 


0.0.4. That’s all very clever, but Fm a topologist, I hate French mathematics, and I can mimic 
that sort of thing using K(F, 1) ’s. By construction there’s certainly a map K(F, 1) —)• Br, which, 
unsurprisingly, is a weak homotopy equivalence, but there is no non-trivial map in the other 
direction. Nevertheless, the (pointed) homotopy category is an incredibly rich category, and 
the addition that Grothendieck’s Bp makes to the topologist’s arsenal is limited. As such, the 
objection not only has some substance, but, clarifies what is arguably the principle utility, if 
not the nature, of the construction, i.e. the generally valid definition of K(F, 1) and related 
homotopy constructions in whatever category. 


0.0.5. So you can make symplectic, or holomorphic, or even characteristic p versions of Post- 
nikov and Whitehead towers using this stuff ? The number of stages, n, that one can do in 
the Whitehead, respectively Postnikov, tower is a function of having the right definition of n, 
respectively n -|- 1, sheaf and, |A.iii champs are the case n = 2. More precisely, the Whitehead 
tower of a (path connected) space, X, with homotopy groups, vr^, starts from Xq = X, and 
continues as A„ —?■ Xn-i a fibration in K(7r„, n — l)’s such that Xn has no homotopy in degrees 
at most n. In particular Xi —)• Xq can (provided it exists) be taken to be the universal cover. 
Nevertheless the tower is a priori only defined up to homotopy, so anything homotopic to the 
universal cover is allowed. Gonsequently, from the homotopy point of view, the reason why one 
can define say a holomorphic structure on Xi as soon as this exists on Xq is that K(7ri, 0) has 
a canonical realisation- or, following the terminology of [PRSTJ, “canonical modelizer”- as the 
discrete set with elements tti. Gertainly, therefore, 0.0.3 one gets a map X 


B, 


I.e. 


the 


first step of the Postnikov tower, but, and this is the subject of §jn III one also gets the 2nd 
Whitehead stage, or better universal 2-cover, X 2 —?• Xi as an etale fibration with fibre B^j- 


0.0.6. The usual model for the 2nd Whitehead stage of is or C^\{0} if you want some 
holomorphicity, but you’re claiming there’s a model which is an etale fibration, whereas the 
only etale fibration over is the identity. You on drugs ? Indeed if / ; A —)> is an etale 
fibration, then / is an isomorphism iff A is a space. A champ, however, is not a space, and 
just as one can construct P^ as the quotient of the action 

(A,x)i-^Ax 

G^x(C"+^{0}) ^ C"+^{0} 

(A,fc)i— 

it’s universal 2-cover, is the quotient of the action 

(0.4) Ga X (C"+^{0}) ^ C^+^{0} 

and the map ii^c i® ^ local homeomorphism and a fibration, 

is complete Kahler, but it does not satisfy the conclusions of Hodge theory, since by the 
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I.d.2 In particular. 


(0.3) 











Leray spectral sequence 


(0.5) 


HP(^^,Z) = 


Z, p = Oor 2 ?t, + 1 


but = 


0, otherwise 

so, i® very far not just from a space but even from PJl x 


C, p = qoi q + 1 
0, otherwise 


0.0.7. So if the first Whitehead stage is the universal cover, does, by analogy, this second stage 
admit some “group object in the category of categories” action, or even Galois theory ? Indeed 
just as a (connected) homotopy 1-type is the same thing as a group, equivalence classes of “group 
objects in the category of categories”, i.e. so called, cf. [0.0.8 2-groups, are [BL04, Theorem 
43] in 1-to-l correspondence with (connected) topological 2-types, [WM50J, i.e. a group tti, a 
TTi-module 7r2, and the Postnikov class G H^(7ri,7r2), § II.a Notwithstanding the subtlety. 


II.a.1, that this correspondence isn’t a faithful functor from the homotopy category to 2-types, 


it certainly shouldn’t surprise that 2-groups have the same relation to the universal 2-cover/2nd 
stage in the Whitehead tower as groups do to the universal cover/1st stage. All of which is just 
the “2 piece” of a larger story about n-groups, n-topoi, and n-Galois theory, n < oo, amongst 
which the case re = oo, [Lurl4, Al] is a bit easier than re finite since it supposes the maximal 
amount of local connectivity, whereas the latter requires hypothesis of the form locally re — 1- 
connected and semi-locally re-connected, |Hoyl5, 2.15], jO.III.lj A priori one might think that 
this only applies to CW-complexes, wherein the story began, ]Toe02j, but properly understood, 
Hoyl5, 3.5], it also covers the general pro-finite case which is valid more or less unconditionally- 


indeed it may even be formulated without supposing locally 0-connected, 0.III.7- because all 
higher pro-finite hm^-^^’s vanish, ]Jen72 , Theoreme 7.1]. Consequently the obvious realm of the 
re < oo case is point set topology wherein it constitutes one of our recurring themes, i.e. the 
“Huerwicz border” for which one has a homotopy interpretation of sheaf co-homology, [0.1.6 
& 0.III.7 and which can actually be used to prove theorems in point set topology, [III.i.5f 


III.i.6 albeit we never go beyond the case re = 2, where our treatment closely parallels [PW05J 


which in turn follows ]Gir71J rather than ]Lur09j. Irrespectively however of how one arrives to 
the conclusion the points is that 2-groups are the “canonical modelizer” of homotopy 2-types 


envisaged by [PRSTJ. They are properly speaking objects of (pro)-discrete group theory, O.II.l 


and in such terms admit a minimal, if not quite canonical since one has to choose a co-cycle 
representing the Postnikov class, description which is what affords the holomorphic (symplectic. 


differential or whatever) theory of the initial stages of the Whitehead tower, 0.0.5 


0.0.8. I’m not buying that. Fibre products in 2-categories are only well defined up to equivalence, 
so the group axioms are devoid of sense in a 2-category, and this whole 2-group thing is a lot 
of sad rubbish. This is my paraphrasing of a substantive objection by Nick Shepherd Barron. 
The most superficial way to deal with it is to confine the definition of 2-group to 2-categories 
admitting strict fibre products, [A.i.2 rather than the more general definition, [A.i.l This is 
pathetic but agrees with current mathematical practice, and is wholly adequate for the purposes 
of this manuscript. A better answer to the question is that the right definition of 2-group is: 

(0.6) a 2-category with 1 0-cell, and all 1/2-cells invertible. 

Irrespective of a somewhat subtle difference between 2-group equivalence and bi-category equiv¬ 


alence, (11.541, if one accepts (0.6) is the response to the objection, then one is logically obliged 


to accept that the right definition of group is not that employed for the last 200 years, but 
(0.7) a groupoid with 1 object. 

Now this is very much “parvus error in principio magnus est in fine”, |Aqu76|, territory, but, 
on balance, this manuscript (and one could cite a lot of supporting evidence in the theory of 
higher topoi) tends to support the view that (0.7) is the “right” definition of group, e.g. if we 
were to express a (pointed path connected) space, X*, as a quotient of its path space P —)• X 

































via the equivalence relation R := P Xx P ^ P then 7ro(i?*)- pointed in =t= x * would be not 
only a very natural definition of 7ri(X*) in the path connected context, I.e, but, a priori, the 
groupoid 7ro(i?*) ^ vro(P) = pt naturally presents itself as an objects in a category of “canonical 
modelizers” of 1-types, and, indeed if one didn’t already know Grothendieck’s definition, |0.0.3| 
of Btti, one would rediscover it from asking his “canonical modelizers” question about path 


connected spaces. Nevertheless, I’m by no means certain that 0.6 is the answer to the objection, 
which is, in any case, something that has to be taken much more seriously than just appealing 
to strict fibre products. 

0.0.9. Granted you might he able to define the universal 2-cover of a space as some kind of 
champ, hut I bet you that the 2-cover of a champ is a champ of champs, or some 3, or 4, 
category widget that you don’t know how to define. No. The 2-category of champs in the etale 
(understood in the sense of local homeomorphism in the classical topology and in the usual 
sense algebraically) topology is closed for all operations that pertain to the homotopy 2-type. 
The easiest illustration is that a topological champ which is locally simply connected and semi- 
2 connected admits a universal 2-cover, [ITZsl or |III.i.6| 


Of course algebraically one 


locally 

should work pro-finitely, |III.g.6| while the general topological situation, III.i.6| is pro-discrete. 
The intervention of pro-objects is, however, the nature of the 1-category of algebraic spaces, 
respectively of general topological spaces, and not only occurs already at the level of classical 
Galois theory, but, in the topological case (or, indeed algebraic if one doesn’t suppose locally 
Noetherian) there’s even an issue, Ill.i. 
discrete space need not exist. 


at the level of ttq, i.e. a universal map to a 


0.0.10. Having some closure like that is good, but I only care about manifolds, and orbifolds, 
so all this champ this champ that looks like overkill since I presumably only need some sub- 
2-category of champ to do what I want. Not really. The important distinction is between 
separated and non-separated, or better, in order to have sufficient generality for manifolds and 
orbifolds “an etale fibration over separated” albeit, II.b.6 such fibrations are quite definitely 
separated in a valuative sense and it’s purely a matter of convention to distinguish them. 
This said as soon as one admits an interest in orbifolds, then, II.f.4, the only substantive 


restriction on how far the universal 2-cover is from a space is 7r2, so, as the dimension increases 
pretty much anything could happen. Similarly, if one’s point of departure is group actions on 
normal algebraic varieties, then pretty much any normal separated champ could intervene in 
the description of the etale 2-homotopy of the quotient, while pretty much any (separated) 
thing could, cf. O.IV.l intervene as a closed sub-champ. Modulo, however, what we’ve said 


about etale fibrations over separated, there are large areas such as 3-manifolds or (classical) 
algebraic geometry where one may not have an a priori interest in the non-separated case. 

0.0.11. The general separated case must be where this stops. After all the non-separated case is 
the perogative of “non-commutative geometry”. I think you should keep your neb out of stuff you 
don’t understand. There are several distinctions to be made. The first is that the constructions 
of “non-commutative geometry” are not per se constructions about “exotic” classifying champ 
such as [M/Q], or more generally transverse dynamics, but rather about the orbits themselves 
from which, occasionally, one gets transverse information but this is per accidens. Secondly 
examples like [M/Q], the “non-commutative torus”, and so forth, are separated under any rea¬ 
sonable understanding of Grothendieck’s valuative criteria in the topological case, so they tend 
to have extremely good properties, and admit very easy spectral sequences for calculating (func- 
torially with respect to the ideas) whatever one’s favourite co-homology theory is. Probably, 


albeit cf. 0.1.7, the first natural example which fails to satisfy even a valuative criterion for 
separation would, [Mal02j, be something like the classifying champ of the general holomorphic 
foliation on and, irrespectively, since it’s locally 2-connected this example has a well defined 
homotopy 2-group, i.e. not just a pro-2-group, and admits, 
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III.i.6, a universal 2-cover. 




















0.0.12. It might well be that this language permits a conformal, or positive characteristic, or 
whatever, definition of homotopy 2-types, but, at least pro-finitely, so does Artin-Mazur, and 
it works in all degrees, so you’re just engaging in a large scale waste of time. It is certainly 
true that Artin-Mazur, [AM69J, provides a definition of the pro-finite homotopy groups of 
any site, and it’s inconceivable that this definition won’t agree with any other. Nevertheless, 
to achieve it’s goal [AM69J has recourse to geometric realisation, and whence the practical 
implementation of the theory is usually far from straightforward, e.g. if one wants to prove 
anything about tti one invariably uses the definition of [SGA-I, exposee V], which is indeed 
equivalent, to the definition of [AM69J, but this is a theorem- op. cit. §10 for tti and |Hoyl5, 
3.5] in general. Our own mantra, however, is that the correct definitions of homotopy groups 
are, already for topological spaces, Galois theoretic and the theorem is the other way round, i.e. 
given sufficient path connectedness the Galois definition may be realised by loops and spheres. 


0.1.6 which would also appear to be the philosophy behind [Lur09, A.l]. In particular once 


one dispenses with geometric realisation in a context such as algebraic geometry to which it is 
alien, one has the definitions in a form which is intrinsic to the category being studied, and it 
is in this form, 0.IV.4, that one uses them, albeit here only in degree at most 2, to prove the 


Lefschetz theorem. Similarly, even the (trivial) GAGA theorem, IV.a.4 wasn’t know for the 


Artin-Mazur groups prior to |Hoyl5, 3.5] without hypothesis such as geometrically unibranch. 

O.I. The representability theorem and its consequences. 



the Grothendieck topology of local homeomorphism) champ is again a separated topological 
champ. The key to the theorem is to prove it locally, |I.a.3 by way of constructing a “tubular 
neighbourhood” of the graph, which, as it happens, has limited sense in an arbitrary topo¬ 
logical space, so, ironically, ]Ols06j, the algebraic, or any other situation where one can bring 


infinitesimal methods to bear is actually somewhat easier, I.a.6 


0.1.2. Could you give a more precise statement of the theorem ? No. Whether here, or, elsewhere 
in the introduction, you’re supposed to click on the above hyperlinks. 

0.1.3. What’s all that pointing for ? Are you trying to drag the subject back to the dark ages ? 
The representability theorem, |0.I.1[ trivially implies a pointed representability theorem, I.c.2 
but the critical additional fact about pointed maps, Hom*(W, from a pointed space, W, 
to a pointed champ, is, op. cit., that it is itself a space. In particular, therefore, the 
path, P.^, and loop spaces, 12.^, I.c.3 of a pointed champ are spaces, which via the usual 
adjunction, I.c.6 permits, modulo the correct definition of fibration, I.d.2 a more or less 


instantaneous, and in a wholly elementary way, extension of the homotopy theory of spaces 
to (locally path connected) topological champs. It should also be noted that if one doesn’t 
point, then one gets the wrong answer, e.g. 7ro(Hom(S^, Br)) is conjugacy classes of P rather 
than P = 7ro(Hom*(S];, Br,*)) itself. As such, while I have some sympathy with the attempts of 
[BHSllJ to eliminate pointing, its practicality is evident- on a deeper level, I defer to ]Voe98j. 

0.1.4. The passage from the spaces to champs can’t be that instantaneous. Otherwise what’s all 
that junk about the universal cover in aid of ? Not really. The point is that while the idea 
in any text book presentation of “a locally path connected and semi-locally 1-connected space 
admits a universal cover” is on the money, the exposition is insufficiently functorial, and what 
should really be proved, cf. 0.0.8 is that if Rq := P=^* x P.^ ^ is the path groupoid 


and Ri ^ P.^ the connected component of the identity, then the quotient [Pi^*/i2i] is the 
universal cover, I.e.6 and, as it happens, a certain number of messy homotopy statements 

10 


























should be replaced by statements about functors and natural transformations between these 
groupoids, iru If this were the case, equivalently if the use of the path space as an element 
of a Grothendieck topology was more diffused- it’s systematic but informal in [BT82J- then 
there’d be relatively little to do beyond noting the extra complication, (1.59), that occurs in 
the path groupoid of a champ rather than a space. 


0.1.5. Fair enough. Even the special case of how to construct the universal cover of an orbifold 
via loops attracts a lot of attention, so, having done everything in such generality does it cast 
any light on the developability of orbifolds, i.e. when is their universal cover a space ? Yes. An 
orbifold is developable iff every tear drop can be homotoped to a sphere, |I.f.3 This is a simple 
consequence of the relative homotopy sequence, (1.81), but, even in the case of an orbifold, 
pL : ff ^ M, supported on a manifold, M, in a knot, K, the relative homotopy sequence has to 
be applied to the embedding ^ x G K, where the fibre, is never an orbifold, 

but it is a champ, cf. 0.0.3 There’s also a group of tear drops, but, arising from relative 


homotopy, it’s non-commutative, and one should, I.f.4, be careful about its structure. 


0.1.6. What’s all that 1-Galois, Huerwicz stuff at the end of this chapter in aid of ? Indeed 
looking ahead, what’s the chapter itself in aid of ? The results of the pro-discrete etale theory 
are much more general, and completely dispense with all this loop-sphere rubbish. As it happens, 
Huerwicz is usually stated as a relation between homotopy groups and singular homology, which, 
even for locally path connected spaces, is, subtly different to the relation, I.g.5 I.g.6[ between 
homotopy and sheaf co-homology, cf. [Lur09, 7.1]. That is, however, highly tangential to the 
real question, cf. 0.0. 12[ of why bother about the sphere way of doing things, when the etale way 
provides much more general results, i.e. exactly the same theorems but with path-connected 
replaced by connected. The best way to illustrate what can be gained from the sphere approach 
is by considering some examples, to wit: 

a) The “Theorem of the Sphere” for 3-manifolds, respectively 2-orbifolds, i.e. the assertion that 


if 7r2, respectively the tear drop group of I.f.3 is non-trivial then there is an embedded sphere, 
respectively american football. 

b) Idem, for complex algebraic Fano orbifolds but where one (anticipates) that 7r2 is always 
non-trivial and one asks for a holomorphically (whence algebraic) embedded sphere, tear drop, 
or american football. 

c) Idem as (b) but for any 1-dimensional algebraic orbifold in any characteristic. 

Now (a) is the starting point of 3-manifold theory, and, to prove it one uses that the homotopy 
classes are represented by spheres. Plainly this appeal to the existence of homotopically non¬ 
trivial spheres is essential to the demonstration, and the existence of such things only follows 
from the more generally valid etale definition of 
are equivalent by the 2-Galois correspondence. 


III.i.6 a postiori, i.e. the two definitions of 7r2 
I.e.3 for locally path connected spaces. The 


same circle of ideas should by |I.f.3| work for 3-orbifolds, a.k.a. Thurston’s orbifold conjecture, 
but op. cit. doesn’t give a generically embedded american football which is what one needs 
to get started (and this sort of thing, i.e. the failure of homotopy classes to be generically 
embedded may be the extent of the difficulty in extending Smale’s /i-cobordism theorem to 
champs) whereas the current logic of the demonstration via Thurston’s orbifold theorem is 
torturous. Apart from the case of manifolds, which is a consequence of Mori’s Frobenius trick, 
the only other known case of (b) is that of algebraic surfaces with quotient singularities, [KM99J, 
which, b.t.w., is a very long enumeration by cases, and, arguably, the question is best addressed 
algebraically. Nevertheless under (the much) stronger hypothesis, [SY80J, of positive sectional 
curvature one can do it analytically, and, of course, the starting point of op. cit. is that 
classes in 7r2 are represented by spheres. The nature of (c) is somewhat different, since the 
difficult case, IV.a. 17, of orbifolds with moduli which currently has no algebraic proof over 
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C, needs Van Kampen, and a “nice” topology in which to employ it. The former is, however, 
a theorem of etale homotopy, [SGA-I, Expose IX.5.1], and, the “nice” topology wherein it is 
to be employed is just the classical topology. As such, the use of loops and spheres in (c) is 
only a matter of convenience, albeit a useful one. A (tangential) curiosity here is that the 
specialisation theorems [SGA-I, Expose X.3.8] fail, IV.a.19, absolutely (Feit-Thomson) to do 
the said difficult case, |IV.a.l7| in characteristic 2, while the classification of finite simple groups 
doesn’t leave much room for manoeuvre in characteristic 3 either, so, as far as I know, (c) is 
open for tame orbifolds in characteristics 2 or 3. 

0.1.7. If the whole loop-sphere thing is so useful why didn’t you develop it in the general non- 
separated ease, or, at least under some valuative criteria such as paths have unique limits, 
or even that locally the champ is the classifier of a discrete group action ? One should first 
distinguish the sub-question of whether there are any better “separation hypothesis” than those 


we have employed, which, cf. 0.0.10, are really designed for conformal homotopy of spaces and 
orbifolds. As such, a case which we’ve not covered, is where the lack of separation is the result 
of a global group action, e.g. [M/Q], so called “non-commutative torus”, etc.. On the other 
hand, everything extends to such global cases trivially, so the better question is: are there some 
natural examples with good separation properties that don’t come from global group actions, 
and, to date, I don’t know any. Indeed, one has a very rich set, |McQ08|, of examples in the 
form of the classifying champs of foliated algebraic surfaces, wherein to imagine that one would 
find an example which is locally but not globally the classifying champ of a discrete group 
action is just silly. Plausibly, these examples are valuative separated- it almost follows from the 
uniformity of uniformisation of |McQ08| and I’ve tried quite hard to prove it, but [MaI02j is 
very much in the opposite direction. Gonsequently, modulo trivia, it seems to be the case that 
one should either suppose separated or arbitrary. This said there is a good case for developing 


the sphere theory arbitrarily, e.g. it’s utility along the lines of (a)-(c) of 0.1.5 in the aforesaid 
foliation example should be pretty apparent. On the other hand, in such generality the path 
space would fail to be separated, and since we never ever employ coverings, or groupoids (or 
indeed even the word space) whether it be an etale atlas or the path space, and the resulting 
etale, respectively path, groupoid unless these objects are themselves separated. Thus, for 
example, we regard non-separated spaces as champs, rather than spaces, and, while, perhaps, 
such generality should have been attempted, it would have been wholly independent of our use 
of loops and spheres via the path groupoid in §jI]|TT| anyway. 

O.II. 2-Galois theory via loops and spheres. 

O.II.l. The first section of this chapter looks to me like a lengthy rant in group co-homology. 
What’s going on ? There’s plenty of literature about 2-groups, fundamental 2-group, crossed 
modules, coherence theorems, etc. all of which is the opposite of help for doing etale homotopy. 
The basic thing to keep in mind is, 0.0. 5[ that size matters inversely, and what we’re dealing 
with here is an aspect of discrete group theory. Gonsequently, one would ideally like to define 


a 2-group as the 2-type (vri, 7r2, fca) of 0.0.7 Unfortunately, this doesn’t quite work, II.a.1, and 
what one has to do, (II.l)-(II.2), is replace k^ by a normalised co-cycle, : Trf —)• 7r2. The 
difference between such a thing and a crossed module or strict 2-group is analogous to the 
difference between co-homology groups and injective resolutions, i.e. the latter are excellent in 
theory, but one would never use them in practice. More details are in [BL04J, albeit we need 
this sort of thing for actions of a 2-group on a groupoid, which is more general than op. cit., 


and the resulting development is most of the chapter. It’s summarised in II.a.14, and essentially 
the only (guest) appearance of the more common approach via crossed modules/strict 2-groups 
is in the scholion, II.a. 15 on left vs right 2-group actions which follows. It may, however. 


be usefully noted how one goes from a strict 2-group, 0, to its 2-type. Specifically, if to fix 
ideas 0 were contained in the automorphisms (be they weak or strong) of a category then 
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7ri(0) is the classes of functors in & modulo equivalence via natural transformations, and 
7r2(0) are the natural transformations which stabilise the identity. Consequently if for each 
Ld G vri(©) we choose a functor F^j representing it, there are natural transformations (unique 
up to 7r2) ■ Fruj FrF^^ and a natural transformation Sa,T,u} (unique given (p) such that 

the commutativity of 


( 0 . 8 ) 


Paruj ^ 


F F 

^ (7^ TUJ ^ 


{Faru)*{S^, T Oj') 

F 


{Fcr)*(l)T 


F F F 


V 

aru 


^ FarF^ F^FrF^ 


affords a co-cycle tau, uj, a.k.a. the Postnikov class K^. 


0.II.2. So if I apply this recipe to the automorphisms of the universal 2-cover (of which I wouldn’t 
mind some more explanation b.t.w.) presumably I get the fundamental 2-group 112, or, equiva¬ 
lently the 2-type (vri, 7r2, ks) ? More or less exactly right. The only error here is that if ^2 —t ^ 
is the universal cover of a champ, and one employs the usual rules for passing from commuta¬ 
tive diagrams to 2-co mmuta tive diagrams then the 2-category in which automorphism is to be 
understood, F\, 2 {^), II.e.2 isn’t quite the naive Cham ps/ SS unless ^ \s a. space. As to the 


universal 2-cover itself: under our separation hypothesis, 0.0.10 & 0.1.7 a (pointed) topological 
champ has a path space P := —)■ and the Whitehead hierarchy may be written as: 

(0.9) := is the classifying champ of the groupoid Rq := P P ^ P. 

whenever ^ is path connected, and if it’s also semi-locally 1-connected 


(0.10) the classifying champ, of the groupoid i?i ^ P. 

for Ri the connected component of the identity, is the universal cover, while, finally if were 
locally 1-connected and semi-locally 2-connected 

(0.11) the classifying champ, of the groupoid R 2 ^ P. 


for R 2 the universal cover of i?i, is the universal 2-cover. In particular, therefore, the arrows 
of i?2 which become the identity in i?i are the P-group S := P x tt 2 and R 2 = Ri/S, while 
=^2 


is a locally constant gerbe in 6,^2’s- 0.0.3 0.0.6 


0.II.3. By analogy, therfore, if we replace group by 2-group; covering space by covering champ; 
and set by groupoid shouldn’t there be a 2-Galois equivalence between covering champs and 
groupoids on which II 2 acts ? Again modulo what we’ve already said in 0.II. 2| about the differ¬ 
ence (which pertains to the 1 and 2 cells) between Et2(^) and coverings in Cham ps/this 
is exactly right. In particular the 0-cells are the etale covers of which the generally (in any 
site, e.g. connected but not path connected spaces) valid definition is that the fibre over any 
sufficiently small open, U, '\s U x ^ for a discrete groupoid which, in the topological and 
locally 1-connected case, is equivalent, |II.b.8 to the more succinct property of being an etale 
fibration of champs. Unsurprisingly, therefore, the 2-functor 


( 0 . 12 ) 


Et2(=^) ^ Grpd(n2) 


affording the 2-Galois equivalence, |II.e.3l 
q : ^ 


is the fibre functor which takes an etale fibration 
over a pointed champ and sends it to the (n2-equivariant) groupoid q~^{*). 
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0.II.4. Neat. Any chance of some examples to help me develop some intuition for the 2-Galois 
correspondence ? Indeed there is. Numerous examples are provided in § II.fHII.^ ranging from 
the perennial favourite of group extensions, i.e. Et2(B7rj), to the case of finite tti wherein (for 
7 r( a sub-group) one encounters classifying champs under the action of extensions 

(0.13) 




E 


TTi 


0 


and the extensions themselves can, II.g.3 be expressed via integration over spheres. Irrespective 
of intermediate examples such as non-associative extensions, 11.142 these 2-examples contain 


(given the GAGA theorem IV.a.4) everything in the specific case of 1-dimensional algebraic 

BN06I 


champs in characteristic zero addres sed in 
defining the Postnikov class such as 
should aid the intuition. 


II.h.2 


In addition the various alternatives for 
the dg in the Hoschild-Serre spectral sequence 


O.III. Pro 2-Galois theory. 


O.III.l. What’s the main difficulty, or indeed difference, between the loop-sphere approach and 
the (pro)-etale theory ? In the first place one should distinguish between pro-finite and pro¬ 
discrete. The latter, Ill.i requires hypothesis of the form “semi-locally-n-connected” to work. 


O.III.7 whereas the latter is valid more or less unconditionally. As such, the specifics of the 
respective cases are somewhat different, but the root of the difficulty in either case is that 


one doesn’t have a (meaningful) notion of path space, so the description (0.9)-(0.11) of the 
Whitehead hierarchy as groupoids acting on the same contractible space, i.e. the path space, is 
invalid. The most specific manifestation of this in the pro-finite theory is that in all probability 
the universal cover doesn’t exist, while in the pro-discrete theory the game is to give conditions- 
“locally-n — 1-connected and semi-locally-n-connected”- such that the universal n-cover exists. 


O.III.2. Surely if there’s no path space, and you don’t plan to use geometric realisation, there’s 
no relation between the loop-sphere theory, and the pro-etale theory ? You’d be surprised. The 


basic thing about the formulae (0.9)-(0.11) for the Whitehead hierarchy in the topological case 


is that one has a groupoid, Rq, acting on a space whose quotient is the thing, whose covers 
we wish to study, and the universal 1, respectively 2, cover are obtained from the connected 
component, i?i, of the identity, respectively it’s universal cover. More generally, however, all 
(connected) etale fibrations of can be expressed as a groupoid R ^ P acting on the path 
space where ii is a (not necessarily connected) etale cover of components of Rq- which comes 
out in the wash, II.e.8 in the proof of the 2-Galois correspondence, (0.12). Now, in practice. 


particularly in the pro-finite theory, one doesn’t need a similar fact for all covers (in a more or 
less arbitrary site) at once, but only for a finite number, and this can be achieved by replacing 
the path space P by a sufficiently fine etale atlas U- (11.69). Gonsequently, although the 


path approach is logically independent from the pro-etale approach, there is a similarity in the 
constructions without which it’s somewhat difficult to follow what is going on. 


O.III.3. That meta-rule of replacing the path-space by a sufficiently fine etale atlas looks useful, 
but I don’t see how to make Galois objects from it, and presumably you need some sort of 2- 
Galois objects which are something else again? Indeed the utility of the path space, or, better 
the path fibration, is that it lifts to every etale fibration, i.e. it comes with a certain universality, 
whereas the notion of “sufficiently fine etale atlas” supposes that it covers some a priori thing 
in the hierarchy of etale 2-(or indeed l)-covers of interest. Thus, one needs the rig ht notion of 

is, |Noo04) . 

of 


0.II.2 


Galois, which modulo the distinction between Et 2 (.^) and Cham ps/of 
in the 1-Galois, equivalently representable covers, context exactly the definition, (III. 12) 
[SGA-I, exposee V]. The definition of 2-Galois is, however, rather more involved. 
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0.III.4. So when exactly is a map of champs 2-Galois ? In the first place given any map q : 
^ ^ of champs in Et2(^), i-e. proper etale covering in the algebraic setting, there is a 

nniqne (np to nniqne eqnivalence) factorisation ^ ^ ^ ^ into a locally constant gerbe 

followed by a representable cover, [n.b.2 which one can, and shonld, consider as the Whitehead 
hierarchy, (0.9)-(0.111, in the particnlar rather than the nniversal. As snch there is an obvions 
necessary condition for the gerbe p to give rise to a piece of 7r2, i.e. r* shonld be an isomorphism 


on TTi. This is the qnasi-minimality condition of III.c.l wherein perhaps 2-minimal may have 
been better notation since minimal in the abstract setting of [FGA-II, expose 195] becomes 
an isomorphism on tto in practice. Another obvions condition is that r shonld be Galois, and, 
irrespectively the nnicity of the aforesaid factorisation implies- see O.II.l for notation- a map 


(0.14) 7ri(Autg^^^^^((7)) —)• 7ri(Autj;^^^^^(r)) = Usnal Galois gronp of 1^/.^ 


and the final piece in the definition of 2-Galois, III.c. 14, is that (0.14) shonld be both snrjective 
and admit a section. 


0.III.5. So then you’ll have a directed system qi —)• qj, giving rise to a directed system of 2- 
groups Aut(gj); the limit of which is, presumably, the pro-fundamental 2-group? Yes and no. 
A postiori this works, bnt a priori it may well be wide of the mark since (0.14) will invariably 
have a non-trivial kernel, |III.c.8 in the pro-finite context, i.e. inevitably 2-Galois cells have 
(even modnlo eqnivalence) too many antomorphisms. This does not, however, exclnde that 
( |0.14 ) becomes an isomorphism in the limit, which, in tnrn is what has to checked, i.e. if 112 
is defined as the limit of the antomorphisms of 2-Galois cells, then the resnlting 7ri(n2) in the 
general nonsense 2-gronp sense of O.II.l, agrees with the nsnal 1-Galois sense of tti. By the 


very definition of weak pro-2-categories this is eqnivalent, III.f.5 to the existence of a Postnikov 


Seqnence as defined in IlI.e.l As snch, the critical thing to do is the (rather large) diagram 
chase of Ill.e which shows the existence and nniqneness of Postnikov seqnences. After this, 
the meta-rnle “path space <-> snfHciently fine atlas”, cf. 0.III.2 leads to a largely mntatis 


mntandis demonstration of the pro-finite-2-Galois correspondence III.g.6 relative to its loop- 
sphere variant II.e.3 There are, however, some tantological bonnses along the way snch as the 
Whitehead theorem. III.e.17, that f : is an isomorphism on the homotopy gronps 


VTj, i < 2, then it’s already an isomorphism of their fnndamental 2-gronps 112. 


0.III.6. Isn’t all of this in the book of Giraud “Gohomologie non abelienne” ? Snrprisingly 
enongh the answer is mostly no, albeit that for anything which is a cohomological rather than 
homotopical proposition the answer is mostly yes, while if we pose the same qnestion for Lnrie’s 
“Higher topoi”, the answer is, at least implicitly, yes to everything. Unqnestionably the reason 
for the lacnnae in [GirTlJ is largely historical, e.g. interest in defining a non-abelian H^, lack of 
development of 2-gronps and bi-categories at the time of writing, etc., and, conseqnently, §j^ 
III can, reasonably, be viewed as the homotopy complement of [GirTlJ. In particnlar, therefore, 
everything abont co-homology of locally constant pro-finite sheaves, or, indeed non-abelian 


links in the sense of op. cit., follows (easily) from the 2-Galois correspondence, III.g.6 As snch 
we’re once more in “parvns error in principio magnns est in fine” territory, and the following 
can reasonably be stressed, 

(a) Girand’s basic qnestion of how to continne the cohomology seqnence of non-abelian gronps 
to already has sense, and is argnably snbordinate to, defining of pointed sets. 

(b) Girand cohomology is so tantological {cf. [Lnr09, 7.2.2.14] which is the same principle, 
albeit that a topos tantology isn’t qnite the same as a site tantology) as to pose the qnestion as 
to whether it onght not to be considered logically prior to sheaf co-homology. The two of conrse 
agree since Girand cohomology vanishes on injectives, ]Gir71, IV.3.4.3], bnt the tantology is 


perhaps most evident via hypercoverings III.h.4 


15 



































(c) The relation between homotopy and co-homology is best seen as an adjunction, which 
eventually becomes the Galois correspondence. It is, therefore, naturally pro, [Lur09, A. 1.2], 
|0.III.7| and the tautological elegance of Giraud co-homology passes to the pro-finite, or, more 
generally, pro-discrete setting- |III.h.l4f which, inter alia, needs to be compared with the pro¬ 


sheaf definition (partial definitions appear to be a cottage industry) in the abelian case. III.h. 11 


(d) A useful intermediary in the adjunction between homotopy and co-homology is the dual 
on the latter i.e. homology, III.h.7 As such homology is (always) tautologically dual to co¬ 


homology, and should not be confused with a theorem (Grothendieck-Poincare-Verdier duality) 
equivalently co-homology with compact support. 


0.III.7. Those pro-discrete homotopy theorems look completely new, but it’s a bit odd that the 
existence of a universal cover of a locally connected (but not necessarily path connected) and 
semi-locally 1-connected (in the etale rather than the path sense) wasn’t proved in the 30’s. Are 
you sure it’s right ? Point set topology didn’t quite die in the 30’s, and I imagine it’s in the 
literature somewhere but so far I haven’t been able to find it- even last week’s localic | Hoy 15, 
2.15] is a little different. Arguably the trick for proving the theorems about tti, i.e. a locally 
connected (point set topology sense) space has a universal cover iff it’s semi-locally 1-connected 
in the etale sense, ^ and its 7r2 variant, [HTTel is to realise that in full generality there is a 
Huerwicz theorem for ttq, III.i.3, and that the right definition of ttq is as a pro-set, III.i.2 This 


in turn sheds light on the pro-finite theory which ought to be considered as un-conditional, i.e. 
it doesn’t even need local connectedness. 


Ill.i.ll 


O.IV. Applications to algebraic geometry. 


O.IV.l. What’s the status of the GAGA theorem for holomorphic champs ? Our present interest 
is only the 2-category Et2(l^*^°*), for the holomorphic champ associated to an algebraic 


champs, of finite type over C, and in this case, it easily, IV.a.4 follows from the comparison 
of [SGA-IV, Expose XVI.4.1] between etale and classical co-homology that q : ‘3^ ^ is 

algebraic iff it’s proper. If more generally, however, q : 3^ ^ were just a proper map to 

an algebraic champs, then even if were the moduli space of 3^, it needn’t be algebraic, 

e.g. glue two affine lines at infinitely many points then take the classifying champ of ±1 acting 
by interchanging the lines. As such, without the etale covering hypothesis, it’s difficult to avoid 
supposing that is proper. Even, however, supposing this the difficulty in reducing to the 

results of [SGA-IVJ is that if q isn’t etale then one may not be able to factor out the stabiliser 


of every generic point in a way akin to 0.III.4 without further hypothesis such as unibranching. 
Of course if 3/^ is normal one has both this and the local results of ]Art66j so such a is 
algebraic. Otherwise, in full generality, the question looks to be open, and probably requires 
the extension of the algebraic space case, ]Art70j, to champs. In any case, it is not, due to its 
topological character, reducible, as some have asserted, to algebraisation of coherent sheaves. 


O.IV.2. But in positive characteristic there’s no GAGA theorem, and I want to calculate ti 2 - 
What should I do ? The basic tool, III.h.6 is the short exact sequence 


(0.15) 


0^HL(7ri,Z)^H2(.r,r) 


Hom;(4(7r2,Z) 


A^A,K3 


^ (HLK,2;),obs) 


which holds for any locally constant sheaf Z. In the topological case this is the weight 2 term 
in the Hoschild-Serre spectral sequence, and, although there is no universal cover, the resulting 
exact sequence, 0.15, continues to hold. One also has a proper base change theorem, IV.d.4| for 
n2, but the smooth base change theorem can fail. On the plus side, however, 7r2, unlike tti, of 
a non-proper variety only depends on the geometric fibre, IV.d.3| 
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0.IV.3. You’re not seriously asserting that “prime to p” smooth proper base change from the 
generic to the special fibre fails for 112 ? Remarkably enough, and the validity of such base 
change whether for vri or co-homology notwithstanding, yes. A counterexample is bi-disc quo¬ 
tients, IV.a.8, which if for example it were given by the action of SL2(^) for a real quadratic 
ring of integers any sufficiently large p which is inert in will do. This doesn’t contradict the 
corresponding theorem in co-homology since the failure of “prime to p” specialisation for 7r2 is 
balanced in 0.15 by the failure of specialisation for all of tti- “prime to p” group co-homology de¬ 
pends on the “prime to p” sub-groups, not the quotient groups, [Bro82, III. 10.3]. Consequently, 
I don’t see how one can get a “prime to p” specialisation theorem for 7r2 without an extremely 
strong, but of Huerwicz type, hypothesis, IV.a.9[ that specialisation is an isomorphism on the 
“prime to p” group co-homology of vri. This also tends to expose the limits of the utility, es¬ 
pecially (Feit-Thomson) in characteristic 2, of the “prime to p” specialisation theorem for tti. 
In particular, therefore, 0.1.6 IV.a.19 it appears to be open as to whether (tame) hyperbolic 


triangular orbifolds in characteristic 2 or 3, cf. 0.1.6 (c), have non-trivial 7r2, IV.a.17 


0.IV.4. Granted Lefschetz for ttq and tti of champs isn’t in SGA, but everything here has a 
moduli space, so the translation must be trivial ? Again “parvus error in principio magnus est 
in fine”, and already for ttq the SGA hypothesis aren’t quite right. Specifically, the hyperplane 
section is supposed nowhere a divisor of zero, “hypothese peut-etre superfine”, [SGA-II, Expose 
XIII.4.2], and the variation X —)■ S' is supposed flat. In order to see why eliminating such 
excessive hypothesis is essential to the nature of the question, the critical point to realise is 
that the (pro-finite) Lefschetz theorems have a built in gratuitous induction step. The best 
known example of this is (up to some minor regularity hypothesis) if z : 77 X is a hyperplane 
in a variety of dimension at least 2, L is a surjection on vri because i is not only an isomorphism 
on VTo, but so is any base change of it by a finite surjective map X' —)• X. To fully exploit this 
inductive structure (even over C) one has to, 

(a) Work with champs, even if the goal was varieties- cf. the above example for tti, with the 


definition of 2-Galois, 0.III.4, and the analogous argument for 712, IV.d.l 


(b) Work with necessarily non-flat families defined by intersecting two (necessarily not always 
distinct) divisors- the first appearance of the implied construction is (IV.31). 

Item (b) certainly already demands avoiding the flatness and regularity hypothesis of [SGA-IIJ, 
but even if one were prepared to assume them, they’re not easily conserved in the generality 
necessary to do (a), e.g. to just copy and paste from [SGA-IIJ would at least require supposing 
that all champs are tame, a.k.a. ignore any “p”-phenomenon in 712 - 


0.IV.5. I suppose that’s true that the SGA strategy opens a pandora’s box of issues about flatness 
and tameness, but these are already present for ttq, while even admitting that you can do it by 
induction, it has to start somewhere, and it’s hardly the case that starting in degree -1 is an 
option? Juxta modum, i.e. if there were a Lefschetz theorem in degree —1 it would have a 
surjectivity corollary for ttq akin to the the more well known example of how to go from vto to 
the surjectivity of vri in 0.IV.4 However it’s the corollary that one needs for the induction, and 


this, |IV.b.3| is true, to wit: 

(0.16) a hyperplane section of a connected champs of positive dimension is non-empty. 

Now we have the starting point of the induction, leading to a small, but subtle strengthening, 
IV.b.4 of Lefschetz for vro, from the demonstration of which it’s already largely clear how one 


proceeds from there to n2- IV.d.5|IV.d.ll - via the corresponding results for vri- IV.c.13 IV.c.14- 


and, indeed, modulo the right definitions in terms of higher categories, to all homotopy groups. 
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0.IV.6. For a trivial induction it does seem to go on a bit. I suspect there’s a eateh. Not really. 


The reasons for the length from the starting point (0.16)/IV.b.3 to the concluding IV.d.ll may 
be identified as follows, 

(a) Due to its non-commutative nature tti has to be treated separately, 


IV.c 


(b) Modulo the right definitions, the way to organise the induction for the higher homotopy 
groups is an appropriate use of Deligne’s descent spectral sequence, [Del74, 5.3.3], which, ar¬ 
guably, would be easier in the general rather than the specific way it’s employed in |IV.d.5 

(c) We have to correct/make up the definitions of homotopy depth as we go along, 
lIV.c 17[ 


IV.c.lO 


IV.b.9 


As such, the only substantive issue is (c), wherein the SGA definition of homotopy depth, d, 
at a closed point, x, of a variety X over a field, k, is that all local etale co-homology of 
all (not necessarily commutative if g = 1) locally constant sheaves vanishes for q < d- which, 
for example, is at least the dimension if X is l.c.i., IV.c.9| This definition is, however, useless 


because, ( |IV.84 ), unlike algebraic depth it doesn’t imply what one actually needs, i.e. the 
rectified vanishing condition, [SGA-II, Expose XIII.4.3.Definition 2], 


(0.17) 


= 0, whenever: q + Tidegi.k{x) < d 


which, nevertheless, is referred to as rectified homotopy depth in op. cit.. Gonsequently, we 


don’t follow the SGA usage, and, modulo some further precision, IV.c.7 on the topology being 
employed, etc. just call ( |0.17 ) the homotopy depth. Irrespectively, homotopy depth is a local 
condition, and what one would like to know is that (much as for algebraic depth, albeit without 
any regularity assumptions) that on cutting by a hyperplane the homotopy depth decreases by 
at most 1. To put the difficulty in perspective: in as much as it pertains to vro, the “proof”, 
SGA-II, Expose XIII.2.1] is wrong, IV.c.lO, and the correction in ]FoGV99, 3.1.7] needs a non¬ 


trivial trick, while, a priori, what we need to complete the proof, |IV.d.5| for 112 is an analogous 
statement for tti. Fortunately, however, this is overkill, and it suffices to know the vri (or, in 
general vr^-i) analogue of ]FoGV99, 3.1.7] for the generic hyperplane, IV.c.13, which in turn can 
be fitted into the general (supposing an appropriate higher category definition of VTg) induction 
so as to bypass the thorny (local) question of how the homotopy depth behaves on cutting with 
a hyperplane. Alternatively if one’s ultimate interest were smooth, or more generally lei, one 
could profit from |IV.c.9| to just build good local behaviour, upon cutting with a hyperplane, 
into the definition of homotopy depth. 


0.IV.7. Irrespectively of whether you have the definitions to hand of higher homotopy groups 
that you want, the definition of co-homology is there, and the resulting Lefschetz theorem that 
your strategy implies is technically better than what can be done via Poincare duality, so why 
haven’t you done the co-homology theorem beyond degree 2? Even for cohomology, it doesn’t 


work without the right higher category definitions. As has been said, 0.IV.4 (a), the gratuitous 


induction step for 112 is not Lefschetz for vrg of spaces, g < 1, but of champs. Amongst these 
two Lefschetz theorems vro for champs is identically the same theorem for spaces since the 
moduli map is an isomorphism on ttq, but the vri theorem for champs, even those which are 


locally constant over a space, cf. (0.5) even though it isn’t algebraic, is not the vri theorem for 
spaces. Similarly, to get the induction step whether for or requires the TTg, g < 2 steps 


for 3-spaces, O.V.5[ which for g < 1 ought to reduce to the champ theorem by a variation of 
the above moduli argument, but for 7r2 the 3-space Lefschetz theorem is more general than the 
champ one. Gonsequently, even in the presence of |Hoyl5, 3.5] (which certainly applies to the 
etale topos of a champ), and even curbing one’s ambition to higher Lefschetz for champs, or 
just spaces, rather than n-spaces, the nth step of the induction has to be run in a sufficiently 
large n-category of n-spaces, or, possibly with a modicum of intelligence oo-topoi. This said, 
everything in such a n-category would be locally constant and projective (whence a fortiori 
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Cech, and devoid of hypercovering issues) so either cobbling together an ad hoc definition in 
order to push the induction through or using the oo-topoi definition directly should work fine, 
although it will involve leaving the familiar 2-category terrain of this manuscript. 


O.V. Miscellaneous: language, notation, sets, and generalisation. 


O.V.l. Why do you use champ instead of the commonly accepted (mis)translation stack ? I 
used to, but in thinking about problems such as (a)-(c) of 0.1.6 I found that it clouded the 
mind because (and I suspect that this was Mumford’s, not unreasonable in the case of 
intention) it created an association with scheme, which, e.g. (0.5), is not entirely warranted. 
Now while there may be a whole sub-story about how bundle got translated as faisceaux then 
got translated back as sheaf (from which the amusing corollary that no-one has a working 
translation of gerbe) the word champ was coined in French because it correctly reflects the 
idea, i.e. “faisceaux de niveau 2”, and, functorially with respect to the ideas, |A.iii| the right 
translation, without any representability hypothesis on the diagonal or of the existence of an 
atlas, is 2-sheaf. Plausibly, therefore, under the said representability hypothesis, 2-space, or 
maybe 2-manifold, might be the way to go, but, for the moment following the French usage 
(particular given the propensity for n-stack, and whence the ridiculous 0-stack instead of sheaf) 
seems to be the least bad option. This said the choice of the word champ rather than 2-space 
has the following inconvenience: strictly speaking one usually says CAT-TOP-champ to mean 
a champ in the big (albeit the use of genuinely large categories can usually be avoided O.V.4) 
site of the topology defined by TOP on CAT, together with the conditions that there is an 
atlas and the diagonal is representable, a.k.a. the champ is the 2-sheafification in TOP of a 
groupoid in CAT, and just to add confusion CAT-TOP often gets replaced by the person or 
persons who first proposed the definition. Thus, for example, if CAT is affine schemes, which, 
rather irritatingly, gives a slightly different theory than CAT=schemes, and TOP is etale then 
one says Deligne-Mumford champ, or, more correctly, algebraic Deligne-Mumford champ. The 
irritating difference between affine schemes and schemes in this example disappears under the 
hypothesis that the diagonal is affine, which although a much weaker hypothesis than separated 
doesn’t have sense in general. We will, however, usually have plenty of separation hypothesis to 
accommodate such border line phenomenon, and so we adopt the convention that CAT Deligne- 
Mumford champ (or just Deligne-Mumford champ, and even just champ if the context is clear) 
means CAT-etale {i.e. locally isomorphic)-champ. Usually CAT is separated topological spaces 
or separated schemes, O.V.4[ and in the rare cases where TOP is not etale it is explictly noted. 


O.V.2. Any other Frenchisms that we should know about ? Just a couple. The first is separated 
rather than Hausdorff. The other is: if j, k belong to an inverse (resp. direct) system then we 
say that the system is co-filtered on the right (respectively filtered on the left) if there is a i 
such that i —)■ j, and i —?• /c (respectively j —?• i and A: —>• i). I believe that the English for these 
conditions is “directed”, and I’ve tried to employ “directed” accordingly. Nevertheless, I find 
this usage rather confusing since it seems to me that a partially ordered set is already directed 
irrespectively of whether it’s right co-filtered, respectively left filtered. 


O.V.3. Which invites the question of any other notational peculiarities? Again, just a cou¬ 
ple. The usage of “homotopy depth” rather than “rectified homotopy depth” as covered post 


0.IV.6 (c), while it may be usefully emphasised that space, whether it be algebraic, topologi¬ 
cal, or whatever, unlike champ, always means separated, O.V.2 space unless explicitly stated 
otherwise 


0.1.7 


O.V.4. You’re rather non committal about whether you’re supposing the existence of a universe 
or not. What exactly is going on ? Are you some sort of rigorist ? Mitigated laxist is probably 
closer to the truth. Nevertheless while positing a universe may be a convenient extension of 
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ZFC, it is not a conservative one, so it obviously shouldn’t be done unless it’s actually necessary, 
and it isn’t, so we don’t. Specifically, one usually supposes that there is a universe in order to 
give sense to something like Hom(Sch°P, Ens), resp. Hom 2 (Sch°P, Grpd), so as to be able to 
talk about sheaves, 2-sheaves/champs, [O.V.l on a large site. In an algebraic geometry context, 
however, one never needs anything as large as Sch, i.e. Noetherian rings with residue fields 
finitely generated over some fixed base inevitably suffices, and this is a set- any Noetherian 
domain embeds in its completion at a maximal ideal- while in a differential geometry context 
the (small) category with objects finite disjoint unions of M”’s, n not necessarily fixed, and dif¬ 
ferentiable maps between them plays a similar role. Plausibly, however, in the general topology, 
or non-Noetherian algebraic geometry, setting, where there are non-void results, |III.i.5||ni.i.6[ 


III.i.ll[ one may need to be a little more ad-hoc to avoid supposing the existence of a uni¬ 
verse, e.g. for the homotopy types of such spaces or schemes 2-sheaves in the small site of the 
space, resp. etale site of the scheme is sufficient for all the necessary 2-categories to be defined. 
Such definitions, i.e. a class of 1, resp. 2, functors from a small category to a large 1, resp. 
2, category all have perfect sense in NBG set theory as does “every essentially surjective fully 
faithful functor is an equivalence” for large categories, and its (large) 2-category variant, [Lei04, 
1.5.13]. This being at worst (and it’s almost certainly overkill) what we have to worry about, 
the quickest way to proceed while respecting the maxim “numquam ponenda est pluralitas sine 
necessitate’!^ |Ockl i.27.2.K], is to work in NBG set theory. This is a conservative extension of 
ZFG, (with a helpful wiki) so it’s just an exercise for the reader who wishes to apply a given 
theorem without leaving ZFG, to check that the desired theorem has sense in ZFC. 


O.V.5. It does seem pretty convineing that the language/caleulus of weak 2-categories (with all 
2 -cells invertible) is the language/calculus of homotopy 2-types, but 2 isn’t such a big number, 
are there any more intermediary steps that I can take before jumping to higher-categories ? Not 
really. Many of the diagram chases here are already long and tedious, and in the higher case 
one needs to organise them by way of the formalism of simplicial sets, [Lur09j, [Siml2j to make 
them manageable. This said, the definition of a 3-space is, in a way that takes into account 
0.0. 8[ absolutely unambiguous, to wit one starts with a (weak) 2-category 

(0.18) X2^ Xi^ Xq 


in which all 1 and 2 cells are in invertible, be it in affine varieties, disjoint unions of M"'’s, 0.V.4 
or whatever one’s favourite poison is and 3-sheafifies it in the obvious (hint: do the case Bb^ 
first, i.e. Xi, Xq points, X 2 an abelian group, cf. II.f.6 and [Gir71, IV.3.5.1] albeit taking 


account of hypercovers III.h.4) way, which could be worked through with the explicit goal of 


bumping the Lefschetz theorem up to of 3-spaces, 0.IV.7 


O.V.6. / have a C.N.R.S. position and would like to meet a jeune femme, do you have any 
theorems that might help ? No, and I strongly suspect that you have the wrong F.A.Q.. This 
sort of thing was covered by Greg McShane in his agony columns for “Math Actuelle”, of which 
his most pertinent answer was: “Try a normal girl, hint: start at the FNAC[^ they have their 
names on a badge, it gives you a start”. Unfortunately, however, Mr. Google is only showing 
results for the somewhat better known magazine “Femme Actuelle”, and, having asked Greg 
the current status of his own publication, I never got a reply. 


O.V.7. So you’re not thanking your fellow Glaswegian for his contribution to the FAQ ?. Ac¬ 


tually he’s from Wishaw, although I would like to thank J.-B. Bost, O.V.l A. Epstein, 0.V.4 


J.-V. Periera, 0.1.7, and Y. Rieck, 0.1.6 In a less specific way the motivation for this undertak¬ 


ing came from inflicting my interest in conformal homotopy on others during my last couple of 
visits to N.Y.U., for which I’d like to thank F.A. Bogomolov, S. Gapped, and M. Gromov. 


^Which could reasonably be applied to the great set theory hoax in general 
French audio-visual chain 
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I. Paths, loops and spheres 


La. Mapping spaces- local theory. Let be a (not necessarily separated) topological 
champ, and a : Y ^ & map from a separated locally compact CW-complex, or, more 

generally, a space which is: 

locally compact; paracompact; separated; and every cover, V^, admits a shrinking 
such that all intersections := Vh H V)? are connected, 

where a = /3 is allowed, and l/( Iq, is a shrinking if the closure of the former is contained in 
the latter. The important point is that the graph: 

Pa 


Y 


( 1 . 2 ) 


Y X 


Y 


fails, in general, to be an embedding, 
form the fibre product: 


More precisely if vr : [/ —)• is an etale atlas, and we 


Y xU 


(1.3) 


IdXTT 


Y 


Y X ^ 


then the upper horizontal arrow need be no better than net if ^ isn’t a space. The atlas. 


vr, is, however, etale, so, by (1.1), as a cover of Y, p may be refined to a locally finite cover 
V = Vh —>■ T by relatively compact open embeddings Va^Y such that the function 

(1-4) nv{y) ■.= ‘^{Vp3 y} 

restricted to any Va is bounded. Plainly the classifying space of the groupoid V Xy V ^ Y \s 


just y, and since everything is separated the top row of (1.3) affords a family of embeddings, 
Tq : Vh y X [/. Consequently, if for R := U Xx U ^ U the groupoid implied by the 
atlas U, and V Xy V ^ V identified with Vap := VaC] Vp, we have a diagram of pairs of 
embeddings. 


i^aP ‘ ^ Yap X L?) 


(r/3 -.Vp^VpxU) 


(1.5) 


(r„ ■.Va^VaXU) 

The source, s, and sink, t, are etale, so, in a way depending only on ^, we may insist a priori 
that the cover U is sufficiently hne to guarantee that i? is a topological disjoint union ]J • Ri 
such that whether the source or the sink restricted to each Ri is a homeomorphism onto an 
open subset of U. The maps (11.5^ arise, however, from the continuous functor 


( 1 . 6 ) 


Y[Vap = VXyV^R = Y[R, 


Y: each Vap is 


so by our combinatorial hypothesis, 0, for sufficently fine covers V 
contained in a unique Ri which we denote by Rap, and: 

I.a.l. Fact. Without loss of generality there is an open neighbourhood R'^^ = Vap x Rap of the 
graph of Vap in (1.5) sueh that the source and sink of op. cit. restrict to a homeomorphism of 

R'^p with its image, and, better still: if the diagonal X ^ 3^ x is universally closed, the 
restriction of sxt in (1.5) to R'^i^ is universally closed. 
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Applying this we obtain sets of arrows, 

(1.7) = 

0/3 q/3 

where, for convenience, we can use the identity map in R rather than I.a.l| if a = /3. In 
addition, we have a projection j : R' ^ V XyV-, and, while there is no difficulty in arranging 
that the inverse in y x i? leaves R' invariant, R' will, in all likelihood, fail to be a groupoid. 
We can remedy this by introducing R" C R' defined by way of: / G R" iff there is an open 
neighbourhood F 3 f m. R' such that for f ^ F 

every arrow, k & V Xy V, which itself, or its inverse, is compossible, be it on the left, 

( 1 . 8 ) 


or the right, withj(/^), can be lifted to- a necessarily unique by I.a.l- arrow in, R' 

The main technical device for constructing mapping spaces is: 

I.a.2. Lemma. Notations as above, then the following hold: 

(a) The product groupoid structure on V Xy V x R induces an equivalence relation R" ^ W 
with etale source and sink, for W" the set of unit arrows of the product in R". 

(b) For any shrinking V' -3 V, the resulting groupoid, again denoted R" ^ W”, contains the 


graph (albeit for V' rather than V) of the functor (1.6). 


(c) If the diagonal IX —> IX x IX is universally closed, or, much weaker s xt restricted to any 
Ri in (1.6) is closed, there is an open neighbourhood W of the graph of V' in V x U such that 
the sliced groupoid, R" ^ W, is separated. 

Proof. Recalling that one can define a groupoid without reference to objects- i.e. use identity 
arrows instead- the verification that R” ^ W satisfies the groupoid axioms is routine. By 
definition R” is open in R', so {s,t) : R" —)■ IT is etale. The map, 

(1.9) s X t ■. R! — II(C, xU)x {V^ X U) 

q:/3 

is already injective, so, a fortiori, R!' ^ IT is an equivalence relation, which does (a). As to 
(b): if is the set of arrows with the composition property (1.8) on the right, albeit just for k 
of op. cit., then R( D V' Xy V', so if it contained an open neighbourhood of the same, then by 
symmetry the same holds whether for the left composition property, and/or composition with 
inverses, and by intersecting these four possibilities, every point of W Xy V' would satisfy the 
definition of R”. As such consider the set of compossible arrows. Cap C C, defined by the fibre 
squares, 

R' i — c i — a 


af) 


(I.IO) 


V xU ^ 


R' G 




a (3 


By base change of the known arrows, all the new arrows are etale. The set Cap is contained in, 

( 1 . 11 ) T T ^'a0 ^ 

7 

SO the cardinality, m{f)- which is lower semi-continuous- of the fibre of a over an arrow / is 
at most nv'it{j{f))), and the set where this maximum is realised is R(. Now suppose that R( 
isn’t open at the image of some f € V' Xy V', then there is a net of arrows, fi^f such that 

(1.12) nv'{t{j{fi))) > m{fi) 

Thus Ui := nv>{t{j{fi))) > n := nv'{t{j{f))), and the possible open sets Ty 3 t{j{fi)) are, for 
/ fixed, finite independent of i. Sub-sequencing the net, we obtain that the set of such open 
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sets, and whence N = rii, is constant. We have, therefore, Wnets of arrows, in V' Xy V' 
each with source the sink of j{fi) in the same and repective sinks in distinct V^p, 1 < p < N. 
By construction the sources of the gf are convergent, while by the hypothesis, (I.l), of local 
compactness all limit points of their sinks belong to the opens, in the larger cover which 
we have shrunk. The space, Y, is, however, separated, so any net of arrows whose source and 
sink have a limit, has itself a limit. Consequently, in the larger cover V, nv(t(j(f))} is at least 
N, and, similarly, the set valued function of which it is the cardinality takes at least all of 
the values 7^. As such if we replace V' by V in (1.10), then in the resulting (I.ll), all the 7^ 


occur in the fibre over /, which, in turn extends to a neighbourhood, so on returning to V', 


all m{fi) > N contradicting (1.12). This not only proves (b), but a little more, viz: if Z is the 
closed complement of R” in R', both understood for the larger cover V, then the closure, Y, 
of s{Z) U t{Z) \n V X U doesn’t meet the graph of the shrunk cover V'. However, as noted 
I.a.l| s X t resticted to R' is closed, so we can take W to be the complement of Y in item 

□ 


m 


(c). 


At the level of spaces I.a.2 under hypothesis (c), is equivalent to the following commutative 
diagram. 


3 ^ e- 


Qa 


Ja := [W/R"] f- 


(1.13) 


3Z e- 


Y 


Y 


Y 


where Ja is a separated space locally isomorphic to Va x [/a for Va ^ Y open, with Ua ^ ^ 
an etale neighbourhood of a{Va)'-, and, we deliberately confuse notation with that of the graph, 
(1.2), since Ja is just an open neighbourhood of the graph if ^ were a space. This suggests. 


I.a.3. Fact. Suppose Y is compact; satisfies the weak separation condition La.2.(c); and let 
{Sa,cr := r) be the pointed space of sections of p in (L13)- viewed as a subspace o/Hom(y, Jq) 
in the compact open topology- with A : Y x S ^ 33 the implied space of morphisms, then for 
any pointed germ of deformation, B : Y x (T, *) —)■ tZf, and natural transformation rj^ such 
that. 


(1.14) 



m 33 


Aa=a 


2-commutes there is an open neighbourhood T’ 9 and a map b :T' ^ S such that, 

Y xS 


(1.15) 



Y XT' 



B 


33 


commutes for a unique natural transformation rj, while restricting to ( 1 . 14 ) over the base point. 


Proof. In the first instance, suppose that = a. Now, we’re not supposing that T is locally 
compact around =t= so the conditions (I.l) are not satisfied. Nevertheless, because we’re only 


interested in the germ of T around =t=, we may shrink- a precision that will subsequently be 


omitted- T 3 * as necessary, and, replacing T by T x T, we can form Jb in (1.13) in the 
same way as we formed Jq. More precisely, at the first stage (1.3) we have an etale covering 
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of the open neighbourhood Y x T oi Y x =t=, so, since Y is compact, we may suppose that our 
covering of y x T is just V x T, and I.a.l holds with the same Rai 3 - The key point where 
local compactness is used in the proof of I.a.l| is to show that arrows where the composition 
property (1.8) fails cannot accumulate on the graph of the smaller cover which may well fail 


for xT, but since we can take T arbitrarily small we only need this for x =t=, which holds 
with the same proof, so that: 


I.a.4. Lemma. ForY compact, the formation of Ja in (1.13) commutes with sufficiently small 
base change, i.e. if B^: = a in I.a.3 and T' 3 * is sufficiently small there is a commutative 
diagram. 


SF Jb Y xT 

(1.16) II I 

3F Ja Y 

with the second square fibred, and satisfying the obvious further commutativity on adjoining the 
sections a = aa and as- 


Applying this to the case in point, then, at least as far as the existence of b goes, we can suppose 
that T = Sb, around gb,- Consequently, we are largely done if we can establish, 

I.a.5. Further Lemma. Irrespective of the compactness of Y, a natural transformation : 

c between 1-morphisms a,c:Y -3 IX affords an isomorphism, ij^, between neighbourhoods- 
notationally identified with the ambient space- of aa and ac in Ja, Jc respectively such that. 


Ja 



(1.17) Ja ---.r 

commutes for some unique natural transformation rj restricting to rj^. 


The graph, of affords a commutative diagram. 



(1.18) V xU X R^V xU 


while the cover Wa, respectively Wc, of |I.a.2 of Ja, respectively Jc, may be identified to an 
open neighbourhood of Tq, respectively Tc. Since s and t are etale if we shrink everything as 
necessary, there is, therefore, a unique way to extend (1.18) to a commutative diagram. 


(1.19) 



By unicity, the composition glu es to an isomorphism between J^ and Ja, allowing us to 
fill the left diagonal arrow in (1.19). Composing this with the inclusion of R'f ^ Wa in R, the 
unicity of F^ in (1.19), now gives a natural transformation between this and the inclusion of 
R” ^ Wc in R. 
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Applying this with c = yields |I.a.3 up to the possible lacuna of the uniqueness of r/ if T were 
smaller than the full space of sections Sb^- To resolve this, however, we need only consider the 


base change variant of (1.18), to wit: 


V xT e- 


( 1 . 20 ) 


^ A{idxb) 


V xT xU e- 


V X * 


V xTx R 


-> VxT 


Ts 


V xTxU 


so, again, there is a unique extension of to a sufficiently small neighbourhood V xT' D V x* 
such that the diagram commutes. 


□ 


Let us add some clarification by way of. 


I.a.6. Remark. The hypothesis of compactness of Y in |I.a.3 is only necessary if one wants the 
universality diagram (1.15) to hold in an neighbourhood in T x T of the form Y xT' for T' 3 *. 


If one is prepared to weaken this to, 

(1.21) The universal property (1.15) holds in an open neighbourhood ofT x * inT x T 


then there is a non-compact alternative with exactly the same proof. 

Some further insight arises from considering the case where ^ is differentiable. As such, we 
have the zero section of the tangent bundle 0 : Y FT a*T^ : p, and, up to appropriate shrinking 
in a neighbourhood of a, Ja is diffeomorphic to an open neighbourhood of 0 in a*T^. 


This infinitesimal alternative is particularly well adapted- [OlsOGj- to the analogue of I.a.3 


m 


algebraic geometry, albeit one has to replace a*T^ by Grothendieck’s jets a*^^, and, at least 
in characteristic p > 0 compactness becomes indispensable because of the wild nature of the 
etale topology otherwise, cf. [SGA-I, Expose X, 1.9-10]. In a sense, however, the topological 
case is more difficult since already topological spaces aren’t Gartesian closed, and even the 
existence of an exponential object requires local compactness, which, in turn needn’t be locally 
compacted, i.e. exactly the kind of difficulties encountered in the proofs of I.a.2 and [L^ 


I.b. Mapping spaces- global theory. Plainly we continue to suppose that the space Y 
satisfies 0, we do not, in the first instance, make any global compactness assumption, we do, 

however, suppose throughout this section suppose that ^ is separated {i.e. x 3Y 

proper) and we choose a sets worth. A, of representatives of 1-morphisms a \Y ^ ^ -every 
such map can be represented by the set of functors of the form (1.6) for some open cover E —>• T. 


Now for a,b £ A and = Y x X consider Jab defined via the Gartesian square, 

Ja ^ Jab 


( 1 . 22 ) 


e- 

PaXqa 

JXy <r- 


PbXqt 


Jb 


By construction, pa x Qa is etale, so this is just a presentation of .iXy as a (necessarily separated) 
groupoid. 


(1.23) 


l[jab^J := (n Ja) 


ab 


in spaces over Y. In particular sections. Sab, of pab project to section of pa, respectively pb, 
yielding a groupoid. 


(1.24) 

and we assert. 




ab 
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I.b.l. Claim. If V is compact, then the groupoid (1.24) is separated and etale. 


Proof. Notwithstanding that (1.23) is separated and etale, we should be a little cautious, since 


the mapping functor T i—)• Hom(y x T,X) doesn’t behave particularly well with respect to 
either etale or proper maps. We are, however, considering spaces of sections, so for aab a 
section of pab projecting to a section Ua of pa we have a diagram. 


(1.25) 


Y 


Y 




Jab 


Ja 


where the horizontal arrows are embeddings, and s is etale. Since Y is compact, and everything 
is separated, s extends to a homeomorphism from a neighbourhood of (TabOJ) onto its image, so 


the source and sink in (1.24) are etale. Finally, let Tq, Ti, be compacts in Sa, and Sb respectively, 
with fn = {fan, fbn) a net of arrows in Tab '■= Tas Xt Tb converging to / = {fa, fb) & Ta x Tb. 
The functions fan, fim take values in compacts Ka, Kb independent of n, so by the separation 
of (1.23), the functions fn take values in the compact Kab ■= Kas Xi Kb- This latter set admits 


a finite cover W = IJj IF* such that the source and sink of (1.23) restricted to each Wi are 


homeomorphisms with the image. Refining the net as necessary, we can suppose that there is 
a relatively compact open cover V = V) —)• T such that every fan, fbn restricted to V) takes 
values in compacts Kai, Kbi of s{Wi), respectively t{Wi), independently of n. Consequently 
the fn \vi take values in the compact Kabi = Kais Xt Kbi ^ Kab, where, by construction, the 
source and sink restricted to Kabi are homeomorphisms with the image. As such, for each i, 
the net fn \ vi limits on g'j : V) —)• Kabi fL Tab- Since the fn are continuous, and Jab is separated, 
the Pi glue to a function from Y to Tab- D 

Denoting, the projection Y x [S'/S] —by Q, we have the following universal property: 
I.b.2. Fact/Definition. Let Y be compact, then the separated classifying champ Hom(y, 


defined by (1.22) has the following universal property: for every morphism F : Y x T ^ JF, 
with T a space, there is a morphism G : T ^ Hom(y, ^), and a natural transformation p such 
that, 


Y X Hom(y, 
idxG 


(1.26) 


Y xT 



2-commutes. In addition if {G',p') is any other pair satisfying (1.26) then, 

(1.27) there is a unique natural transformation f : G ^ G^such thatry^ = (5(id x f)p. 

Proof. By definition, for t £ T there is an a{T) G A, and a natural transformation, </t-o ^ t ^ 
a{T). By (1.15), for Wr 3 t a sufficiently small etale neighbourhood this extends uniquely to a 
commutative diagram. 



(1.28) Y xWr -^^ Y X JF 

FyxWt 
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restricting to the initial data over the closed point. Put Cr to be the composite of the leftmost 
and top arrows, then the diagram, 


YxW{:= Ur^r) 


U^r 


F*J{-.= \laJa) 


(1.29) Y xT 

is just the refinement of one etale cover by another, so there is a functor of groupoids over y, 

(1.30) e : (y X (VP XT VP) =1 y X VP) ^ (J J =iJ) 

together with a natural transformation rj : F ^ e, which may have little, or nothing, to do 
with the Ct in ( |1.28 ). This establishes (1.26) a fortiori. 

Now suppose {G 'is another pair satisfying (1.26), and let VP' := ]J VP.( —)■ T be a cover 
sub-ordinate to {G')*S —)• T and VP —)• T, then for some assignment a' : T ^ A we have a 
diagram. 


(1.31) 


idxGT 

y X vp; 

idxGi 


X 


evaluation 


J. 


a(r) 


Ct—VtVt 


^aXQa 

Y X ^ 


y X Sa'Y) 


evaluation 


J, 


a'Y) 


The natural transformation is, in particular, a map : y x VP.( —>• Ja(T)a'{T) so, tautologically, 
we get a map : VP( —)■ Sa(T)a'{T) such that. 


(1.32) 


y X IP' 


y x5„ 

idx^r 


^a(T) 

idxGr^ s 


idxG(- -ir a t 

Y X 


Y X 


commutes. Since is a natural transformation, so is ^ while the commutativity of 

(1.32) is equivalent to (1.27)- uniqueness being immediate from the natural injectivity of arrows 
in (1.23) into those of (1.24). □ 

By way of an exercise in the universal property. 


I.b.3. Remark. For {G,r]) as in (1.26), there is a natural isomorphism between the stabiliser of 
G and that of F. 

I.c. Base points. Plainly, by a base point of a champ ^ is to be understood a map * : pt —)• 
This will, however, be an embedding iff ^ is space like around =t=. By way of notation we 
make, 

I.c.l. Definition. By iy, is to be understood a champ, or space, with a base point, and for Y 
a compact space satisfying (I.l) Hom*(y,, .y,)- itself pointed in the constant map *- is defined, 
for .y separated, via the fibre square, 

* X Hom(y, < - Hom*(y, 

(1.33) Q 

^ A —1— pt 
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This construction has surprisingly good properties, but extracting them requires a little care. In 


the first place, the fibre square (1.33) is, A.i.l, only commutative up to a natural transformation 


( between the compositions of either side of the square, and we assert: 

I.C.2. Claim. If Y is connected, and ^ is separated, then Hom*(y*, is a separated space, 
and the pair (Hom*(y,, has the following universal property: F : Y x T ^ ^ is a 

map from a space such that there is a natural transformation ^ then there is a 

unique map G : T —)• Hom*(y,, along with a unique natural transformation rj such that 
C = r]*^: and the following diagram 2 -commutes 

y X Hom*(y*,.r* 


(1.34) 


y X T 



Proof. The unicity in the asserted universal property implies, that every point of Hom^,(y|,, 
has a trivial stabiliser, cf. I.b.3 while Hom*(y*, is certainly a separated champ, so arguing 


as in [KM97, 1.1] it’s a separated space. The universal property (1.26), and the dehnition of 


fibre products afford a commutative diagram (1.34), where necessarily f By (1.27) we 

know that if [G', r]') is another such pair then there is a natural transformation 7 : G => G' such 
that rj' = ( 5 (idx 7 )r/, so Q( 7 *) is identically 1 , and by I.b.3 7 * is also identically 1 . Since natural 
transformations of maps of spaces are trivial, it suffices to prove that if G = G' then 7 = 1. 
Now, y X Hom*(y,, is represented by a separated etale groupoid, so the automorphisms 
of id X G are a discrete sheaf over Y x T, and whence the subset, V, where 7 = 1 is open and 
closed. By construction, V contains * xT, so every fibre, V), is a non-empty open closed subset 
of y containing *, whence V is everything. □ 



albeit that this can always be remedied by an a priori change to a naturally equivalent base 
point in which we may often do without further comment in applying dehnitions such as: 

I.C.3. Definition. Let Iq be the unit interval pointed in zero, then we have a path space functor: 

(1.35) ^ P.£; := Horn, (Jo, 

and a loop space functor, 14.^ dehned via the Cartesian square, 

1 X ps; <- 


(1.36) 


Q 


ap 


pt 


where either functor takes values in pointed spaces, and ^ is supposed separated. 
The next subtlety is that pt A- need not be an embedding, so: 


I.C.4. Warning. Neither the top horizontal in (1.33) nor that in (1.36) need be an embedding. 


For example if = Bg for G a, say hnite, group, then since every torsor over the interval 
is trivial, Hom(I, Bg) has, up to equivalence one point. By I.b.3 its stabiliser is G, so in fact 
Hom(/, Be) Be, and fails to be contractible for G 7 ^ 1, while, PBe pt, and f4Be ^ G. 


While, at first sight, this may be counter intuitive, it’s exactly the behaviour that one wants, 
to wit: 
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I.C.5. Fact. The path space is contractible, and we have a canonical isomorphism: 

(1.37) Hom*(Si, JC) ^ 

Proof. For the interval of length A < 1, the series of maps, 


(1.38) 


A 


^ Xl-^Xx r 

I -^ I ^ I, 


yields A : x [0,1] —: a i—)■ |A*a| 


by the universal property (1.26), while I.c .2 applied to F a point, shows that Aq is as expected, 
i.e. the composition: Ft^^ —>■ pt A- Ft^^, proving the obvious contractibility of Ft^^. 


As to the second part, to get a map from left to right in (1.37) is just the dehnition of hbre 
products (of categories) and universal property (1.26) applied to the composition F : I x 
Hom (S^, —)■ X Hom(S^ , —>■ One can, however, usefully note that for (G, p) as in 


(1.26) for Y = I, but ( as in I.c.2 for Y = S^, we get natural transformations tj between * 


and Q{p, G) which can be quite different at the end points p G {0,1}. This manifests itself in 
going the other way round, since by dehnition, n := is a space of maps from the interval, 
say: a : I xFl ^ ^ equipped with natural transformations ^ a |pxQ for p = 0 or 1. We 
can extract a descent data over x n compatible with how we already went from left to right: 
identify the open interval I' = (0,1) with and take a small neighbourhood F D * x O 
such that F\ * xFl has a topological decomposition Vq ]J F, and we put Vp = VpiJ* xVl. Since 
^ is dehned by an etale groupoid this latter choice can be made in a way that for some cover 
VF —>■ F, each extends uniquely to a map, fp of IFp := IF XvVpio the set of arrows of some 
presentation U of ^ with sink a \p for p a sufficiently small open (half) cover of the end 
points p X Ft.. Consequently, we get a map 6 of IF to F by taking the source of V*x n Cl, 
and- by the unicity of the extension- a natural transformation C := CoUCi of b restricted to 
1F\ * xFl with a restricted to 0\0 x n]J i\l x Ft. Since C is a natural transformation, the 
maps, a Ub:{r X n) ]J IF —)• t/, glue to some x Ft ^ SF which sends * x to a natural 
transformation of *, so we can go from right to left in (1.37) by the universal property (1.34). □ 


In consequence, even though the non-spatial maps in I.c.3 need not be strictly pointed, |I.c.5 
combined with |I.c.^ implies, 

I.C.6. Corollary. The (internal) adjoint of looping is, as usual, suspension, i.e. for pointed T^,: 

(1.39) Hom*(r*, n.^*) = Hom*(Sr*, JT*) 

whence for p, g G N: 

(1.40) = Hom,(Si,fi^-^ j;) = Hom,(S^, Hom^SP, = HomFS^", 

which separated) shows all possible dehnitions of the higher groups are equivalent, i.e., 

(1.41) TTp+q{^^:) := TTo (Hom*(S^’*"'^, c^*)) = 7rp(n'^ JT*), p G N U {0}, g G N 

Where even the vro in ( I.41[ ) is the ttq of a space by I.c.2 It, therefore, remains to discuss 
the pointed set, 7ro(iF(|,) of path connected components, pointed in the component of *, and 
the related question of concatenation/the group structure in (1.41). To this end, consider how 
connectedness manifests itself as an equivalence relation on external Horn, to wit: 

foix,y : pt —>■ , define X ~ yif for some natural transformations C, P, we have : 

xA- a(0) A a(l) Ay, a : I ^ a path 


(1.42) 


while- as in the proof of I.c.5 • if we have two paths a, b whose sink and source are related by 
a natural transform then we can slightly thicken a about 1 , and similarly b about 0 in such 
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a way that these thickenings glue, by a thickening of the implied natural transformations. As 
such we get a concatenation operation: 


(1.43) 


4>a(0) A a(l)Ay \/ y^h{Q) A 6(1)4 


x4 c(0) 


a 


c(i) 4 z 


with the not unimportant caveat that c is only well defined up to natural transformations. 


This lack of well definedness of concatenation is neither here nor there as far as (1.42) being an 


equivalence relation is concerned, but otherwise it may not be the behaviour that one wants. 
Fortunately, I.c.2| gives an alternative. Say, for example a belongs to the moduli space of paths 
with fixed end Ca ■ * ^ o,{*) the locally constant natural transformation appearing in (1.34), 


then by the universal property (1.34) we can find some unique ba which is naturally equivalent 
to c, and Ca ^ ba{*). Consequently, 


I.C.7. Fact. If in the concatenation schema (1.43), x is naturally equivalent to then there is a 
well defined concatenation ba G P.Ai,, and unique natural transformations, a : (2)*a 
fi : (2id — 1)*6 =i> 6a|[ 1 / 2 , 1 ] such that rj'r] = af3~^. 


6 a I [I 


0 , 1 / 2 ]; 


Proof. Everything is pretty much by definition, except uniqueness of a and (3, but, in general 
these are unique modulo natural transformations of the glued arrow, so this follows by (1.34) □ 


This may seem pedantic, but it’s exactly what’s needed to guarantee, irai that the path 
fibration is a fibration. One should also note that there is a need to distinguish, as in the proof 
of the contractibility of the path space in (1.38), between the base point of A*o, a G 
A G [0,1] which is a constant, (^a say, and that of its moduli |A*a|, which if P.^ —)• is 
strictly pointed, will collapse to the identity as A —)• 0. Obviously, there are plenty of variants 
on this theme. Consider for example the map, 

(1.44) cat : SP ^ V 

affording multiplication of spheres, i.e. ar = cat*((T, r) on Hom(S^, _), then we have a map, 

(1.45) cat* : x Hom*(SP V S^, .A,) ^ JT 


whence by (1.34), a product err G Hom*(S^ V S^, A,), albeit ar may now only be uniquely 
equivalent to cat*((7 ,r). Fortunately, since the equivalence is unique, it’s functorial, and the 
product so defined remains homotopy associative. 


I.d. Fibrations. The finally possibility in (1.41) has the advantage that it allows us to quickly 


extend our knowledge of homotopy groups of spaces to champs, modulo some definitions, i.e. 

I.d.l. Definition. Let p -. S’ ^ he & map of champs, then f : T ^ SS is said to be weakly 
liftable with ambiguity a, if there’s some F : T ^ S together with an equivalence a : f ^ pF 


Unlike asking for strict liftability, weak liftability is closed under base change. Similarly one 
wants a definition of fibration that is closed under base change, which forces: 


I.d.2. Definition. A map p : ^ is said to be a fibration if it has the following homotopy 
lifting property for maps from spaces: if for f : I x T /joxT is liftable to /o with 

ambiguity rj then / is liftable to some F with ambiguity a in such a way that there exists a 
natural transformation f : fo ^ Fq rendering commutative: 


(1.46) 


Pfo 



pi 


>pFo 


By way of clarification let us make: 
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I.d.3. Remark. The definition |I.d.2| is the unique variant of the usual homotopy lifting property 
that is closed under base change. Consequently if p : S’ ^ ^ is representable, and f :T ^ ^ 
is a map from a space, then f*p is a fibration in the usual sense, while a small diagram chase 
reveals that if p : S ^ is representable, then it’s a fibration iff f*p is a fibration for every 
such /. Otherwise, there is something to check, which in the case of —?• ^ the obstruction 

to following the usual proof, i.e. pull back the universal map along I x I ^ I : (x, y) i—)• x + yl2, 
is overcome by I.c.7 and we conclude that is a fibration in the sense of |I.d.2[ 


As such, we don’t require the homotopy lifting property for champs, so, let us make: 

I.d.4. Warning. Supposing S, SS separated and ^ path connected, it’s plausible that the fibres 
of p may not be homotopic. Nevertheless, if is the pointed fibre, the homotopy class of the 
loop spaces y G N only depend on the path connected component of * ^ S. Better still, 

is (homotopic to) the homotopy fibre of Q.S^ —?• 


Proof. For any path c : I ^ c*p : c*S ^ I is again a fibration. Consequently, if all 
the geometric fibres of p are spaces, then c*p is a fibration in spaces, and all fibres must be 
homotopic as soon as is path connected. We can apply this to the path fibration i.e. 

for 6 : pt —in the connected component of * the fibre, 

Hom(I, SS) i - 

(1.47) Q(0,-)xQ(l-) 

.'^xSS pt 


must be homotopic to 0=^*, and reversing this gives a homotopy to so, the loop space 

only depends on the (path) connected component of *. Now let F be the homotopy fibre of 
fflS-t —)• This is determined by the universal property (1.34) applied to the composition 

X VlS^. —)> (o’ —>■ SS, so adopting the notation of (1.34) in the obvious way we get G : VtS^ —>■ 
with a uniquely determined natural transformation y satisfying C^gg = rj*p{Cs‘)- As such, 
we can identify F with pairs, (a, b) where a G flS^:, 6 : x / —)• S/i —>■ and G{a) = 6(0), 

so that the ambiguity in lifting 6(0) is exactly r]a. In addition, we have maps: 


FxS^x/dFxS^xO 


axsi-^a(s) 

--— y S 


(1.48) 


f :=bx sxt\-^b{s,t) 


to which we can apply I.d.2| to get a lift H of the vertical arrow, along with some ambiguities a 
and f satisfying (1.46) as it applies in the current situation. The map H affords a distinguished 
path, h = H\px*xi with source H{*) := F[{* x 0), equivalent to * via : * =i> a{*) =i> H{*). 
Similarly, there are loops Ct = 77|^xSixt based at ht := h : F x t ^ S. Consequently we get 
some M : FxS^xI S : t hf^ctht, by way of pulling back H along an appropriate map from 
X / to itself, so that the ambiguities for M are just the pull-back of those already introduced. 
In particular there is a natural transformation (3 : * ^ p{Mi), fabricated from an appropriate 
restriction of aC^. This determines, (A.2), a fibre square fitting into a 2-commutative diagram: 


(1.49) 
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in which, for ease of exposition, the triangles may, A.i.2, be taken to be strictly commutative. 
Plainly the map m determines a bunch of circles in the fibre, but what must be shown- since 
* is not an embedding- is that they are all based in equivalent points. To this end, there is 


no loss of generality in supposing that p is strictly pointed, so the square in (1.49) is strictly 


pointed, from which the commutativity of (1.46) evaluated in the base point affords another 
2-commutative diagram, 

F X * 


(1.50) 



from which the universal property of fibre products yields a unique equivalence * m{*) 

satisfying (A.5), so that, finally, the universal property (1.34) gives a map r : F ^ 0^*. The 
verification that this is a homotopy inverse to the natural inclusion i : —?• T is the same 


trick, i.e. use the condition (1.46) to construct diagrams a la (1.49) and (1.50) but now for M 


pulled back along i to a map x x / —which becomes the top most arrow in the first 
diagram, with it’s restriction to x * x I being top most in the second diagram, to get a 


homotopy between ri and the identity, while that for ir already follows from (1.49) and (1.50). 
Consequently, 

(1.51) 0^* 


is a fibration in spaces, so we get I.d.4 with even the possibility of making un-necessary changes 


of base points in (1.51) since concatenation of loops gives an isomorphism between connected 
components of the loop space. □ 


Therefore, as promised, since everything in (1.51) is a space, most of the following is for free 
for separated champs. 

I.d.5. Fact. If is the fibre of a pointed fibration <S^ — )• then we have a long exact sequence 

(1.52) • • • —)■ 7ri(<^*) —}■ —y 7ro(.^*) —^ t 7ro(=^*) 

Proof. The only thing left to do is the exactness from 7ri(.^*) onwards, of which the only 

remotely non-trivial part is — ?• 7ri(i^*) 7ro(.^*) — ?•. The connecting homomorphism <5 may 
usefully be described using external Horn; identify, cf. the proof of I.c.5[ a pointed loop, b, 
in with a triple (6,/3o,/3i) consisting of 6 : / —?■ and natural transformations fig of the 
end points b{q) with *, q € {0,1}, modulo the action of natural transformations, rj, between 
paths commuting with both end points. The end points transformations lift to equivalences 
fig : ^ I^g^ This gives a base point 0* : Co(*) : pt —t and by base change we have a 

fibration b*p : b*S’ ^ I with very limited possibilities for ambiguity. Indeed, the homotopy 
lifting property affords some strict section a : I ^ b*S over b with ; 0* a(0), a natural 

transformation, so we get some 5(6) : pt —by way of: 

* ^0*4>a(0) A a(l)^'' 


(1.53) 


m 


Given b, by (1.42) the well definedness of 5{b) in 7ro(=^*) check list is as follows: if (a^^0 
is another such pair, then we form some wedge aVa' : T = I \/q I —)• b*S. This may 
involve some more natural transformation, and restrictions to either interval which are only 
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equivalent to a, and a', albeit, given the natural transformation at the base point, via a unique 


natural transformation by (1.34). Now pull-back I x I along T x /, to get, up to some further 
equivalences, a homotopy with end points in p“^(l) between either interval in the wedge and 
the restriction of the homotopy lifting to 0 x / C T x I. As such we have some maps A, 
A' which are uniquely equivalent to a, a', and homotopic (as sections of p*h) to a third map 
A", where all of A, A', A" have the same end point, r, which in turn is equivalent to 0* by 
some ; O* r. The change from either (a,'^), or (a',^'), to (A,^"), respectively (A',^"), 
doesn’t effect the equivalence class of <5(6) since the fibres are now embedded, i.e. natural 
transformations between the end points in b* S’ are natural transformations in while going 
from either of (A, or (A', ^") to (A", ^") is just a homotopy of sections of h*p. There remains 
the possibility of changing b by either natural transformations commuting with the end points 


and/or homotopies, but this only effects the diagram (1.53) by equivalence of categories and/or 


homotopies, which again, doesn’t matter since the fibres remain embedded and the homotopies 
preserve the fibre over 1. 

Having verified that 6 is well defined, the fact that it sends tti(S^) to the class of * is a diagram 


chase similar to the comparison of (1.49) and (1.50) but easier, since it doesn’t involve the 


compatability condition (1.46). Indeed, if a based loop in (f* is described by a triple of a path. 


a, and natural transformations Og of the end points with *, then there is a diagram akin to 


(1.49) with square pull-back along b = pa, and top most object I mapping to the fibre along 


A, say. There is also a second diagram akin to (1.50) where the base point is deduced from, 
g* = p{aq), and the strict pointedness of p, so that, again, the universal property of fibre 
products reveals that is equivalent to A{q). Conversely if 6{b) is in the connected component 
of * (1.42) and the equivalence of fibres gives a path c : / —)> ^b(i) with natural transformations 


r], at its ends, and whence a diagram in b*S: 


(1.54) 


0 0* 4> o(0) A a(l) c(0) 4 c(l) 1 


Under the natural projection to b*S, i.e. the pull-back over S^, 0* gets identified to 1*, and 
) becomes a descent data for some a : —)• ^S which, up to homotopy, lifts the base 

strictly, while the fibre product is 2-commutative, so the projection of a to is a based loop 
such that pa equivalent to a homotopy of b, as required. The only other minor subtlety in the 
rest is if a point x : pt —^ is connected to * in S. In which case one easily fabricates some 
based loop b such that 6{b) is equivalent to x in b*S, but since the fibres of b*S are embedded, 
X must be equivalent to 5(6) in □ 



I.e. The universal 1 and 2 covers. Let be a pointed (separated) champ, and denote by 
i?0 := x^ ^ ^ the separated (and almost certainly not etale) groupoid in spaces 
defined by the universal property of fibre products. As usual one says that is locally path 
connected and semi-locally simply connected if these conditions hold in some basis of etale 
neighbourhoods of every geometric point of ^. The locally path connected condition implies 
that ^ \s open, which is the same as universally open, which in turn is an effective 

descent condition for spaces, so = [P.^/i?o] in the open topology as soon as is path 
connected, or, equivalently should .i?/, be locally contractible, appropriate slices of this groupoid 
yield a presentation of in the etale topology, and we further assert: 

I.e.l. Lemma. If is locally n — 1 connected, n € N, and semi-locally n-connected, then the 
graph, Ta in I x of any path has a basis of etale neighbourhoods with the same property. 


Proof. For simplicity of notation we can, without loss of generality, suppose that is path 

connected. Let Ja be as per (1.13), and identify Pq with the image of the implied section, 
(Ta, of the projection p : Jq —)• /. By hypothesis we have a basis of coverings of Pa in Ja of 
the form /q, x Ua, where L/i — )• is a n — 1-connected, and semi-locally n-connected etale 
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neighbourhood of a{Ia)- Without loss of generality the are finitely many connected open 
intervals in I arranged by a total ordering such that any la only meets its immediate neighbours, 
so, in particular any lap '■= la'^Ip is either empty or connected. Now for lap a < (3, choose 
a point p £ lap together with an— 1-connected, and semi-locally n-connected neighbourhood 
W«/3 3 <7a(p) which is contained in Ua^lUp, with Z'a, respectively Z'^ its complement in Ua, 
respectively Up. Shrinking the cover of the interval appropriately we can suppose that Z'^ x lap, 
respectively x lap, miss the graph, and for a < /3 < 7, we put 

(1.55) Vp := Up X Ip\{Z'p X lap U x Ip'y) 

with suitable notational adjustment if the interval Ip contains an end point. As such, by 
construction, VaUVpis Vap x lap, so, in the first instance this is connected, whence by 
Van-Kampen and/or Mayer-Vietoris, the neighbourhood UaVa of the graph has the required 
property provided that the Va are themselves n — 1 connected and semi-locally n-connected. 
On the other hand for Nap, Np^, small thickenings of the closed intervals lap, Ip^y, 1^ ■= 
Ip\Iap U la'y, Vp IS up to a Small homotopy 

(1.56) 14,3 X Nap DUp X N'^U 1/37 X Np^ 

so we conclude by repeated application of Van-Kampen and/or Mayer-Vietoris. □ 


We have a space of paths of paths, to wit: Hom(/, P.^) which by the universal property (1.34) 
we can equally identify with the fibre product, 

I X Hom(/ X I, 3U) i - I X Hom(/, P^*) 


(1.57) 

T X7V' idX* Y 1 

I X 3Z3 < - I X pt 

where (we’ll attempt to consistently) label points in / x / by way of coordinates {x,y). From 
this we can construct a further space via the fibre square, 

/ X Hom(/,PJ/,) ^- M' 


(1.58) {y,A)^(y,A)xA(l,y) 

I X Hom(/,P^4 X ^ I X Hom(/,Pj;) 


So, explictly, M' consists of a triple {A, Q, where A : I x I ^ 3Z3 is a map, and CA{y) ■ * 
A|0 X I, ^A(y) • ^(1)0) ^|1 X I are natural transformations, albeit that CA{y) is exactly as in 

( |1.34 ), so, in a sense it’s fixed. We also dispose of a discrete sheaf, Aut(A(l,0)) over M', and a 
section ^a(o) same, and we define M to be the closed subspace of M' where this section 

is the identity. An element of M may, therefore, usefully be visualised in a diagram. 


(1.59) 



A(0,1) 


b 


A 


a 


A(l,y)IMA(l,0), e(0) = l 


where a, and b are the projections A(x,0), and A{x, 1) to P,^. As usual, concatenation along 
the edges a or b is only homotopy associative, so it doesn’t yield a groupoid structure in M, 
but we do have a map to the groupoid Rq by the definition of fibre products, or, explicitly for 
a, b paths identified with their moduli in P=^, the points of Rq are given by triples {a,b,^) 
where ^ : a(l) 6(1) is a natural transformation, so, the map is, (A, 40 the 

transformation ^ with * being the same throughout- and we assert, 
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I.e.2. Claim. If is locally connected, and semi-locally simply connected then Rq is locally 
path connected, and the image iii of M —?■ Ro is an open and closed sub-groupoid. 

Proof. In the above notation the groupoid structure in Rq is, 

(1.60) (a, b, 0 X (5, c, r]) (a, c, 

The effect of concatenation in M is an easier variant of|I.c.7| since no rescaling in the horizontal- 


(1.59)- direction is involved the usual concatenation of squares A, B with horizontal edges (a, 5), 
and (6, c) along b is already a space of paths in so, no extra natural transformations are 

involved, and BA has edges identically (a, c). Whence the role of the transformation with * is 
trivial throughout, while if ^(y), r](y) are the natural transformations at the end points, we get a 
concatenated transformation between BA(1,0) = A(1,0) by taking ^{y), respectively ^(y)^(l), 
where we should, which since r]{0) = 1 and the sheaf of transformations is discrete, this glues 
to a transformation, written r]^{y), so i?i is indeed a groupoid. To see that it’s open look at the 
image of some A of the form (1.59), and take neighbourhoods, Jq, Jb of the form guaranteed by 


I.e.l of the respective graphs of a, b as well as path-connected open neighbourhoods Ua, Ub of 


the end points a(l), 6(1) with U, x • C J,, for • G {a, 6}. Now in the notation of I.a.3 consider 
the open neighbourhood, V, of the image of A in the set of arrows in Rq defined by the section 
spaces Sa, Sb at either end, with end points in Ua and Ub, and ^ € Ua x^ Ub, which for Ua, Ub 
sufficiently small we may suppose is homeomorphic to the same by the source, respectively the 
sink. As ever, ^ extends uniquely to a neighbourhood of the right horizontal end, so shrinking 
Ua and Ub appropriately, for every pair of paths c : I ^ Ua, d : I ^ Ub with c(l) = a(l), 
d{l) = 6(1), we can extend A to a square. 


(1.61) 



d 


B 


Here we should be careful, since by I.c.7 the concatenation BA may, in principle, involve extra 
natural transformations. It is, however, I.c.2 uniquely unique, and close to a, respectively 6 
defined a priori in V while for Ua, Ub small enough the natural transfo rmat ion ^a(?/) extends 
to some f,BA{y) between c and every horizontal cross section over c in (1.61), so, without loss 


of generality, the image of (1.61) in Rq stays in V. Now let {a',b',ff) G V; and choose a path. 


c : I ^ Ua, from a(l) to a'(l). By the definition of B we have an equivalent path d in Ub, 
which, since f ^UaX^ Ub, and we’ve taken this to be homeomorphic to its image whether 
by the source or sink, is equally a path from 6(1) to 6^(1). Now we can add a' and b' to the 


diagram (1.61), and since 7ri(Ja) and 7ri(J;,) have trivial image in 7ri(.;^), by I.c.6, we can fill 
{a')~^ca, respectively bd{b')~^, to triangles mapping to .3U; while ca and a', respectively db 


and d' are already in so these triangles concatenate to (1.61) without occasioning any 

further natural transformations on any of BA, a', or P, so {a',b ,^') G Ri, and, en passant, V 
is path connected. To conclude that Ri is also closed let An be a net whose image {an,bn,f,n) 
converges to {a', b', f,'), and take V to be the same form of connected neighbourhood, but now 
defined by Ga’, etc.. Again, shrinking as necessary, we have a unique extension of to an 
arrow between Ua' and U^, so as soon as n is large enough, between the ends of On and bn 
is fn- Fix one such large n; join the ends of On and a' by some Cn, and those of bn to b' by its 
image dn under . Again we have a diagram like (1.61) but this time for An, On, etc. albeit 
with the difference that we need to fill the region between Cn, and dn, so, en passant, define the 
right vertical edge. This is, however, only a question of observing that defines a descent data 


between small thickenings of An and c„ x I, and having effected the gluing via I.c.7 we get an 
extension fn of a conjugate of between a restriction of c„ and every horizontal cross section 
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in a small neighbourhood of the right vertical of An- Since Rq ^ is proper, extends to 
the entire region bounded by Cn and dn, and since as an automorphism of the join of an and 
Cn it’s identically, 1, by continuity it’s value as as an automorphism of Cn is also identically 1. 
The composite, between Cn and itself is 1 at the join with An-, so by connectedness it’s 

exactly where Cn meets a'. Now we can just hll anCn{a')~^ etc. and argue as before. □ 


Consequently Ri is just some bunch of connected components of Rq, but better still: 


I.e.3. Lemma. The natural map —)• Rq afforded by the universal property of fibre products 

is a homotopy isomorphism, and Ri is the connected component of the identity arrows, in fact, 
its even the connected component of (*, *) G Rq. 

Proof. Without loss of generality we can suppose that —?• is strictly pointed, and 

identify with arrows in Rq with source As such, Rq is embedded, and in 


the notation of the proof of I.e.2 we can write w G as a triple {*,c,'y) where c G P.^ 

and 7 : * c(l) is a natural transformation. Now let (a, 5,^) G Rq be given, and apply the 
concatenation procedure I.c.7 to get a unique path of paths d\ := {(1 — Aid)*a }6 G P.^*, A G /, 
together with natural transformations : b ^ b'^ := (1/2)*dx and ax ■ {(1 — Aid)*a} => 
a' := (1 — l/2\(A)*dx such that aA(0) = /3 a( 1)7 for all A. Between the part of a not so far 
employed, i.e. (1 — A)*a, and its moduli, |(1 — A)*a| there is another unique family of natural 
transformation, ^a : |(1 “ (1 “ so we get a path A i—)• (|(1 — A)*a|, dx, q;a(1)?a(1)) 

in Rq. Since —?• is strictly pointed, |(1 — A)*a| —)• * as A—?- 1, and the end point of this 
path is a based loop, while by ( I.34[ ), the natural transformations ^Aj fix go to 1 as A —)• 0, so 
the starting point of this path is ( 0 , 6 , 7 ). This procedure is wholly uniform in Rq and affords 
maps rx ■ Rq ^ Rq, with ri a retraction of the inclusion, i of the loop space, while yielding a 
homotopy between the identity and iri in the other direction. Now, suppose (a, b, f) G Ri is the 
image of some A as in (1.59), then applying n to such an element leads to a based loop which is 
homotopic to the concatenation of a~^ and a, with the identity as the natural transformation, 
which in turn homotopes to * by way of the concatenation, again via the identity in the join, 
of (A)*a with it’s inverse, so i?i is the connected component not just of the identity arrows but 
of (*, *) by I.e.2 □ 


Describing the above map i as “the” natural map is a slight misnomer since we equally dispose 
of another, to wit: j{u}) = (c, *, 7 “^) in the above notation, or, equivalently i{u)~^ where the 
inverse is understood in Rq, and the proof of I.e.3 shows that i{io) and belong to the 


same connected component of Rq] where now a;”'" means homotopy inverse, i.e. take the data 


a la (1.42) with end points * dehning ui, write it back to front, and take it’s moduli. Now for 
tv a based loop we dispose of a section i^, respectively, j^j, of the source, respectively the sink, 
of Rq via concatenation 


(1.62) 


^ Rq 


itj : o I—>• (a, au}, a) 

jui ■ {aoj, a, a~^) = iuj{a)~^ 


where aoj is the concatenation of a and cj in the sense of I.c.7| i.e. in the above notation, 
gluing along Ca 7 ~^ at the join with a the unique induced transformation of op. cit. from 
a(l) => (aw)(l). This results in four possible ways of going from Ri to the different connected 
components of Rq, for example using one has a diagram with every square hbred 


G- 


R, 


(1.63) 


G- 


-CJ,! 


Ri 


^ui,l 




G Ra 


Cl,u 


f^fT 


R 




-G 


Ri 


-G 
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where Rq is the connected component of and similarly for Such compositions have 

slightly different properties. For example, in (I.63|), Suj is an isomorphism, and Cuj,i an injection 
whereas t^j is an injection and ci^oj is an isomorphism; while by I.e.3 all of the above are 


homotopy equivalences. As an example of how these differences manifest themselves let’s prove 
I.e.4. Fact. Ri is a normal sub-groupoid of Ro. 

Proof. Normality means that if S' G iii stabilises a G then for any / G with source a, 

f~^Sf is a stabiliser in Ri. To check this write, / = ci^ujid), for some g G Ri^co, so / = giuj{b) 
for some unique path b. As such f~^Sf = {g~^sg)ii^{b)] while conjugation with iui{b) 

maps Ri to a unique connected component of Rq, whence it takes values in i?i. □ 

Now we’re in a position to prove the obvious, where, for convenience C is a complete 
repetition free list of representatives of homotopy classes of bases loops 

I.e.5. Fact/Definition. Suppose ^ is path connected, and let := in the open 

topology, then p : representable etale cover- so a postiori is equivalent to an 

etale groupoid- and there is an action, i.e. a fibre square 


(1.64) 






X 




3P 


where the leftmost vertical is understood to be trivial, and the second/horizontal projection, 
q, is thought of as the action, albeit the natural transformation i- which can be identified with 


i of (1.62)- is, A.i.l part of the data, and there is an associativity condition given by a further 


diagram 

(1.65) 


TTi ( JT* ) >< TTi ( JT* ) >< .^1 


7ri( jr*)>< JTi 


idxg 




7ri(.^*)2<S’i 




such that for multiplication in understood to be pre, rather than post, concatenation 

we have for io ^ the functor afforded by the action (1.64) the co-cycle condition 

( 1 - 66 ) V{OLr,X) = 

Proof. For brevity, let P = PXl, s,t the source and sink of any groupoid that may appear, 
and consider the fibre square, 

=^1 <- [Ros Xi Pi =1 Ro] 

(1.67) p 

SPo <- P 

Since Pi is a sub-groupoid of Pq, the groupoid in the top right hand corner is an equivalence 
relation, in fact: P ~ G iff P = hG for some h G Pi. By (1.63), P and G must belong to the 


same connected component, say Pq of Pq, and we can write, P = fiuj{a), G = giu}{o) for some 
f,g G Pi, and a € P whence P ~ G iff s(P) = s{G) so slicing the top right hand corner of 
(1.67) along ]J iui ■ UtjerJ -P Pq yields an equivalence of this groupoid with P x 7ri(.^*). 
This trivially proves that X'l —is a representable etale cover if ^ has a locally contractible 
atlas. Otherwise, it’s a bit tedious, because it’s a semi-local proposition, and one has to worry 
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about the difference between the open topology and the etale topology. Specifically, let C/ —^ 
be a path-connected and semi-locally simply connected etale neighbourhood of x G 17. The 
local path connectedness of U implies that it may equally be described as the classifying champ 
of Rjj := PUx X FUx ^ PUx- Now choose a path d from =t= to x; we can concatenate with 
elements of PUx under their natural image in Hom(/, to get a functor, 

(1.68) D : Rjj Rq : f = {a,b) {ad, bd) 


This allows us to describe Ui = U Xjj as the classifying champ of. 


(1.69) 


D{t) Xs R't Rl ^ R' 


where R' C Rq is the set of arrows with source in the image of D. Again this is actually an 
equivalence relation on R', where T ~ G iff there are arrows h G and u G Rjj such that 
G = hFD{u)~^. Since the image of 7ri(17) is trivial, the image of arrows under D is contained 
in Ri, and F, G must belong to the same connected component of Rq. Consequently if we again 
write F = fi^{c), f G Ri, to £ Pi, c £ P and choose, h = f~^ £ Ri, then we find a projection 
in the orbit of F to arrows of the form ii^{D{a)), a £ PUx- As such if we slice this groupoid by 
way of the fibre square: 


Ru D{t) X s R't X s Ri £- 


(1.70) 


sxt 


R' X R' 


i^{D{a)) 


R" 


U^RUxxW^pUx 


then the lower horizontal arrow is at worst net, and whence the right vertical is an equivalent 
topological groupoid. An arrow between {aoj, a) and [buj, b) in R" is, perhaps slightly contrary 
to the notation in (1.69), a pair {h,u) where u £ Rjj is an arrow from a to b, not just D{u) 
from D{a) to D{b), and h = D*ico{b)D{u)D*ja}{a), so the righthand of (1.70) is equivalent to 
\lui£n[R/Ru]i by construction this is isomorphic to PI x U. Of which an isomorphism 

SF\ X 7 ri(i^*) —)■ x^ is an easier variant- just replace D in (1.68) by the inclusion 

Ri —)• Rq, so that according to this presentation in groupoids (1.64) is given by 


(1.71) 


Ua;er2 

Ri — 


{uj,A)^F^{A) 


/ 


inclusion 


Ri 

inclusion 

Rq 


where for uj £ PI, Ft^ is the functor, 

(1.72) ^ : A ^ i^(t(A))Aj^(s(A)) = iUt{A))AiMA))-^ 


albeit, in general, F : 7ri(<^) —?• Homi(i2i, i?i) : u >-£■ F^^ is not a homomorphism. Nevertheless, 
for T,U! £ Pi, and {tuj) £ PI the representative of their product in 7ri(i?7|,)- so the representative 
of the concatenation lot in the notation of I.c.7 - we have an a priori Rq valued, but, in fact by 
|l.e.3| Ri valued, continuous map 


(1.73) 


a 


T,U) 


P 


Ri'.a^ i(ruj)ia)ioj{a) Piauj) 


\-i 


which is a natural transformation between F^Fi^ and whence (1.65) and (1.66). 


□ 


One should, therefore, be careful, in understanding the action of 7ri(i?ij,) on so for for the 
moment we confine ourselves to describing the universal property of by way of, 

I.e.6. Fact. If is path connected, the champ is simply connected, and for any other 
(weakly) pointed representable connected etale covering g : —?• there is a pointed map 
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r : =^1^* —)• i.e. a pair {r, p) where /?:*=> ^(*); «■ natural transformation, p : p ^ qr 

such that, 


(1.74) 


Qr{*pri) qi*3e) 


A 


V* 

y 

\ ^ 



*X' 


p{*sri) 

commutes, where x, y, fixed, afford the weak pointing of p and q respectively. Given p, p is 


unique, and conversely. Better still: if [r', p',p') is any other triple such that {1.74) commutes, 
then there is a unique natural transformation : r ^ r' satisfying f,*p = p', and this requirement 
implies p' = q{f)p. 

Proof. For brevity, let P = and identify and with [P/Rq] and [P/Ri\ respectively- 

so p : —)> will only be strictly pointed if the path fibration is. By a liberal application 

of (1.34), I.d.3 and (1.47) the path space functor P is, up to unique isomorphism, constant 


on pointed representable etale covers of a path connected space, so by I.e.3, = 1. 

More generally, q : is representable then the diagonal W -^717 x^i^isa closed 

embedding, and if q is also an etale covering then it’s also an open embedding, so by base 
change in the (2-commutative) fibre square, 

Rq = P xpr P < - R' ■= P P 


(1.75) 


TP y. TP -f- 


TP 


Ft! is an open and closed sub-groupoid of Rq with 7ro(i2^) —> 'Ki{TPP) by I.e.3 As such proving 
the proposition is largely a question of being careful about which map the arrow P ^ TP 


implicit in (1.75) actually is. To this end, observe that there is a fibre square: 

P X q~^{*) = q*P 

(1.76) 


P 


TP 




which may well only be 2-commutative by way of a natural transformation fdq, say, between the 
composition of the upper two arrows and the lower two. Now, we’re identifying with the 


module of * in PTPT^, so there is a unique map : pt —>■ q~^{*) whose image in P is and, 
for good measure, there’s even a unique natural transformation, between the image (which 
needn’t be the same thing as a point of the fibre) of in TP and such that q{Cj(dq{*&') is 


yx ^ of (1.74). Consequently, among the various possibilities for P —)• TP, the good choice is 
the restriction of the left hand vertical in (1.76) to the connected component of since by 


(1.75), there is a unique isomorphism of Ri with the connected component of the identity in 


Ft!, and this yields a strictly commuting triangle 

R' 


(1.77) 



Ri 


Rq 


which by (1.75) can be identified to a triangle of inclusions amoongst connected components of 


Rq. To conclude, observe: 

(a) All the unicity statements in I.e.6 either follow from the connectivity argument of I.c.2 


or 


the fact that points of spaces do not have stabilisers. 
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(b) As such, we only need to prove the existence statements, which are all trivial for 
^ replaced by the equivalent champs \P/Rq], [P/i?i], and [P/R!], e.g. one can take r to be 
the upper left inclusion in (1.77) and rj trivial by the strict commutativity of op. cit.. 


(c) The proposition is independent of the equiva lence class of the data, albeit this has to be be 
understood in the 2-Category Et2(=^) of 


II.e.2 


rather than the naive Cham ps/ 


□ 


As we’ve observed, M ^ is only homotopy associative. The argument at the beginning 


of the proof of I.e.2 do however establish. 


I.e.7. Fact/Definition. Dehne R2 —)• Ri as the quotient of /U : M —)• by the equivalence 

relation, m ~ m' iff m and m' belong to the same path connected component of the same hbre, 
then in the quotient topology R 2 ^ is a groupoid in spaces. 

In order to make a hner identihcation of topological structure of i?2) observe: 

I.e.8. Lemma. The map M ^ Ri is a “fibration” in spaces, i.e. it has the homotopy lifting 
property for maps f : T x I where T is a direct sum of connected spaces, so, for example, T 
locally connected. 


Proof. Basically the same construction, and a little easier than |I.e.2 since there’s no further 
need to use the hypothesis of locally path connected and semi-locally simply connected, i.e. 
given / : T X / —>■ i?i, and a lifting of /o one argues as in op. cit. to prove that the set where 

/ can be lifted compatibly with the lifting of /o is open and closed. □ 

From which we arrive to the description of the topology of R 2 

I.e.9. Fact. If is path connected, locally 1-connected, and semi-locally 2-connected, then 

R 2 —)• Ri is the universal cover of Ri with covering group 7r2(i?/i,)- 

Proof. Let Pi = flt^u, so, equivalently the connected component of * G which, in either 

case is path connected and semi-locally simply connected by I.e.l| As such it has a universal 
cover, PI —)■ fl. Now identify 17 with its image under i, i.e. oj 1 —>■ in (1.62), in Ri, and let 


r = rx : I X Ri ^ Ri, for rx, A G /, as in the proof of I.e.3 Observe that the hbre, i*M of 
M —> is naturally the path space of 17 pointed in *, and that in i*M the equivalence relation 
of I.e.7| is simply homotopies of paths. The formation of the quotient topology commutes with 
closed embeddings, so i*M/ ~= PR 2 = 17. Now consider the diagram of hbred squares: 


(1.78) 


17 


17 


-G R' 


-G 17 


-G R\ 


-G 17 


ri 


The composite of the top horizontal arrows is the identity, so the middle vertical is a connected 


etale cover with covering group 7r2(i^), which is the universal cover of Ri by I.e.2 and I.e.3 
Now let r' : M X / —)• be the pull-back of r along the natural projection M —)• i/i, then 
by I.e.8 we can lift r' to some f':MxI^M By the dehnition of the quotient topology and 
hbre products, this gives a map Tq : i?2 R'■ In the other direction, we have the composition 
R" := i*M X Ri ^ Ri and the pull-back of r along the same to r" : R" x I ^ Ri. Over 
1 this can be lifted to M as the inclusion of i*M, so we get a lifting f" : R” x / —?• M, and 
whence fg : R” —)• R 2 , which by another application of the homotopy lifting property descends 
to a map fg : i?' —?• i?2; while the fact that fg and fg are mutually inverse follows from the 
uniqueness of homotopy liftings modulo homotopy. □ 


Consequently we can conclude this section by introducing, 
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I.e.lO. Definition. If is locally 1-connected, and semi-locally 2-connected then the classi¬ 
fying champ '■= [P.^/i? 2 ] — 7 - is the universal 2 -cover, or, similarly constructed one path 
component at a time, if X is only locally 1 -connected, and semi-locally 2 -connected. 


Since the properties of the universal 2 -cover are rather less familiar than those of the universal 


1-cover, the discussion of how and why it is universal is postponed till II.c .8 


I.f. Relative homotopy, developability, and tear drops. Let be a strictly 

pointed embedded sub-champ of a separated champ SJ. The fibre square, 

pj; <- 

(1.79) p 

< - 


defines, by base change a fibration, —>■ ^ with fibre and we make 

I.f.l. Definition. For g G N the relative homotopy groups 7rg(.^*, are defined by, 

(1.80) TTg{^^,£/^) = 

By |I.d.5 we have a long exact sequence 

(1.81) 7ro(.i/*) ^ 7ri(jr*, j<) 7ri{^^) ^ ■«— 7r2(^ vr 2 (jr*) ^ • 


Of particular interest is the case where is the embedded sub-champ supported on the base 
point, i.e. 22 ^ = for G{*), or just G is there is no danger of confusion, is the local 

monodromy group of *. In this case by I.c.4 is weakly equivalent to a K(G, 1), so the 
relative homotopy groups are just the homotopy groups for q > 3, and (1.81) becomes an exact 
sequence, 

(1.82) 1 7ri(.;?ij,,B(j(^)) <— •(— G{*) 7r2(.^,Bg(^)) •(— 7r2{^*) 1 

A champ is said to be developable if it’s universal cover exists, and is a space, so, obviously 

I.f.2. Fact. A locally connected and semi-locally simply co nnec ted champ ^ is developable iff 
for every point, G{*) —)• is injective, or, better by (1.82) iff 'n' 2 {^*) ^ 


Proof. The universal cover exists by |I.e. 6 [ and it’s probably most useful to observe that elements 
of 7 r 2 (.^, Bg(^,)) may schematically be represented by a diagram 

(1.83) 



with A and ((a as in ( |1.59 ). A priori this is missing the extra information of the natural 
transformation f^{y) : * => A{l,y) in (I.59[), but this is implicit since the free face edge lies i 


m 


Bq(^,p and the map, 7 r 2 (.^, Bg(^,)) —)• G{*) just sends this data to .^(1) by 
however, exactly- beginning of the proof of |I.e. 2 ■ the stabiliser of * in Ri. 


I.c.4 


This image is. 


Alternatively, the group action in I.e.5 is transitive on geometric points, so the fibre of !X\ —)> 2X2 
over Bq(^) is of the form, for some discrete set quotient T of and sub-group 

Gi(*) of G(*), whence the fibre over * is IJ^-gp G(=i=)/Gi(=i=) which in turn is naturally isomorphic 
to 7 ri(.^) as a set, i.e. T is the quotient of Tri{X'i,) by the image of G{*) in (1.82), which is 
isomorphic to G{*)/Gi{*). □ 
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Plainly, the elements of 7 r 2 (c^, are rather close to spheres, and the discrepancy from 

such admits an amusing description. Indeed, let us restore the natural transformation ^ to the 


rightmost edge of (1.83) by way of: 
(1.84) 


C 



C(y),?{0)=i 


Now if we view as a gerbe over its moduli, X*, then the composition A : 1x1^2^ 


certainly sends the boundary in (1.84) to * G X. Consequently by the topological variant 


of [KM97, 1.1], there is a neighbourhood V of the boundary such that A\y factors through 
some embedding [?7/G(*)] 2" for some (not necessarily faithful) action of G(*) on an etale 

neighbourhood U ^ 2 oi *. As such, the fibre product V ■.= V x 17 —)> 1/ is a G(*)-torsor. 
Plainly, we may suppose that V is just the points at distance at most e from the boundary 
for some e > 0, thus V is homotopic to and the isomorphism class of such torsors are 
Hom( 7 ri(S^), G(*)), so, on choosing an orientation of S^, we have a non-canonical identification 
of ^(1) with the isomorphism class of the torsor. The torsor is naturally pointed, so let Voo 
be the connected component of the point, then Voo V is a fin torsor for n the order of 
.^(1). By definition, the choice of a generator of vri(S^) gives a generator G fin, so we get a 
faithful (and even less canonical) representation p : fin —t G(*) : 7n —t ^(1); together with a 
map Aoo ■ Voo —>■ 2 such that ^(y) : Aqo ^ 'y*Aoo, where we reasonably confuse G(*) with 
arrows in 2 via the embedding [U/G{*)] ^ 2. As such if Aq is the restriction of A to the 
complement of the boundary, Uq, say, then, notwithstanding the lack of canonicity occasioned 
by the above choices, we have a descent data, 

(1.85) R'n^U := Uo ]J 


'2 


for a groupoid representing the tear drop, A^n, of order n, i.e. the “bad-orbifold” supported on 
with a unique non-space like point of order n. While the tear drop is not a space, descent 
data continues to have its obvious meaning, i.e. a natural transformation between s*(Ao ]J Aqo) 
and t*(Ao ]J A^o) satisfying the co-cycle condition. As such we certainly get a map dVn —t 2J■ 
One might, however, wonder how much ambiguity there is in such a map since not only are 
I.b.2, and I.c.2| only for spaces, but other choices of y„ and so forth, will yield a different descent 
data/groupoid in (1.85). The answer is however best possible. 


I.f.3. Fact. The open and elosed subset of where has order n finely 

represents pointed (in the “bad point”) tear drops of order n whose monodromy group fin at 
the “bad point” injeets into G{*), i.e. on fixing a presentation of dVn there is a pointed map 
Qn : 'x2'n* —>■ 2, and a natural transformation, Cn • * Qni_, *) with the said property 

on the loeal monodromy groups such that if (F, ^) : T x F^n* —)■ 2"^, is any other such pair then 
there is a unique map G : T ^ and a unique natural transformation, rf : F Q(G x id) 

for which fn = 

Proof. As ever is an element of the discrete sheaf of automorphisms of *, so the set Qg 


where this takes the value g G G{*) is open and closed. By (1.34), there is no difficulty in 


replacing Uq in (1.85) by the complement of Qg x I x I in the boundary, nor in replacing Ua 


by a neighbourhood of the boundary, so just keeping the above choices, i.e. y^ e-)> g, etc. and 
taking the union over g of order n, we certainly get a map Qn- Now, we can always fix a 
map r : I X I ^ 2n by sending a neighbourhood of the boundary to a connected fin torsor, 
and the interior to the plane. We therefore have the pull-back r*Qn, and the restriction, p, to 
Vfi X I X I of composition of universal maps I x I x QV,(2'^,, B(^(^)) —)• / x —)• 2, 
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which by (1.34) are related by a natural transformation p : p ^ r*Qn- We also dispose of 
a natural transformation, ^ p \ x =t=, and we put (^n = p*C'- Now suppose we 

have a pair then r*F affords some unique G' : T x I ^ and a unique natural 


transformation, p' of the pull-back of F with Q{G' x id) according to the prescriptions of (1.34) 
with Q the universal map of op. cit. By hypothesis, the end point of the path G'{t,y) is in 
Bc(*) for all {t,y) G T x /, so G' factors through Bc'(*)); while the paths G'(t,0), and 

G'{t,l) go to the module of the constant path, i.e. *, so G' : T x / —)• Bg(^,)) is the 

same thing as some G :T ^ Bg(*)), which by definition must factor through 

and similarly r/' can be identified with some p” : r*F p(G x id) such that (^" = p”{r*^). 
This gives a natural transformation, pp” : r*F => Qn^(G x id) = r*{Qn{G x id)); while r 
is an isomorphism outwith the boundary and ^ is separated so there is a unique natural 
transformation p : F ^ Qn{G x id) such that r*p = pp" from which C,^ = f*{p^^) = p^^. As 
to uniqueness: having fixed r : I x I ^ G', and whence G is certainly unique, so the only 

possible lack of unicity is in p given G, but this is again excluded by the same connectedness 
argument as in the proof I.c.2 □ 


Let us add some comment by way of 

I.f.4. Remark. While I.f.3 is an extremely satisfactory description of the obstruction to devel- 


opability, i. e. a locally path connected and semi-locally simply connected champ is developable 
iff every pointed tear drop can be homotoped to a sphere, it’s not a good idea to try and read 
the group structure of from the homotopy classes of tear drops since there is 

no canonical map from —>■ Z/n. The group structure is best read from diagrams such as 
( |1.84 ) as described at the start of the proof of I.e.2 In particular, like any other relative tt 2 , 
'K 2 {^^,R>G{*)) is a priori non-commutative. 

I.g. 1-Galois theory and the Huerwicz theorem. A priori representable etale covers of a 
champ form a 2-category. There is, however, an associated 1-category, to wit: 

I.g.l. Fact/Definition. Let be a path connected separated topological champ, then the 
category Eti(.i^) has objects representable etale covers and arrows diagrams. 




f 





( 1 . 86 ) 


modulo the equivalence relation (/, p) ~ (/', p') iff there is a natural transformation i '■ f ^ f 
such that p' = q'{^)p', with composition the evident composition of diagrams. In particular, 
because the objects of Eti(.^) are representable covers, Eti(.^) has fibre products in the sense 
of a 1-category, i.e. with strict unicity in the universal property. 


The definition of Eti(.^) is forced by the the universal property 


I.e.6 


it’s also forced by the 


axiomatic Galois theory of a 1-category in the sense of [SGA-I, Expose V.5], |Noo04| . e.g. 

I.g.2. Lemma. If SI is path connected locally and globally, and semi-locally 1-connected, then 
the fibre functor Eti(.;?r) —)■ Ens : q i—)■ (7~^(*) is representable. Indeed, we have a canonical 
isomorphism: 


(1.87) 


q ^(*) ^ Homjj (.^ 1 ,^) 


Proof. To give a point in q ^(*) is equivalent to giving a map and a natural transformation 
y : * ^ q{*ay) as encountered in I.e. 6 , cf. ILe.4, which for IF' the connected components of 
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= 1 =^, determines a weakly pointed map, —?• so we can apply I.e.6 to find a triangle: 

( 1 . 88 ) 


JTi 




SC 


and the uniqueness statement of I.e.6 is equivalent to this yielding a well defined map from left 

'W to the point 
qr{*). 


to right in (1.87) of which the inverse, for p strictly pointed, sends a map r : ^ ^ 

and the natural transformation : * 


of the fibre determined by r{*) : pt 


□ 


Now from I.e.5 we have an isomorphism x 7ri(.^), given by the fibre square 


(1.64) so (cf. (1.72) \i u) ^ is the second projection of (1.64) for every uj G 7ri(.^*) we have 


a triangle, 
(1.89) 






P X jF <1 

3F 


for the natural transformation of op. cit., which by (1.66)- or, indeed, the unicity of fi¬ 
bre products of representable maps- satisfies = p{oiT,uj)F*{ir)iu} for a as in (1.65), and 
multiplication of loops pre, rather than the habitual post, concatenation. Consequently, 


I.g.3. Corolla ry. F or q = p the isomorphism ( f/.g7| ) is actually an isomorphism of groups, so 
for general q, (1.81) defines a right action of on g“^(*). 


Proof. As we’ve observed we have a map of groups, ui —)• and the set isomorphism 


from right to left of (1.87) occurring at the end of the proof of I.g.2 so it will suffice to check 

i.e. one 


that their composition is the identity. This is, however, a formal consequence of I.e.5 
just takes a point * G p~^{*) and adjoins another fibre square to (1.64) to obtain 


(1.90) 


7ri(.^*) 


7ri( jr*)2<^i 




3Fi 


U)XX\-^X 

/ 

Y 



pt 


3Fi 


3F 


of which the totality is a fibre square, and whence the unique lifting of (T(j(*), *a;(*)) to the top 
left hand corner is w, or, more generally an isomorphism thereof if p is not strictly pointed. □ 

With these pre-liminaries, we get the usual Galois correspondence: 

I.g.4. Fact. If IIP is path connected locally and globally, and semi-locally 1-connected, then the 
fibre functor —)• Ens(7r) : q i—?■ q~^{*) viewed as taking values in sets with action 

is an equivalence of categories. 


Proof. The right hand side of (1.87) doesn’t depend on the base point, so if two maps yield 


the same fibre functor at one point, they yield the same fibre functor at every point; while the 
objects of Eti(.^) are representable etale covers whence the functor is certainly faithful. To 
go the other way, we can always reduce to tti ()-sets on which the action is transitive, so 
equivalently the set of cosets 7ri(.^)/i^ for some sub-group K. Associated to such, however, 
by|iX3 is the unique open and closed sub-groupoid t : R ^ Rq such that i*(7ro(i?)) = K under 
the natural identification of 'Kq{Rq) with 7ri(.^) of op. cit.; and the resulting classifying champ 
[Pc^/i?] is a representable etale cover of with fibre exactly /K. □ 
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Let us apply this to obtain an appropriate version of Huerwicz’s theorem. A priori singular 
homology and singular co-homology present something of an issue for champs, e.g. by |I.b.2| 
it doesn’t a priori make sense to talk about the space of simplices since this might only be a 
champ, and if one were to take its moduli then, |I.c.4 information can be lost. The derived 
functor definition of co-homology makes perfect sense, however, and coincides with the Cech 
co-homology at the level of H^. By definition Cech 1-co-cycles are descent data, or slightly 
more elegantly, for some presentation R ^ U oi ^, a Cech co-cycle with values in a group G 
is just a map (p : R ^ G such that. 


(1.91) 


UxG 3 {s{f),x) ^ RxG^ (j){f)x) £UxG 


defines a groupoid. As such, cf. I.e.6 and (1.89), locally constant sheaves G are group objects 


in Et(,^i), and the G-Cech co-homology, G-torsors so that by I.g.4 


I.g.5. Corollary. If IXI is path connected, locally path connected, and semi-loeally 1-conneeted, 
then the category of locally constant sheaves G on ^ is equivalent to the category of groups G 
with (right) -action, and we have a functorial isomorphism, 

(1.92) Hi(jr,G) ^H^(7ri(jr*),G) 

Now using the path fibration we can bump this up to 

I.g.6. Fact. Ifforn€N, ^ is locally and globally n-connected, and semi-locally n-\-l-connected, 
then for any abelian group A there are functorial isomorphisms. 


(1.93) 


H^(jr,A) 


0 if I < q < n, 

Hom(7rg(.^*), A) if q = n1 


Proof. Let P = be the path space, then we have a complex of spaces, 

(1.94) • • • := p P X jr P4p(2) ■- p xP {= Ri) ^ P^^^ := P 

Since is locally path connected, the path fibration is open so by [Del74, 5.3.3], for any sheaf 
of abelian groups , there is a spectral sequence 

(1.95) E^’'' = W{W{P^P\j^)) => 

where the Cech co-homology is that defined by the c omple x (1.94). Now P —is a fibration, 
and P homotopes to * keeping the ba se poi nt fixed by Lc.5 so each P^^^ is homotopic to p-copies 
of the loop space Pi = By I.e.l, Pi is locally and globally n — 1 connected, and semi- 

locally n-connected; while Cech co-homology of constant sheaves is homotopy invariant [e.g. 
use the Leray spectral sequence for the projection f x / —)• , and R^f„I^ coincides, by 

direct calculation, with relative Cech, whence vanishes for (? > 1, for any sheaf independent 
of any hypothesis on IXI) so by induction the rows, 1 < (? < (n — 1) will all be identically zero as 
soon as n > 2. Similarly, the first column is wholly zero for g > 0, as is the first row for p > 0 
since by hypothesis n > 1 so every Pl^^ is connected which implies that is the identity 
for p-odd and zero for p-even. Consequently, by induction in n, (1.95) degenerates at E 2 for 
and we need only check that the kernel of. 


p + g < n + 1 
(1.96) 


d}f" : 


(Q,A) ^ H"(L1^A) 


is the non-trivial case of (1.93). The three maps in (1.94) from Pl'^ to Pi are the 2-projections 


and concatenation, so for n = 1, this differential is zero by |Lg.5[ whence in general by induction 
in n with everything being functorial by the functoriality of spectral sequences. □ 
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II. Topological 2-Galois theory 


II.a. 2-groups. Suppose that a topological 2-type is given, i.e. a triple n 2 ■— (^i) ^ 2 ; ks) where 
TTi is a group acting on the left of the abelian group 7 r 2 and a class in H^( 7 ri, 7 r 2 ). Associated 
to such a data is a (weak) 2 -group, 112 . In detail: the underlying category of 112 is the groupoid 
(s, t) : TTi K 7 r 2 ^ TTi with source and sink the projection of vri ix 7 r 2 —)■ vri, i.e. the action on tti 
is trivial. The monoidal product, as a map of arrows is just the group law in tti k 7 r 2 , 

(11.1) (g) : 112 X 112 —)• 112 : (t, B) X (w, A) i-)- (rw, BA^) 

The identity object is the identity in tti, and similarly inverses are actual inverses in tti, whence, 
so defined, they’re strict inverses. Finally, to define the associator, simply choose a normalised 
co-cycle, iFs, representing the Postnikov class k^, so as to get a natural transformation 

(11.2) K : ( 8 )(id x (g) ^ < 8 )(< 8 ) x id) : ob(n 2 ) —)• Ar(n 2 ) : (a, r,cu) i—)• K^{a,T,u)) G stab((Tra;) 

where we profit from the fact that 7 r 2 is canonically the stabiliser of any object in 112 by the 
definition of the underlying groupoid. Plainly, there is an a priori ambiguity in the definition, 
in the form of the lifting of k^. If, however, were another, and 112 the 2-group so 
constructed, then the difference is the co-boundary of a normalised 2 co-chain, c, 

which in turn defines a natural transformation, 

(11.3) 7 : (g) ^ (g) : ob(n|) —)• Ar(n 2 ) : (r, cu) i—>■ c(r, w) 

so the resulting structures are isomorphic as 2-groups, i.e. the pairs I = (id, 7 ), J = (id, 7 “^) 
afford (weak) monoidal functors 

(11.4) / : 112 —)• n 2 J : n 2 —?■ 112 

such that IJ, respectively JI are the identity, and I, respectively J are even unique modulo 
automorphisms of 112 , respectively 112 . 

Now, there is an obvious notion of morphisms 7^2 —)• 7r^2 topological 2-types, i.e. maps 
fp : TTp ^ TTp, p = 1 or 2 compatible with the module structure such that, = {f 2 )*k^. It 
is not, however, the case that morphisms of 2-types can be functorially lifted to morphisms of 
2-groups. More precisely, 

II.a.1. Fact. [BL04, Theorem 43] There is a functor 2-Groups —)• 2-types : ip 1 —?■ sueh that, 

(a) If ^ is a 2-group, and 112 is the 2-group constructed as above from the 2-type o/fp then 
there is an equivalence of 2-groups 112 —)• ip. 

(b) The map from 1-homomorphisms of 2-groups, modulo 2-homomorphisms to maps of 
2-types 

(Homi(ip, ip')/ ~) —)• Hom(7r, tt') 

exhibits the former over the latter as a principal homogeneous space under H^(7ri,7r2). 


Our ultimate interest is the action of 2-groups on groupoids, and in light of the objection 0.0.8 
the only philosophically satisfactory definition appears to be 


II.a.2. Definition. An action of a 2-group on a groupoid (or more generally a category) ^ is 
a map of 2-groups ip —?■ i2lut(.^). 


On the other hand, one tends to encounter actions (particularly transitive ones) as isomorphisms 
of certain fibre products (cf. |I.e.5 ), and so it is useful to have 

II.a.3. Alternative Definition. A left action of a 2-group ip on a groupoid (or more gener¬ 
ally a category) is a functor, A : ip><.^ —)• strict fibre product, A.i.2- and natural 
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transformations a : ^((8)><id^) ^(l^idj?) such that, 


(II.5) 



2-commutes; with similar diagrams involving /3 and the inverse and identity laws whose exact 
form we ignore since in practice our 2-groups will have strict identities and strict inverses so 
that the required 2-commutativity of such will not be an issue. 

Let us therefore verify 


II.a.4. Fact. There is a 1 to 1 correspondence between actions in the sense of II.a.2 and II.a.3 


Proof. The automorphism group 5^ of a groupoid is the 2-group with objects functors from 
to itself admitting a weak inverse and arrows natural transformations between them. A priori 
there is an issue about the functoriality of inversion, but this can be remedied by choosing an 
equivalent category A : ^ ^ with exactly one object for every isomorphism class in 

together with a weak inverse B : ^ to A; so that F i—)• Fq := BFA yields a strictly 

invertible automorphism Fq of and whence an inverse functor inv : 5^ —?■ 5^ : F i—?■ AFq^B. 
The action of a map ^ : F G of functors on an arrow / : x —>• y is the arrow fyF{f) : 
F{x) —7- G{y), which like 5 is strictly associative, i.e. the a priori 2-commutative diagram 
( |II.5 1 is actually strictly commutative. Plainly if we have a map of 2-groups ip —>• 5^, then the 
composition with the natural action of 5^ on yields an action of ^ on Conversely, given 
an action A : ^3 x ^ to an object cj of *p one associates the functor Ai^ ■. IT' ^ which 

sends an arrow / to A(ltj, /); while an arrow S : oj ^ t goes to the natural transformation of 
A^ and Aj- defined by sending an object x of to the arrow A(5, l^;). This procedure defines 
a functor A : ip —)• 5^, while, more or less by definition, the natural transformations a, /3 of 
II.a.3|yield natural transformations a : A((8)fp) A(8)g^A, /3 : => A(lfp). The 2-commutative 


diagram (II.5) becomes a 2-commutative diagram in which every occurrence of A, respectively 


a, becomes an occurrence of A, respectively a, and similarly for the conditions on inverses and 
identities; so that the triple (A,a,j3) is indeed a map of 2-groups; while an inspection of the 
above formulae show that the composition A : fp —)• 5 with the natural action of on is 
exactly (not just equivalent to) the original action A, and similarly the map S S obtained 
by underlining the natural action is the identity exactly. □ 


Just as II.a. 1 actions on groupoids can be simplified considerably by reduction to the case 
where there is a bijection between objects of .T and isomorphism classes of objects. Already 


therefore, as in the proof of II.a.4 automorphisms, a, of such a ^ must be strictly invertible, 
and should a send an object x to y, then the stabiliser groups of x and y must be isomorphic. 
Consequently such a groupoid is a direct sum of groupoids iFi where every two objects of 
iTi have the isomorphic stabilisers, Tj, say, while for i ^ j, Tj and Tj fail to be isomorphic. 
Plainly, 2lut(.^) is isomorphic to the direct product of 2tut(.^j). As such to determine the 
automorphisms of a groupoid, we’re reduced to studying the skeletal case, i.e. T- is defined by 
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a discrete set of objects, F, and a group T according to the rule, 


(II.6) Hom(x,?/) = I® 

I i it X = y 

Invertible functors can therefore be written as a pair {oj,A) G Syrup^ x HomEns(-^; Aut(r)) 
which act on arrows by way of 


(II.7) 


I—)■ uj{x) 




> uj{x) 


so for A^{x) := A{ijj~^{x) the left action of Sym^ on HomEns(-^, Aut(r)) they form the group 

(11.8) Gi := Sym^ x HomEns(7^) Aut(r)) 

Similarly the natural transformations are G 2 '■= HomEns(7^j T), which we understand as a left 
Gi-module via 

(11.9) {u],A) X g ^ {x^ A{x){g^-i(^))] 
so that the underlying category of 2lut(^) is the groupoid, 

(11.10) Gi X G 2 =1 Gi 

with source the given functor, and sink the functor obtained via the action of HomEns(.I^) b) on 
HomEns(b", Aut(r)) via inner automorphisms. As such 2lut(^) is synonymous with the crossed 
module- [Bro82, IV.5], [BN06, §10]- defined, for Z the centre of r,by the exact sequence 

(II. 11) 1 ^ Ba = HomEns(i^, Z) ^ Ga ^ Gi ^ Sym^ x HomE„s(F, Out(r)) = Bi ^ 1 

To such an exact sequence, [Bro82, IV.5], there is an associated co-homology class obs^ G 
H3(ri,ra) which, as the notation suggests, we will view as an obstruction class, and 

II.a.5. Fact. The 2-type of the automorphism group ^ of a groupoid, ^, in which all stabiliser 
groups are isomorphic to the same group T is the triple (p := (ri,ra,obs^) as defined above for 
F the moduli, i.e. isomorphism classes of objects, of ^. IfT is abelian the obstruction class is 
0, otherwise it may well be non-trivial, e.g. if F is a point then the 2-type (p is the topological 
2-type of the classifying space of the universal fibration in K(r, 1) ’s. 


II.a. 1 in [BL04J with [Bro82, IV.5]. The fact that Tp = G 




Proof. Just compare the proof of 
p = 1 or 2 implies, op. cit., that the obstruction is trivial if T is abelian, otherwise, already for 
F a point, the examples of non-triviality are legion, [Bro82, IV.6]. □ 


Plainly, therefore, if we have an action of Ila on we have a map of 2-types tt ^ (p. In 
particular F is a left tti set, and we have a 1 co-cycle 

(11.12) : TTi HomEns(b", Out(r)) A™ = A^A))) 
affording vri —?• Ti, while the action of vri on Ta is 

(11.13) LO X z {x At^{x){z^,J-l.x)} 

which is well defined for any lifting A^ of A^ to a family of automorphisms of T. 

Now suppose that the action of Ha on ^ is transitive, i.e. tti acts transitively on F, and that 
the latter is pointed in *. As such, we have the stabiliser of *, the image tt^ of TTa, and an 
induced Postnikov class G H^(7r)^, vr^) which we may view as the restriction ATg of the co-cycle 
(II.2). Consequently we have a 2-group II^ deduced from Ha with 2-type vr' = ( 77 ^, 772 , fcg) whose 
action on ^ affords an action on the one point category Br supported at *. For this action 
the co-cycle, A of (11.12) restricts to a representation 

(11.14) At^{*) : tt[ — > Out(r)* := HomEns(*, Out(r)) 
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which by (11.13) affords, in turn, a representation on the centre Z* := HomEns(*) ^)) and we 
have a particularly simple map of 2-types vr' —)• vr* = (Out(r)*, Z*,obs*). The resulting action 
of 112 will be referred to as the pointed stabiliser action, and we assert 

II.a.6. Fact. The restriction 2-functor from pointed transitive 112 groupoids to actions of sub 
2 -groups (i.e. II^ with induced from for tt[ any sub-group of tti, and vr^ any quotient 
group of 'K 2 ) on a group, i.e. a groupoid with 1-object, defined by sending a Il 2 -category to its 
pointed stabiliser action is an equivalence of 2-categories. 

The proof should be the Leray spectral sequence for —)• but since vr^ needn’t be 

normal, we get a series of lemmas in group co-homology instead. To this end it is convenient 
to identify a pointed transitive vri-set F„ with the left action on the right co-sets vt^/tti of the 
stabiliser. As such if p G F is a set of elements in vri identified with the right co-sets then for 
X any set the left action of tti on HomEns(T, X) is 

(11.15) TTi X HomEns(T, X) —)• HomEns(T’, X) ■. X ^ = {p ^ x{pijj)} 

We also dispose of a (set) map 

(11.16) TTi — )■ 7r( : X x' := xx~^ 
along with the possibility to choose 1 = 1, and we assert 


II.a.7. Lemma. Let tti be a group, and G another group (with, say, trivial 7:1 action, since this 
is all we need) then for F the set of right cosets of a sub-group 7r( with tti acting on the left of 
HomEns(T, G) via (11.15) the natural restriction 

(11.17) res : H^(7ri, HomEns(T, G)) H^(7r(,G) (= Hom(7r(, G)/InnG) : ^(*)| 7 r( 

is an isomorphism. Indeed, the inverse is given by inflation 

(11.18) inf ■. B ^ {p X oj ^ 


Proof. Let A : a; 1 —)• A^j be the vri co-cycle of (11.17), and put a{p) = Ap{*), then A : cj 1 —)• 
oA(a‘^)“^ is equivalent. However, by construction, Ap{*) = 1g for all p £ F, so A^{p) = 
^(paj)'(*) by the co-cycle condition. □ 

In the particular case of G = Out(r) we can define an automorphism o : ^ ^ of the 


category (II.6) by way of the functor (l,Ap) for some liftings of the outer automorphisms Ap 
of (11.14) to honest automorphisms. Plainly conjugation by a is a (strict) isomorphism of 
TTi-groupoids, and so 

II.a.8. Corollary. Any (skeletal) pointed transitive II 2 groupoid is isomorphic to one in which 
the outer co-cycle (11.12) satisfies (11.18). 

Now let us apply similar considerations to the higher co-homology groups, i.e. 

II.a.9. Lemma. Let tti be a group, with F the set of right co-sets of a sub-group 7r[ such that, 
for some abelian group Z, tti acts (11.13) on HomEns(T’, Z) by way of a Hom(F, Aut(Z)) valued 
1 co-cycle A satisfying (11.18) then the restriction map 

(11.19) res : H’^(7ri, HomEns(T, Z)) ^ H”(7r'i,Z) : K ^ X(*)|,, 
is an isomorphism for all n £NU {0}, with inverse the inflation 

(11.20) inf : X {(xi, • • • , x„) x p i-> K{{pxi)', {~pxlX 2 )', • • • , (pxi • • -Xn-iXn)')} 

where, here and elsewhere, formulae such as (//. 2(^ should be read as functions of as many 
variables as make sense, e.g. the inflation of a constant is the constant function of p. 
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Proof. Let (S'” C HomEns(7r]i* x F,Z),d), n G N U {0}, be the standard complex for the 
computation of the left hand side of (11.19) via normalised co-chains and consider the effect of 
the homotopy, 

(11.21) h : : K ^ {{^K) ’■ {xi, • • • , Xn) x p K{p,xi, - ■ ■ , Xn)(*)} 

which affords the formula 


(11.22) dh + hd = id-P 

where P is the projector K i—)• PK which has values 


(11.23) 


(Xi, • • • ,Xn) X p^ 


K{pXi,X2, ■ ■ ■ ,Xn){*) - K{pXi,X2, ' ' ' , (*) 

K{*) 


if n G N 
if n = 0 


In particular the projector satisfies 

(11.24) {PK){xi,-■ ■ ,Xn){p) = iPK){pxi,-■ ■ Xn){*), and, {PK){xi,X 2 , ■ ■ ■ ,Xn)i*) = 0 
and the co-homology of (S”,(9) is the co-homology of the image of P, i.e. the complex 

(11.25) C” = {K G HomEns(7!'r) Z) \ K{xi, • • • , Xn) = 0 if, xi = xi, or, x* = 1, i > 2} 
where, critically, the differential d : C” —)• (7”+^ : K i—)■ dK is 

(11.26) K{xiX 2 , X 3 , • • • , Xn+i)^'i - K{xiX 2 , X 3 , • • • , x„+i) 4-h (-l)”+^iL(xi, • • • , Xn) 

We have therefore found the p = 0 term in the sequence of filtered complexes 


(11.27) 


Ijn _ pO(jn'^plfjn'fffp2Qn _ _ _ 'f^pPpn 


where is the sub-group of HomEns((7ri)^ x tt” ^,^), or indeed just HomEns((7ri)"', ■^) if 

p > n such that 


(11.28) K{xi, • • • , Xn) = 0, if any Xi = 1, 1 < z < re, or, Xp+i = Xp+i 

while for p G N the inflation maps inf : —)■ are given by 


(11.29) inf(iL)(ti, • • • ,tp_i,xi, • • • ,Xg+i) = K{ti, ■ ■ ■ , tp_i, x'^, xiX 2 , X 3 , • • • ,Xg+i) 
and the differentials dp : F^CP^^ i?P(7P+9+i are 

K{t2,--- , tp, x[, X 1 X 2 , X 3 , - ■ ■ ,Xg+iY^ - K{tit2,--- , tp, x[,XiX 2 ,X 3 , - ■ ■ , Xg+i)-4 
F(tl ) ^2^3) ■ ■ ■ ) fp) ) ^12^2) X 3 , ■ ■ ■ , Xq-|-i) -|- • • • -|- 

(11.30) {-l)P~^K{ti, ■,tp-itp, x'l, XiX 2 ,X 3 , •, Xq+i) -4 {-l)PK{ti, ■,tp-i,tpX[,XiX 2 ,X 3 , ', Xg+i) 

+ ■,tp, XlX2,X3, ■,Xq+l) + •,tp,Xl,X2X3, ■,Xq+l) H-h 

(-l)P+<lK{tl, - ■ ■ ,tp,Xl,X2, • • • ,XqXq+l) + {-l)P~^'^~^^K{tl,- ■ ■ , tp, Xl, X2, ' ' ' , Xq) 


Consequently on understanding ti = x\ if p = 0, (11.30) coincides with (11.26) in this case, so 
that up to a fixed term in the x^’s we have almost a standard differential in the tfs except 
for the one term where this transgresses into Xj’s, and conversely, from right to left we have 
a standard differential in the x/s except for the said transgression into the tfs. In any case, 
the composition of inf followed by the natural restriction res : FPC'^ —)• is the identity, 

while in the other direction we consider the effect of the homotopies hp : L’PC'^+'J+i —)• FPCP~^p 


(11.31) {hpK){ti, ■■■ , tp, xi • • • Xq) 


(-l)P+^iL(ti, • • • ,tp,x'i,xi,X2, ■■■Xq) if g > 1, 
0 if g < 0 


which yield for some projector Pp of groups 

(11.32) hpdp — dphp = id — Pp 
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and whence a projector of complexes. Indeed (—l)^Pp is the sum of (group) projectors 

K{t2, ■■■ ,tp, (X1X2)', XT^, • • -Xq) - K{tlt2, ■■■tp, x'l, (X1X2)', Xl^, ■ ■ ■ Xg) 

(11.33) 3-h (-l)^iir(ti, • • • ,tp-i,tpx[,{xiX2y,xTc^,---Xq)+ 

[-l)P+^K{tl, ■■■ ,tp, (xiX2)',Xl^, ■■■Xq) + K {tl, ■ ■ - tp, x[,XlX2, ' ' ' Xq) 


whenever q > 2, while PpK(t, xi) = K{t, x'^j for q = 1, and plainly Pp is the identity for q < 0. 
Furthermore, if X1X2 = X1X2, then the first p+1 terms in (11.33) vanish by (11.28) because 


{X 1 X 2 )' = 1, while the last 2-cancel since (xiX2)^ = x^ Similarly- (11.28) again- all but the last 
term in (11.33) vanish if K is in the image of inflation, so we obtain 


(11.34) 


Pp = inf(resPp), id = (resPp)mf 


( 11 . 20 ). 


Consequently (11.27) is a chain of homotopic complexes, and taking p > n yields (11.19) 


□ 


By way of a minor variant of|IT .a.7| and |II.a.9| we also have 


II.a.10. Lemma. Let all the hypothesis be as in II.a.9- so in particular the form of the action 
on HomEns(P) Z) but with Z non-abelian, then exactly the same conclusions hold for n = 0,1. 


Now let us apply these considerations to the proof of |II.a.6| by way of the following assertions 

II.a.11. Claim. For every action of a sub (in the sense of II.a.6) 2-group on some Br there is 
an inflated pointed transitive action of 112 on the pointed skeletal groupoid with objects the 
right cosets F := 7r(\7ri pointed in the identity and every automorphism group F. Furthermore, 
the restriction of inflation is the identity, while the inflation of restriction is equivalent to the 
identity. 



uniquely to a representation A 2 '■ 7^2 ^^2 = HomEns(P; Z) compatible with Ai, and the actions 
of TTi on 7r2, respectively Fi on r2 by way of the formula 

(11.35) 5 ^ inf(4)(5) = A2{S) = {p ^ AiS^U)} 


ByllTXT or better, [BL04, Theorem 43], the remaining component of an action is a normalised 
2 co-chain c : vr^ —)> HomEns(P) Z) such that {A 2 )*K 3 — {Ai)*ohs^ is the co-boundary (9(c). We 


already have, however, a 2 co-chain d : (vr()^ —)• Z such that — (A)^)*obsBr ~ d{d); 


while by II.a.9 applied to Fi we can, without loss of generality, suppose that obs^ = inf(obsBp). 


Similarly, by a double application of II.a.9 {A 2 )*K^ — inf((^2)*9F3) = dk for some co-chain k 
whose restriction is identically zero, and whence k is unique modulo co-boundaries. As such, if 
we take c = inf(c') -|-/c, then we get an action (well defined up to equivalence) of 112 on which 
restricts identically to the given action of on Bp. Conversely, if c, or equivalently a pointed 
transitive 112 action on is given, then c — (fc-|-infres(c)) is a co-cycle whose restriction is 0, 
so it’s a co-boundary, and the inflation of restriction is equivalent to what we started with. □ 


To which (11.54) is very pertinent; while the functoriality of II.a. 11 is also critical, so 


II.a.12. Remark. In the notation of the proof of II.a.ll[ an explicit solution of the equation 

(11.36) (inf(A2))*Ar3 = inf((A2)*(resiF3)) -|- d{k) 
is provided hy k = {A' 2 )^.{hKd) for (hK^) : T x —?• 7r2 defined by 

(11.37) {p, T, uj) ^ Ks^p, T, oj) - KsUptY, pr, uj) + Ksi^prY , {pf^)Y prUJ) 
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which is a little simpler than the proof of |II.a.9| might suggest, so checking it directly is perhaps 
simpler than reverse engineering. 


In any case, this proves that the restriction functor is essentially surjective on 0-cells, so, [Lei04, 
L5,13|,|n .a.6| will follow if we can establish 

II.a.13. Claim. Let be 112 transitive pointed groupoids then the restriction functor 


(11.38) Sjomn2(^*,^*) ^ ■^omn^,n"(resn^(^),resn»(^)) 

is an equivalence of 1-categories; where resn^(.^), respectively resn"(i^), is to be viewed as a 
112 action on a group Br, respectively 112 such that an arrow of 2-groups II^ —)• 112 

given and the 2-types tt' —)• vr" satisfy pi : 7r[ ^ Tr'{ is injective, respectively p 2 '■ 7^2 ^ t ^2 is 
surjective, and {p 2 )*K'^ = {pi)*K'^. 


Proof. Quite generally if are groupoids, or even just categories, with actions A, re¬ 

spectively B by the source and sink of a map of (any) 2-groups {p, p) : 5 © then (its 
philosophically unsatisfactory nature notwithstanding) the objects of i^) are best 

described via II.a.3 as pairs (/, ^) forming a 2-commutative diagram 


(11.39) 




p^f 


6x1 






B 


which in turn form a 2-commutative diagram 


(11.40) 



and since we’re always able to suppose that 2-groups, their morphisms, and actions send 
identities to identities strictly, 11.40 actually forces to be the identity. Similarly mor¬ 

phisms : (/, 0 =► ( 9 , 11 ) are just natural transformations C ■ f ^ 9 affording the obvious 
2-commutative diagram. 


Now in our cases of interest p will always be the identity; while in the left hand side of 11.38 
we not only have 5^ = 6 = 112 , but, without loss of generality, we may suppose that 7r2 = vr^. 
To profit from the transitivity of the action: let E, F, G be the spaces of right cosets 7r^\7r^', 
7r^\7ri, 7r^'\7ri with pointing in the identity and left tt", respectively tti, action as appropriate. 
In particular, if we identify E with a set of representatives e € Tr'( C tti, and similarly G with 
9 £ TTi, then the set eg represents F, and the operations of inflation from tt[ to nf followed by 
tt'I to TTi, in the sense of II.a.7 II.a.10 strictly commutes with that from vr^ to nf. As such, 
we’ll either continue to denote cosets by a “or, if there is risk of ambiguity, write x 1 —>■ e(x), for 
the representative of the coset 7t'(x, etc., and extend the notation of (11.16) by way of 

(11.41) TTi —)■ Tr'f : X x" := xg{x)~^, tt'{ -£■ 7r[ : x x := xe{x)~^ 
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so that x' = x". In any case, we can identify / with a map x i—>• f{x) in HomEns(-I^) Hom(r, A)); 
^ with (tCjX) I—)■ £,uj{oJ ■ x) for G HomEns(-P '5 A), and the 2-commutativity 11.39 yields 

(11.42) f{uj • x)A^{lj ■ x) = Inn^^(^. 3 ,)S,^(a; • f{x))f{x) 

for functors deduced from the action as in the proof of|II.a.4[ whence, modulo conjuga¬ 


tion the outer representation (11.12). Passing to outer representations, we conclude from II.a.7 
and (11.42) that modulo conjugation in A, / is the map 

(11.43) inf(/(*)) : F{= E ■ G) ^ Hom(r, A) : ^ 


Similarly, viewing a as {t,uj,x) t-)- ar,uj{{TUj).x)), (11.40) becomes 

(11.44) f{ar,Lo)^(Tui) = CtCPt,co, Tf{x) = Br{fix)){r]{T~^ ■ x)), r] G HomEns(i^, A) 


where, notation notwithstanding, the latter formula in (11.44) may not define an action of tti 
on HomEns(-^) A); more precisely 

(11.45) (r?-)-=Inn;3.,^C™ 

from which if (5 : F —)• A such that inf (/(*)) = Inn^/, then on replacing (/, ^) by the conjugate 
pair (inf(/(*)), {cj i—>■ (5Ca;(<^‘^)~^})) the new pair satisfies the former equation in (11.44), so, 
without loss of generality we may suppose that / = inf(/(*)). 

Now suppose we only have a map ■ Br —)• Ba with respective actions, then 

(11.46) /(*)«je'(™)(*) = ?;(*)(C(*))X- 

only holds for r, to in vrj. This should first be inflated as a map of 112 groupoids i?><Br 
(understood as the inflation of Bp) and B^. To do this, first consider 

e-.Ex «)^ ^ A : (e,a;) ^ B,{*)-\C'eri*)P'^rM^'lr)-^) 


(11.47) 


which for ^2 • '^2 (centre of T) verifies 

(11.48) (e;'(C)"/3;',JO-')(e) = inf(/(*))(e)(a',^_Jyl' 2 )*(hi^ 3 )(e,r,.;)) 

and by ( |II.37 ) the right hand side of (11.48) is exactly inf(/(*)(«"), for a" the inflated associator 
of the action of 112 on ill x Bp- To inflate this to a map ^ oi n 2 -groupoids one just applies 
the inflation formula (11.20)- which continues to have sense for non-commutative co-chains- to 
to get some ^ : F ^ A satisfying 11.44 - there’s an hK^ term in either side of 11.44 on 
similarly inflating a" and (3" , but they’re both central, so they cancel. 

We have, therefore, not only concluded that we may, without loss of generality, suppose that 
/ = inf(/(*)), but that there is an object (inf(/(*)), (^) in the left hand side of (11.38) iff there is 
an object in the right hand side. At this point, the discussion may be reduced to our 

lemma s in g roup co-homology as follows: suppose for a given a; G tti we have another solution, 
rjuj of ( 11.42 ), then '■ fA^ ^ fA^, so r]uj{eg) = B^^{cuj{eg))^uj{eg) fo r some normalised 

Cu; G HomEns(-I^) d); where C is the centraliser of /(T) in A. Better still by (11.44) 


(11.49) 


B -.TTixF^ Aut(C') : iuj,eg) ^ Be{*)lnn^^^^g)B^{g)B-^^{*) 


defines a HomEns(-P '5 Aut(C')) valued co-cycle, and whence an action of vri on Hom(T’, C) 
(11.50) (cj, c) I—)> {x I—)• B^{uj ■ x){c{u~^ ■ x))} 


satisfying the hypothesis of II.a.10 while given a solution ^ of the first equation (11.44), we 
have an isomorphism of sets 

(11.51) co-cycles Z^(7rixF,C') ^ {Solns. of (11.44)} : c 1 —)■ {{eg^u) 1 —)■ BZ^{*){ci_j{eg))^^{eg)} 

where the implied vri-action on HomEns(-I^) C) is given by ( |II.50| ). Similarly, all morphisms in the 
categories envisaged in (11.38) are isomorphisms, which for / fixed, and (c, ^) 1 —?• c-^ the pairing 

53 




























of (11.511, can be identified with maps (j ) : F ^ C such that </> : (/, r/(= c • ^)) (/, C(= d ■ ^)) 

iff Cu) = for the action (11.50), so that (11.51) becomes an isomorphism 

(11.52) {objects (/, ^) with / fixed modulo isomorphism} ^ H^(7ri, HomEns(.^) C*)) 
while the automorphisms of (/, are maps (j) such that for the ^-dependent action ( |II.50[ ) 

(11.53) r = iff 0GHO(7ri,HomE„s(F,C)) 


A similar discussion applies to the right hand side of (11.38), so choosing ^ in (11.51) to be 


an inflated class, the isomorphism(s) (11.52) and (11.53) are compatible with the inflation re¬ 


striction isomorphisms of |Il.a.lO| Con sequently the isomorphism classes of objects, and their 
automorphisms on either side of (11.38) are mutually inverse via inflation-restriction; both sides 
of (11.38) are groupoids, but not small categories, so we conclude by global choice in NBG. □ 


Given the absurd amount of space that a triviality such as II.a .6 has occupied it’s worth making 


II.a. 14. Summary. The conclusion of the entire discussion is that the 2-category of 112 - 
equivariant (pointed transitive) groupoids is (in a way typical of non-abelian co-homology) 
as simple as one could imagine. Every weak equivalence class of 0-cells maps to a triple 
(T^7^40 consisting of: a topological 2 -type tt' = (vr}, vr^, ^ 3 ), for tt} a sub-group, respec¬ 
tively a quotient group vr^, of vri, respectively 7 r 2 ; the topological 2 -type 7 ' of the universal 


fibration in K{T' , l)’s for some group T'; and a map ^ between these types. Basically, II.a.1 


and II.a.2t the weak equivalence class of 0-cells over such a triple “is” a principle homoge¬ 
neous space under H^( 7 r}, 'K 2 {'^'))- Nevertheless there is a subtlety, since this refers to monoidal 
functors II^ —)• 2lut(Br/) modulo equivalence, while by (11.39) there are more equivalences of 
n 2 -equivariant groupoids than there are equivalences amongst monoidal functors. Indeed, in 
a way which is typical, cf. [Lei04, 1.5.11] and lI.e.lO of trying to shoe-horn what is really 
2 -category theory into 1 -category theory by way of monoidal categories: 

(11.54) the monoidal equivalences are the n 2 -eqmvariant equivalences with / = 1 in (11.39). 


Now, plainly, if one is interested in an essential surjectivity statement such as II.a. 11 then 
having more equivalences is the opposite of a problem. On the other hand, if one wants a nice 
linear description of the 0 -cells, then this isn’t possible except modulo monoidal equivalences. 
More precisely: the n 2 -equivariant groupoids modulo equivalence are the quotient of those 
modulo monoidal equivalence by the further action of Aut(r') which in the first instance acts 
on the 2 -types, so the equivalence classes are given by the action of sub-groups fixing the 2 -type 
on H 2 (tt}, 7r2(70)) which even in a straightforward case case without a Postnikov invariant or 
an obstruction class, so that this is a manifestly linear action, the action wholly stabilises 0 
and the quotient is not a linear space. This is, however, the only subtlety in giving a linear 
algebra description of the n 2 -equivariant groupoids. Specifically: an equivalence class of 1-cells, 
determines another triple {T',T", f), where T', respectively T", are the aforesaid triples of its 
source, and sink, which in turn must satisfy tt} tt}', tt^ ^ while / is a class in H^(r',r'') 
which takes the vr} action on the right to the tt'( action on the left, and affords the obvious 
compatability conditions on the 7 r 2 ’s. This in turn determines (up to isomorphism) a group 
Cj, to wit: the centraliser in T'' of the image of T' under some lifting of /, and the equivalence 
class of 1-cells over (T', T", /) is either empty, or isomorphic to H^( 7 r}, Cf). Here the Tr^-module 
structure Cf on the group Cf depends on a choice of a 1-cell / - or (/, ^ in the notation of 
the proof of II.a.13- lying over (T', T", /), and the automorphisms of this 1-cell are H®( 7 r}, Cf), 


which, since every 2 -cell is invertible, is sufficient to determine everything. 

Unfortunately, we’re not quite finished since we should also add 

II.a.15. Scholion. (Left vs. right actions) The various properties of 2-groups and their actions, 
such as the so called pentagon axiom for the associator are most naturally expressed in 
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terms of left group actions, and whence the particular choice of definitions of this chapter. 
Nevertheless other things, notably the 2-Galois correspondence, are most naturally expressed 
in terms of right actions. Needless to say this is incredibly inconvenient. In general terms 
cognisant of the objection | 0 . 0.8 a right action of a 2 -group, 112 , on a category is a left action of 
the 2 -group be. viewed as a bi-category with 1 -object reverse the direction of the 1 -cells 


but not the 2-cells, or, again, in terms of (II.5) move all the occurrences of from the left of 
^ to the right. Naturally, therefore, the homotopy groups of are the opposite group 7 r°’’, 
and, TT^’’, be. 7 r 2 in its natural left 7 r°’’ module structure. In the usual globular notation for a 
2 -category with 1 -object, *, the associators change according to 


(y®(r®bS) 


(a;°P(g)T°P)®(T°P 


(11.55) 






uj°P0(T°P0rT°P) 


where, as usual, qua sets, = w, etc. Nevertheless, as a 7 r°^ group co-chain with values 
in vr^’’, T°P, (j°P) ^ —K 3 {a,T,uj), in fact this need not even be an opposite co-cycle. 

More precisely, if following (II.l), we identify the interior of the 2-cell on the left of ( II.55| ) 
with the stabiliser of arui in tti k 7 r 2 ^ tti, then that on the right is the stabiliser of ((Tra;)°P 
XI 7 r 2 ^ 7 r°^, where, as (11.55) suggests, 7 r 2 , respectively vr^^, denotes not only the left 

op 


m 


action of vri, respectively but also the right action of respectively vri. Now there is a 
straightforward isomorphism 

TTi K 7r2 ^ TTi X : {uj,A) (a;,a;“^ieft action^) 


(11.56) 


so that in the convention of (II.2), on which depends the validity of II.a. 1 the formula for the 
opposite Postnikov class is 


(11.57) : (vTiP)^ : (0;°^, r°P, o-°p) -(crro;) ^leu ,ri action-f^s(o', t , uj ) 

As such if one employs the obvious maps 

(11.58) opi : TTi ^ 7r°P : oj i-)- (a;“^)°P = (w°p)“^ op2 : 7r2 —> : A i-)- —A 


then (opi)*^!^^ 7 ^ (op 2 )*A' 3 , and it’s not as obvious as it might be that (11.58) is an isomor¬ 


phism of 2-types between vr, and The most straightforward way to address this is to use 
Maclane’s co-herence theorem, [Lei04, 1.2.15], be. choose an equivalent 2-group, with strict 
associativity and strict inverses, or equivalently, a crossed module. Normally such strictness is 


more of a hindrance than a help, and so far we’ve only paid lip service to it in (II.ll); it is 
however, immediate, that for a strict 2 -groupoid ip 


(11.59) 



op 



is a strict isomorphism. Better still if X : £l is a morphism of strict 2-groupoids then 


(11.60) 


x°p 

Qop 


op 








op 
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strictly commutes. Consequently, if we choose an equivalence of 112 with some strict 2-group 
ip, then since the automorphism group of a groupoid is already strict, the right hand side of 
the diagram affords an easy equivalence of 2-categories 

(11.61) {right 112 groupoids} —)• (left 112 groupoids} : X i—)• op*X 



(11.62) 


Lui . — 


-1 




(tuj) 


RtLu 


As such, there’s no specific need to worry about how vr is isomorphic to 7r°P from the purely 
group co-homology perspective. Nevertheless, it’s amusing, so we give the details. In the 
first instance, using Maclane’s coherence theorem is akin to working with injective resolutions, 
whereas II.a. 1 uses the standard resolution which is just Cech for the topos of Bj^. The Cech 


resolution, however, involves a choice of the identification of the value of sheaf on a cell 
(11.63) 


0 




1 


X2 


,^3 


n 


via one of the projections, and this is conventionally, and with no little naturality, chosen to 
be the 0th projection in the schema (11.63) on identifying the sheaf with a left vri-module, i.e. 
the descent datum as an isomorphism from source to sink. If, however, one identifies the same 
sheaf with a right vri-module, i.e. treat the same descent datum as an isomorphism from the 
sink to the source, then the same naturality leads one to use the nth projection instead. Now 
a priori this isn’t a big deal since one just goes from the complex of left co-chains to that of 
right co-chains by the action oi xi ■ ■ ■ Xn- It starts getting messy, however, if one attempts to 
identify right co-chains of tti with left co-chains of 7r°^ since (11.63) becomes 


(11.64) 


0 


op op op 

^ 1 ^ 2 ^ 


n 


so the numbering gets buggered, and to restore it one has to interchange i with n — i. None of 
this stupidity has any effect on the topos so if we identify vri and 7r°^ by way of op;^ of (11.58) 
we get an automorphism of the standard left co-chain complex of any left TTi-module 


(11.65) K ^ a:“-°p := {(xi, • • • , x„) (-l)(^+i)(^+2)/2(xi • • • Xn)K{x. 


-1 


,x 


-1 


)} 


where, despite appearances, the signs actually improve by using co — op, rather than op, 
which for 2-categories means invert both 0 and 1 -c ells, so akin to (11.58 ) co — op^ = op^, but 
CO — op 2 = —op 2 = id. Now, evidently, by (11.57), (11.58) and (11.65), (opi)*^!^'’ = 


but the fact that (11.65) is an automorphism does not imply that the 2-types vr and 7r°P are 
isomorphic, and, still less, a 2-commutative diagram akin to ( |II.60[ ) in which the objects are 
skeletal 2-groups. To do this one needs a homotopy between (op^)* and ( 0 P 2 )* which com¬ 
mutes with arbitrary maps of groups and their modules, so, equivalently, a similarly universal 
homotopy between the identity and co — op. Unsurprisingly such homotopies exist, for example 


( 11 . 66 ) 


dh + hd=l-{co- op), where: := ^(_i)(«+P+i)(«+P+2)/2(;jp=. 

p=i 
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and : (vri)” ^ (7ri)^+i 


according to 


(11.67) 


(xi, • • • ,x„) i-> < 


(xi 



ifp = 1, 

* 1 /y» 1 ^ ^ 

• , Xp^) if 1 < p < n, 


if p = n 


Using which, one gets from II.a. 1 or better its source [BL04, Theorem 43], a 2-commutative 
version of (11.60), and whence another proof of the critical facts (II.61|) and (11.62). 


II.b. Fibration and separation. Let us begin without any separation hypothesis whatsoever, 
to wit: 


Il.b.l. Lemma. Let '3L ^ ^ he an etale map of not necessarily separated champs then the 
diagonal 'W y.gg W is etale. 


Proof. Let U —be an etale atlas, put = W x jr U, and consider the following diagram 
in which every square is hbred 

V < - ‘3^'xv^' < - 


(11.68) I I 

JT ^^ ^ < - ! - W 

The leftmost vertical is etale, whence so are all the other verticals by base change, and since 
the question is local on , we may therefore replace SL by V, and by 3^'. If, however, 
[/ —>■ 3L' is an atlas for 3L' then we have a hbre a hbre square 


(11.69) 


V XyV A - R 

SXyt 


3L' Xy W 


jV 


3L' 


for the source and sink of the groupoid R^U representing 3^'. By hypothesis [/ —)• U is 
etale, while dehnition the source and sink are etale, so the projection R ^ V, and whence the 
top horizontal in (11.69) is etale. □ 


Now if —)■ is surjective etale, then an etale atlas U ^ 3L oi 3L also yields an etale atlas 
of so we can conveniently view 3^ ^ ^ as represented by the functor dehned by the 
rightmost vertical of the hbre square 




SXt 


(11.70) 


^ 9 ! sc 


3/ xgg 3L e- 


U x^U = R 


U XggU =: Rq 


which by Il.b.l is an etale map of groupoids. As such, if we further suppose that 3L ^ 
is separated then by dehnition the leftmost vertical in (11.70) is proper, so by base change 
i? —> 72o is too, whence it’s an etale covering of its image. Furthermore, the stabiliser A —)• [/, 
respectively T —)> 1/ of 3L^ respectively is the t/-group obtained from, say, the hbre square 


R i - A 


(11.71) 


SXt 

UxU u 
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so, by yet another base change, V —>■ X is a proper etale map of [/-groups. Its kernel, Z, 
is, therefore a finite etale covering of U. It’s also a normal subgroupoid of R, so the quotient 
R' = RjZ ^ [/ is an etale groupoid in separated spaces- cf. [KM97, 7.1-4]- and we assert 

II.b.2. Claim, {cf. [Gir71, III.2.1.5]) Let r : ‘3^ he a separated surjective etale map, 

then the classifying champ 3^' := [U/R'] affords a factorisation 3^ W A ^ in separated 
maps such that p is a representable etale map, and g is a locally constant gerbe. Furthermore, 
such a factorisation into a (not a priori locally constant) gerbe followed by a (not necessarily 
separated) representable etale map forming a 2-commutative triangle 



(11.72) 

has the following universal property: for any other such 2-commutative triangle 



(11.73) 

one can find a dashed arrow. A, and fill with a, /3 the other 2-triangles in 


(11.74) 



such a way that the resulting diagram 2-commutes, with the following uniqueness property: for 
any other filling with dashed arrow A', and natural transformations a', (3' there is a unique 
natural transformation u : A ^ A' such that both diagrams resulting from a and the filled 


triangles in (11.74) 2-commute, i.e. 

(11.75) {q*u)a = a', and, (x*rt)/3 = fi' 


or, what amounts to the same thing, the factorisation (II.72|) is unique up to unique equivalence. 


Proof. Modulo a notational issue, the top horizontal map in (11.69) modulo Z is a factorisation 


of the same, while the said map modulo Z is A^/after base change. On the other hand, for 
any factorisation xy of a proper map with y surjective, x is proper, so p is separated. As to its 
representability: the fibre of 3^' over U is the classifying champ of the groupoid 

(11.76) Ro 3 f ^ R[xsRo^ ffo e Ro 

for ^0 the image in Rq of an arrow ^ € Rh In addition we have a fibre square 

R' X Rq i - R{ X s Rq 

(11.77) 


Rq X Rq 
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Rot Rq 

















where the map on the left is proper since R ^ Rq is proper, and R' is separated. Consequently 
the rightmost map in (11.77) is proper. We also have an isomorphism 

(11.78) C:RotXsRo^ Rot x* Ro : {g, f) ^ {gf, f) 

and a fibre square 

Rq X Ro < - Rot Xt Ro 


(11.79) 


txt 


U xU <- 


U 


so the composition of C with the top horizontal in (11.77) is proper, which in turn is cjxr, whence 


the groupoid of (11.76) is proper. By way of a trivial inspection (11.76) is in fact an equivalence 


relation, so by a topological variant of [KM97, 1.1], the classifying champ [Rq/R[ Xg i?o] is a 
separated space, and p is representable. 

Similarly, the fibre of q over U is the classifying champ of 
(11.80) RtXgR'^R' 

for R acting on the right of R' in the obvious variation of (11.76). In this case, however, R ^ R' 


is surjective, so we can slice this along the identity map U ^ R' to obtain that the classifying 


champ of (11.80) is equivalent to [U/Z], Furthermore, since Z is normal the isomorphism of 
i?-groups 

t*Z : fzf~^, 


(11.81) 




feR 


is a descent datum, whence Z is a locally constant sheaf on Consequently if ^ is connected 
then there is a finite group |Z| and, on refining U, an isomorphism 


(11.82) 


^ x^/ [/ 74 [/ X B 


1^1 


Existence established (with r/ = 1 by the way) we turn to the universality of (11.72)-(11.75). 
To this end the first thing to observe is that the described property is unchanged on replacing 
whether or by an equivalent champ, albeit that this has to be understood in a 2- 


category with cells as in (11.117) rather than the naive Cham ps/.jZ*. As such, by Il.b.l we may 
without loss of generality suppose that all champs in (11.72 )-(II.75) are the classifying champs 


of groupoids acting on the same sufficiently fine etale cover U, with the arrows functors, and 
the 2-cells natural transformations between them. Retaking, therefore, the previous notations 


we can express (11.73) as a factorisation by way of etale maps of groupoids, 
(11.83) 


R A R” := U X. 


U ^Ro 


such that ^ is an equivalence between the natural projection r : R ^ Rq and xy, with y a 
gerbe, and x representable. Consequently, if Y” is the stabaliser of R” then we have an exact 
sequence of 17-groups 

(11.84) l^Z^Y^Y”^X 

The functor y therefore not only factors through R' (as y' say for notational reasons) but 


(11.85) 


Hom/j/ (u, u)—)-Homij// {yu, yv) 
y' 


and similarly ^ factors as : q ^ xy'. We can, therefore, complete the diagram (11.74) with 


y', the identity and but to establish the universal property with these choices of '3^' and 3^” 
we also need to go in the other direction. To this end let P be the arrows in R” with sink in 
the image of y then, 

Rsy Xt P ^ P : f 4- (a, f) A y{a)f 
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( 11 . 86 ) 























is equivalent to the fibre product ^ ^g/nU and, by hypothesis, is a locally constant gerbe over 
\J via the source of / G P in . Consequently for U sufficiently fine, P ^ U, has a section 


(11.87) 

As such for / : u 

( 11 . 88 ) 


u i-G (t{u) := {u y{v)} £ P C R'‘ 


V G R", there is by (11.85) a unique arrow A(f) : u' 

u - > V 

f 


v' G R! such that 


y'{u') 




y'{v') 


commutes, and whence / i—)• A{f) is a functor. Better, again by (11.85), there is a function 
a : U ^ R' such that y'^{oi) = {y')*a, so one can fill the diagram in the other direction with 
A, a, {y ')*Finally to get the uniqueness criteria (11.75) it suffices to observe that 
a affords a' : 1/^/ y'A, a : l/j// Ay' by construction, and this is the unique way to make 
everything 2-commute since p is injectuve, respectively q is surjective. □ 


Before progressing let us make 


II.b.3. Remark. In the 2-category Et 2 (i?f) of (11.117), or, more accurately the obvious variant 
since our set up here is more general, the factorisations, (11.72), (11.73) may be expressed more 
cleanly as 1-cells Q := (q, t]) : r ^ p, Y := (y,^) : r —>■ x, so that (11.74) becomes 


(11.89) 


r 



Q 



i.e., p is a quotient of r unique up to unique equivalence. 


As per the beginning of the proof of II.b.2 should we further suppose that r : ^ 
then p is proper, and whence 




IS proper 


II. b.4. Corollary. Ifr : ^ ^ ^ is a proper surjective etale map and ^ is connected, then there 
is a finite group jZj and a unique, up to equivalence, factorisation ^ A Xj, where p is a 

representable etale cover, and for any sufficiently fine etale atlas U —>■ '3A', U xB|^|. 


Ultimately, we’ll suppose separated. There is, however, no such hypothesis in any of lirET 


II.b.2 or II.b.4 As such II.b.4 is what’s required for constructing a pro-finite 2-Galois theory 


of fairly arbitrary champs. This may, however, loose topological information, so in general we’ll 
suppose that ^ ^ is an etale fibration rather than proper etale. Consequently we need a 
further lemma to wit: 


II. b. 5. Lemma. Let p : S' ^ be an etale fibration of not necessarily separated champs and 
F,G-.T X I ^ (o a pair of maps together with a natural transformation : P|rxO GlTxa 
lifting rj : pF pG over 0 then there is a unique natural transformation ^ : F ^ G lifting rj 
such that ^|txo = ?o- 


Proof. As in the proof of I.c.2 if ^ and extend over a subspace of the form W x I, then 
the set, V, where they coincide is open, closed, and contains kU x 0. As such every fibre Vw is 
a non-emppty connected subset of /, so U = VF x I, and ^ over T x I is unique if it exists. 


A moderate diagram chase shows, by the universal property of fibre products, that it is sufficient 
to prove the proposition after base changing along pF, so, without loss of generality, we can 
suppose that tjS = T x I and that pF = pG is the identity. As such, —?• T x I is surjective, 
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so for a sufficiently fine etale atlas U 
P : R- 
relation 


S’ we can view F, G as “sections” of an etale functor 
Rq of groupoids a la (11.70) albeit that Rq ^ U is now a separated etale equivalence 
and, to be precise, 


PF, respectively PG, may be no better than equivalent to the 
identity. In any case, since P is etale and every arrow f € R has a small neighbourhood V 3 f 
such that the source and sink are isomorphisms: if we can extend to the whole interval 
t X I then it extends to all of h* x / for some open neighbourhood Vt 3 t. Consequently, by 
the previous unicity discussion, such extensions for s,t € T must glue over (14 C 14) x /, so, 
without loss of generality, T is a point. We will therefore be done if we can establish 


II.b.6. Claim. If p : / is an etale fibration of a not necessarily separated, but connected 

champ over the interval, then there is a discrete group F such that S —> 1 x Br as a champ 
over 1 . 


Take any two points in the interval, say 0 and 1 for notational convenience, and sets of points 
Eq, El representing the moduli of either fibre, which, in turn may be identified with 7ro(4o), 
respectively 7ro(4i). Now given, x G Sq, choose a section ax ■ I ^ S with a(0) equivalent to x, 
so we get a map A : Eq ^ Ei : x t—)■ aa;(l), or more correctly its isomorphism class. Similarly, 
we get a map B : Ei ^ Eq, and the return map can be visualised as a diagram 

(11.90) x4>a(0) ^ a(l)4> 6(1) ^ 6(0)4 x' 


Although we have no separation hypothesis, whence no moduli space of paths, we can still form 
a wedge aV6 :/V/—>'(p’by gluing (unique up to not necessarily unique isomorphism) the 
sink of a to the source of 6 via rj. Now just as in the proof of I.d.5 the projection I y I ^ I 
with the wedged point lying over 1, homotopes via the wedges of [0, s] [0 ,s], s G (0,1) to 
/ V / —0, so by the homotopy lifting property x of 11.90 is, in fact, connected to x' by a chain 
of paths and natural transformations supported in the fibre over 0. Consequently BA is the 
identity, and reversing the argument, we deduce that Wx^Eq o-x '■ Eq x I ^ S is surjective, and 
there is no point e : pt ^ such that ax{p(e)) is equivalent to ay{p{e)) for x ^ y G Eq. Now 
let U ^ S be an etale atlas, then 6/ —)• / is etale, so 1/ is a disjoint union of intervals, and for 
x G Eq we have a fibre square of etale maps 

V -^ E 


(11.91) 




Plainly the top horizontal in (11.91) is open, but it is also closed. Indeed suppose a sequence 
of images Vn of points Vn G V converge to u G U. By the definition of fibre products, if u 
is equivalent to a point of the image of ax then it is in the image of V, so we may suppose 
that it’s equivalent to some ay{p{u)), for x ^ y G Eq. The connected component of u in U is, 
via p, a sub-interval to which the Vn must belong for n sufficiently large, and so ay{p{vn)) is 
equivalent to ax{p{vn)), which is nonsense. As we’ve noted the image of V is invariant by the 
groupoid defining S, and since S is connected, ax is not only surjective, but an etale atlas, while 
p : S ^ I expresses S as a gerbe over its moduli. As such the source and sink of / x^ / —)• / 
are the same, and S is the classifying champ [I /G] of some etale /-group G. 


A priori, an /-gerbe, or, equivalently, the /-group G could be complicated. Nevertheless, every 
fibre is a Be. for Gi the discrete group which is the fibre of G over i G P As such, again, let a 
pair of points in I be given, and once more for notational convenience say they’re 0, and 1. Now 
take a closed thickening J = [—e, 1 -)- e] of /, and form the wedge, T = S); Vq J, with a pointed 
circle. We can map this, via q say, to the unit interval I by first projecting to J then collapsing 
[—e,0], respectively [l,e], to 0, respectively 1, and the identity otherwise. This affords various 
T points of S, to wit: q*G torsors, and more specifically the subset obtained by cutting the 
circle in some point t ^ taking the trivial torsor over T\t, and gluing the ends via g G Gq. 
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An isomorphism amongst snch g*G-torsors is a global section of q*G, so, by construction, a 
global section of G, and their isomorphism classes are Go modulo the conjugation action of the 
space r of global sections of G. To apply the homotopy lifting property we choose sets. To, 
respectively Ti, of torsors representing the conjugacy/isomorphism classes Go/T, respectively 
Gi/r. For X G To, we can homotope q = qo, by way of Sj; \/kJ,k£ I, together with appropriate 
piecewise homotheties of J to much the same thing, say : T —)• /, but now with the roles of 
0 and 1 reversed, and the homotopy lifting property yields a map ax '■ T x I ^ S’ whose fibre 
over 0 is equivalent to x. By construction, this equivalence must be given by a global section 
of G, so the isomorphism class of 03 ,( 0 ) in Gq/T is still that of x. Furthermore, although 
H^(/, G) may be non-trivial, if / : X —)• / is a space over I and it : X x I the projection, 
the natural map H^(A,/*G) —>■ H^(X X I, 7 r*f*G) is an isomorphism, so the torsors implied 
by ax{k)\T\t S, k £ I remain trivial throughout the deformation, and we again conclude 
to a map A : Gq/T — )• Gi/F : x 1 — 03 ,( 1 ), and similarly B : Gi/F — >■ Gq/T. To see that 
the return map is the identity is much that same as before, i.e. say y is isomorphic to A[x) 
via 7, form O 3 V 6 ^^ : T' := T x (/ V /) —>■ (^ by gluing along 7 over 1. As such, we have a 
projection of T' to J x (/ V I), and the homotopy, of / V I —>■ I to the constant map over 


0 employed in (11.90). Up to some unimportant behaviour around the end points of J, we 


may identify it with /, so that inside J x (/ V I) we have the wedges of the diagonal A V A, 
and we can homotope J x (I V /)—)•/ by way of hg on A V A and suitable homotheties of J 
to g X 0 : J X (/ V /) —7- /. Plainly we can arrange that the joins, * x (/ V /) of with J 
map to the same point as A V A throughout this homotopy, so that on applying the homotopy 
lifting property we find a homotopy between x and BA(x) through g*G-torsors, and whence, 
from what we’ve already said about the behaviour of (, G) under homotopy, an identity of 
their isomorphism classes as g*G-torsors, i.e. Gq/T by construction. To conclude: observe that 
locally around 0, x : T ^ S is synonymous with a T conjugacy class of sections x : Vj, —>■ G, 
where, since T is global, the maximal open connected neighbourhood of 0, again denoted Vj,, 
where x is defined, depends only on the conjugacy class. Certainly this set is open, but it is also 
closed; since if i were a limit point, then Ax(i) is, around i, synonymous with a T conjugacy 
class of sections x' : V' ^ G in a neighbourhood V' 3 i which by construction is the same as 
the T conjugacy class of x on 14 H V' , so that G —> I xV. □ 

The immediate application of which is 

II.b. 7. Corollary. //^ -3 X is an etale fibration of not necessarily separated champs then the 
diagonal ■. W ^ 'W Xgc ^ is an etale fibration. 


Proof. Consider the diagram 


/o 


(11.92) 




Txl 


'3 ^ X gp ^ 




3 W 


3 


together with a given natural transformation 7 : /o ^^/jr(/o)- Put F = pf, then by 
definition of fibre products, there is a natural transformation pA^jgp (/o) ^ /o, which composed 
with pr] and inverted yields a natural transformation ^ : /q Tq. As such we get ccq = 
■ fo ^ ^se/gpiFo) which by II.b.5 is the restriction to T x 0 of some (unique) 
a = A^/^(^)r/: / ^ Ag^/^(T). □ 


From which we may deduce a more general variation of II.b.4 
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II.b.8. Corollary. If r ■. & is a surjective etale fibration of not necessarily separated 

champs such that ^ is connected and ^ is locally 1-connected, then there is a discrete group 
\Z\ and a unique, up to equivalence, indeed enjoying exactly the same universal property as 


( |II.72 )-(II.75), factorisation W A XI, where p is a representable etale cover, and for any 

\z\- 


sufficiently fine etale atlas U —>■ IV', W 


Proof. We re-take the notations of II.b.2 and thereabonts. In particnlar we identify r as the 
map of gronpoids r' : R ^ Rq oi (11.70), with XfU, Y/U their respective stabilisers. Now qnite 
generally if / : ^4 —)> i? is an etale fibration of spaces with fibre F, and B is locally 1-connected, 
then every path connected component of B has a universal cover, so to check that / is a 
covering we can snppose that B is simply connected, at which point the long exact seqnence of 
a fibration implies that every path connected component of A is isomorphic to B. In particnlar, 
by II.b. 8 and base change r' is an etale covering of a set of path connected components of Rq, so 
its image is open and closed. By a fnrther base change, the kernel Z of X ^ Y is, therefore, a 
locally constant etale [/-gronp; while R ^ U is an etale gronpoid so every arrow f £ R has an 
open neighbonrhood V 3 f snch that the source and sink are isomorphisms from which VfiVZ 
is empty, and the the action of Z on i? is discrete. Conseqnently, = RfZ is a separated 
space, R' ^ U is an etale gronpoid, and, since R' is canonically the image of r', R! -3 Rq is 
proper. As snch, everything now follows exactly as in the proof of II.b.2 □ 


The particnlar strnctnre of IF j'W' merits introdncing 

II.b.9. Definition. If W is connected, then IX -3 IX' is said to be a locally constant gerbe 
if there is a discrete gronp T snch that for some (whence every snfhciently fine) etale atlas 
IX x^/ U —> U X Br; while, in general, IX -3 IX' is said to be a locally constant gerbe if every 
connected component is. 


It therfore only remains to clear np a lacnna 

Il.b.lO. Fact. A map r : IX -3 XI of (not necessarily separated) locally 1-connected champs is 
an etale fibration iff it factors as the composition IX IX' ^ XI of a locally constant gerbe 
followed by a representable etale cover of a set of path connected components of XI. 


Proof. The only if direction is II.b.8| By base change, we can snppose that the map we reqnire 
to lift is the identity from T x / to itself; while the composition of fibrations is a fibration, so 
we’re rednced to finding a section of a locally constant gerbe q : IX -3 T x I, given a section 
over T X 0. Amongst all etale gronpoids representing the interval those corresponding to open 
covers of I by snb-intervals as enconntered in the proof of I.e.l are co-final, so there is no 
obstruction to finding a section over an interval. As snch, we can snppose that ^ has an etale 
atlas of the form V x I for F —)• T an open cover. Conseqnently q is eqnivalent to a map of 
gronpoids q' : R ^ R' x I for R' = V XtV ^V. By hypothesis q' is an etale cover with fibre 
T, and a section over R' x 0, so it has a (gronpoid) section everywhere. □ 


II.c. The universal 2-cover revisited. Let XI he a separated locally path connected champ, 

notation of op. cit. R! -3 Rq is open and closed, every 


then from the proof of II.b.8 


i.e. 


representable etale cover is separated. As snch, II.b adds nothing to what has already been 


said abont the fnndamental gronp of XI, I.e or 1-Galois theory, I.g We can, however, employ 


II.b.8 to extend onr knowledge of path spaces, to wit 


II.c.l. Fact. If IX^ -3 XI^, is a (weakly) pointed etale fibration, then there is a lifting Q : 
PXI^: X I ^ IX of the universal (pointed) path Q : PXI^. x I ^ XI together with a natural 
transformation C : * => Q{*) such that the pair {Q,C) finely represents pointed paths on IX, i.e. 


satisfies the universal property (I.Sj). 
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Proof. The proposition is trivial for representable maps, so by |II.b.8| we can, without loss of 
generality, suppose that is a strictly pointed locally constant gerbe over ^ with fib re Bp . 
To construct Q one first applies the homotopy lifting property to the deformation retract (1.38), 


to get a lift of Qo, and t hen applies it to the universal map itself. To identify f and check the 
universal property (I.34|, let a family (T,^) : I x T ^ of pointed intervals be given, with 
(T, : I X T ^ ^ it’s projection to and G :T ^ rj : F ^ id x QG as per op. cit. 

Now consider the 2-commutative fibre square 


(11.93) 




idxQ 


I X 


The two stage construction of Q, and the proof of 
"3^' —> [P X I) X Bp. As such, we may suppose that this isomorphism is an equality, so that if a 


Il.b.lO 


applied at each stage imply that 


is the natural transformation between the two sides of the square (11.93), then we may identify 
Q with the natural projection from P x I, 
there is a natural transformation : =t= 


and whence, by the definition of fibre products, 
Q{*) such that a*7r(C)* = C*- Consequently the pair 
(vrQ, ttC) also has the universal property for pointed paths to so without loss of generality, 
{Q,C) is a strict lifting of {Q,C): we require to prove that the natural transformation, r] 

can be lifted to rj : T id x QG, given a lifting over *(= 0) x T; which as it happens is 
II.b.5 albeit that the difficult bit, |II.b.^ is a given in our current situation. □ 


As soon as we have a pointed path space, we also have a loop space, whence 

II.c.2. Corollary. If is a (weakly) pointed etale fibration over a separated champ 


then for any pointed space Y^, Hom^<(SIT, is finely represented in the sense of I.c.2 by the 
separated space Hom*(l^, Similarly, Hom*(S);, is finely represented by the separated 

space while the spaces M'^, and Mare well defined by the formulae (1.58) and (1.59). 


In particular the homotopy groups of SF are well defined by any of the equivalent formulae (1. 40). 


Proof. By II.c.l, the path space P.^* is well defined, so the loop space is defined exactly as 


in (1.36). The right hand side of (1.37); the left hand side of (1.39), along with the formulae 


(1.58) and (1.59) are, therefore, well defined separated spaces irrespectively of whether SF is 


separated or not. It is however, a formal consequences of the universal property of the right 


hand side of (1.37), respectively the left hand side of (1.39), that it finely represents the left 
hand side, respectively the right hand side, cf. I.f.3 □ 


Now in going from the definition of the space M of homotopies between pointed paths to 
the explicit identification, I.e.2 of the connected component of the identity of the groupoid 
P.^ x^ Pi^, and whence to the universal 1 and 2 covers, the separation of is used, but 
only in the weaker form 

II.c.3. Fact. An etale fibration 5^ —)• over a locally path connected separated champ enjoys 

the following separation property: if a,b : I x T ^ ^ are maps from the product of a closed 
interval with a space T, and ^ ; a|[0,1) x T 6|[0,1) x T a natural transformation between 
their restrictions to [0,1) x T then there exists a unique natural transformation ^ : a ^ b which 
restricts to 

Proof. We may suppose that tY' is path connected, so for any base point * : pt —)■ there 


exists a path space P.^, or better a pair (P,^, ^), by II.c.l The isomorphisms between a and b 
come from an etale groupoid, whence the existence of such a ^ is an open condition, so as in the 


argument immediately priori to II.b.6, we may suppose that T is a point. Now choose * to be 
say a(0), then there are points, A,B € P.^ together with natural transformations ai : A ^ a, 
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and Pi : B ^ b, where by ( I.34[ ) ai, respectively Pi is the unique natural transformation such 
that ai(0) = respectively /3i(0) = C(0 )C_b^- As ever the moduli, At, of x i—)• A{tx), affords 
not just a path in from =t= to A, but also natural transformations at '■ At ^ at uniquely 

determined by the initial condition at(0) = at and similarly for Bt- Now for t < 1, At 
and Bt are equal so ^ = /3a“^|[0,1); while is separated because is, so A = B, and 

whence ^ = Pa~^. □ 


The utility of II.c.3 is not limited to constructing the universal 1 and 2 covers, but, in fact 


II.c.4. Fact. All o/ |/.d|f77^ hold not just for separated champs but also for etale fibrations over 
the same, similarly for such champs the weak separation condition of La.2 (c) holds. 


Proof. Apart from the represent ability theorems II.c.2 the only other thing that we need is 
separation in the weak sense of |II.c.3| □ 


There are other ways of deducing II.c.4 at least in the interval I.g, from the 2-Galois 
correspondence for separated champs. This would, however, be slightly to miss the point which 
is that the definition of separation, unlike the weak or path separation of II.c.3 is excessive. 


e.g. Br is separated iff T is finite, whereas II.c.3 holds iff P is discrete. In the same vein 


II.c.5. Fact. is a locally constant pointed gerbe with fibre Br of champs whose path 

spaces exist, then —>■ Ll'Sff is a fibration with fibre P. 


Proof. Indeed we have a diagram of fibre squares 

P^* ^W f- 




(11.94) 


^ e- 


Bp <- 


e- 


so the arrow in question is a base change of the fibration pt —)■ Bp. 

In similar generality, once the path fibration exists we have a diagram of fibre squares 

<- pm, x^pm, i - nm, 

(11.95) 

m i - pm, < - * 

and similarly for m', so that the map of groupoids deduced from the fibre square 

m i - P:=P^*x^P^* 


□ 


(11.96) 


^ 9 / 9 ' 


m x^/ m 


R' := pmi x^/ pmi 


is by II.b.7 and II.b.8 an etale fibration weakly equivalent to Lim„ —>■ Limf. Unsurprisingly, 


therefore 

II.c.6. Fact. If SL', is a separated, locally 1-connected, and semi-locally 2-connected champ 
with —>■ mif a weakly pointed etale fibration of connected champs then IX is also locally 

1- connected, and semi-locally 2-connected. Furthermore: their universal 2-covers iXf, IX 2 are 

2 - connected and isomorphic. 
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Proof. By the long exact sequence of a fibration and the factorisation lemma II.b.lO| 7 r 2 (.!^) ^ 
is injective, which proves the first part. The coverings t respectively 
of|I.e.9 applied to and respectively, are just ^2 = ^respectively = 'W^ 
in ( |II.96[ ), which proves the 2-connectedness. In either case, these coverings are 
unchanged by representable etale covers, so, again by the factorisation II.b.lO[ we can suppose 
that —)• is a locally constant gerbe with fibre Br, whence by (11.96) applied to ^^ 

and we get an etale fibration R ^ R' with fibre T such that R' is the fine quotient 

R/T for r identified to a normal sub-group xT of the stabiliser. Now plainly, the connected 
components Ri, R'^ of the respective identities must map to each other as etale coverings, so 
we certainly get a unique homeomorphism R 2 —)• R'^ of their universal coverings which sends 
the identity to the identity. Now if this map were not an isomorphism of groupoids, we’d have 
distinct groupoid structures on R 2 with the same identity lifting that on Ri. The difference, 
however, between such structures is a continuous map i? 2 ,t Xs R 2 ' 7 r 2 (,^) which is 1 on the 
identity. Whether the source or the sink of R 2 —t is a fibration, whose fibre, ^^ 2 ,*) and 
base are path connected, whence i? 2 ,t >^s R 2 is connected, so the groupoid structure on R 2 is 
unique. □ 


Now for things as in |II.c.5| then, as encountered in the above proof, and just as in II.b.2| and 
II.b .8 but with U replaced by P = the map P —)• P' of (11.96) is the quotient by the 

kernel of the stabiliser group ^ —)> 3^', which, since P is contractible, is the trivial P-group T. 
On the other hand if Pi, P'^ are the connected components of the identity, then for any 7 G T 
we have the fibre square 


(11.97) 


Pi n (7P17 


Ri 


- 1 ^ 


-)• 7P17 


P 


-1 


where the right vertical is open and closed, so the left is as well. Consequently, 


II.c.7. Fact. As a T-torsor, the fibre R X/j/ P'^ over the connected component of the identity is 
given by a representation pz ■ Tr2{'3^') Z in the centre Z ofT, albeit, for the moment, we 
leave open which such representations actually occur. In any case, the conjugation action of T 
on the centre is trivial, so such torsors are classified by a subset ofI{om{7r2{^'),Z); while the 
particular case of'31 = t^ 2 , 3/^' = implies that 7r2(^*) is abelian. 


Proof. By (11.97), we have for each 7 G T a map / 1 —>■ 7 / 7 “^ of the etale covering Pi —)• Pj, 
which fixes the identity arrows, so by the 1-Galois correspondence, |I.g.4 all such maps are the 
identity. As such the left and right actions of T on Pi coincide, so the 1-Galois correspondence 
implies that they arise from a representation of 7 ri(Pj^) = 'K2{'3If) in the centre of T. □ 


At which point we come to the universal property of envisaged in lIZIol to wit 

II. c.8. Fact. If IZ' —>■ IZ"' is an etale fibration of connected champs with a separated locally 
1 -connected, and semi-locally 2-connected base, then for any (weakly) pointed etale fibration 
q : 3(: ^ from a champ there is a pointed map r : I%l 2 ,* —t 1%, be. a pair (r, p) where 
p : * =► r(*), and a natural transformation, p : p ^ qr such that. 


(11.98) qr{*^^)‘i^q{*^) 


/(K 

A 

V* 



P(*jr2) 
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commutes. Given p, rj is unique; while eonversely given rj the set of possible p’s is a principal 


homogeneous space under the group F of II.c. 7 (of the eonnected component of *^). Similarly, 
if {r',p',r]') is any other triple sueh that (11.98) eommutes, then there is a unique natural 
transformation : r ^ r' satisfying = p', and this requirement implies p' = q{ff)p. 

Proof. Let '3^ —)> 3^' —be the factorisation of q into a locally constant gerbe followed by 
a representable cover guaranteed by |II.b.8 


This factorisation is functorial, so to give a map 


^2 


(11.99) 


31 is the same thing as giving a pair of 2-commuting maps 

=£2 -^ ^ 


^1 




ri 


while geometric fibres don’t change under gerbes, so the question of where the base points go 
(which depends only on the representability of ri) is covered by I.e.6 and we may, therefore, 


consider ri as a given. Re-taking the notation of|g at the level of groupoids we therefore have 

R 2 R 


(Il.lOO) 


Ri 


R' 


ri 


where the horizontal arrow identifies Ri with the connected component of the identity, and R 2 
is the universal cover of Ri. Now, a map of groupoids must send identities to identities, so 
there is at most one possible candidate for lifting ri, i.e. the quotient of R 2 by the kernel, K, 
of the central representation pz, and since K x P is a normal (by way of the embedding in the 
stabiliser) sub-groupoid, this works, i.e. R 2 ^ R 2 /K ^ R ^ R' are maps of groupoids. 

Now let us turn to the base points. As in the proof of I.e.6, we can replace the base points 
*^2 by equivalent ones, and this has already been done implicitly in the above. Similarly 
on fixing isomorphisms P x^i 31 —> P x Bp, and P x^^ ^2 —> P x albeit the latter 
is somewhat build into the definitions- we have identifications of *^ 2 ) respectively with 
their projections to respectively 3^h Having done this, there is, as we’ve said, only one 
way to define r, so, without such choices there is only one way to define r up to equivalence. 
In addition with such choices p may be supposed to be the identity, and in any case, up to 
any 2-commutativity in the factorisation II.b.8 it’s always the pull-back along the left hand 


vertical of op. cit. of the p appearing in (1.74). As such, the unicity of p given p follows from 


I.e.6, while the unicity, or otherwise, of p is the failure of the stabiliser of to inject via q 


into the stabiliser of q{*^), i.e. the group F of II.c.7 That this is equally the indeterminacy in 
r follows by II.b.5| or an inspection of (Il.lOO) in light of II.c.7 while p' = q{f)p follows from 
the forgetfulness of q and I.e.6| □ 


II.d. The action of n 2 . For brevity, we’ll suppose throughout this section that is a con¬ 
nected, locally 1-connected, and semi-locally 2-connected champ, which admits an etale fi- 
bration over a separated champ. We retake the notations of I.e so that for a base point 
: pt —7- in the fibre over * : pt and cj G H we have a triangle 

(II.lOl) 7r2(S\y) —^7r2(Jil^^(^,)) 

X X 

vr2(=X*) 

of natural isomorphisms, and whence the usual (left) action of 7ri(<^) on 7r2(iXi,) by way of 
LV I—7- pcvq G Aut(7r2(iXi,)). Alternatively, since the action of uj is given by the functor of 
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(|1.72 1, one finds that the composition 


( 11 . 102 ) 




for r the retract of the inclusion i of the loop space occurring in the proof of I.e.3 and fli the 
connected component of (*, *) (equivalently that in terms of concatenation of paths in 

the sense of I.c.7 the action deduced from ( [II.lOl ) is the usual conjugation action 

(11.103) Qi 


rii : a I—>■ w ^auj 


which passes unambiguously to an automorphism of 7ri(ni) since this is abelian by II.c.7 The 


formula (11.103) notwithstanding, this is a left action because we dehne multiplication in tti by 


left concatenation, i.e. the traditional notation I.c.7 is mis-Ieading. In any case, we therefore 
have a skeletal groupoid vri k 7r2 ^ vri, and even the monoidal product, (II.l). As such, although 


we still haven’t identihed the Postnikov class /ca, let use denote this category by 112, and observe 


Il.d.l. Fact. There is a lifting of the fibre square (1.64) to a fibre square 


(11.104) 


U2i^*)x^2 

trvial projection 

^2 - 


q=u!i-^Fuj 


^2 




where i is just the pull-back to ^2 of the natural transformation i of op. cit., while are 


liftings to (weak) automorphisms of 3^2 of the functors of (1.72) defining q (the action) in 


( 1 . 64 ), and we have an associativity diagram 


(11.105) 


U2i^,)xU2i^,)x^2^,'n2{^*)x^2 

— — (g)xid — 


idxg 




U2mX^2 


3 F 2 


for some lifting a of the natural transformation of (1.65), satisfying the co-cycle condition 


(11.106) 


Pic^TjUj) *(™)V (Ar)*^, 


1/ 




Proof. As in the proof of I.e.5, (I.68)-(I.69|, the hbre product .^2 ST 2 is represented by the 
groupoid 


(11.107) 


R2t X s Rot X s R 2 ^ Rq 


with the natural action via the projection of R 2 —t Rq. Every orbit meets some ia}{P), (1.62), 
so we get an equivalent category by slicing along 


(11.108) 


II>» II P — y Rq CL I —y 




The arrows between paths a, and b in the cath copy of P, is therefore a pair of arrows A,B € R 2 
such that iuj{b) = Bii,j{a)A~^, where “ denotes the image of R 2 in Ri Rq. As such A is an 
arrow from a to b, and B = iuj{b)Aji^(a). By I.e.3 the map A B can certainly be lifted, but 
it’s a little more useful to note an explicit lifting as a functor, i.e. concatenate a square such 


as (1.59) with a square every horizontal cross section of which is w, to obtain a functor from 
i ?2 —t R 2 , which we write A 1 —)■ F,^{A). Consequently, the wth slice of (11.107) along (II.108|) 


is of the form R 2 x ti2{^*)i remains to check that the multiplication in R 2 x tt2{5%'C} is 
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the obvious one. To this end observe that an element S of ' 7 r 2 (=^) acts on ^ G R 2 , cf. (1.59), 
by way of 


(11.109) 



?(y)T(o)=i 


so that as required we get a lift of the diagram (1.71) to a fibre square 
(II.110) 7r2(.^*) X i?2 ^ i?2 


(aj,S',A)i—>-A 


z, 


a\-^iuj{a) 


natural 


R 2 


natural 


Rq 


which is equivalent to the diagram (11.104) lifting (1.64). To lift the diagram (1.65), with image 


in Ri where appropriate, observe that as maps from P —)• i?i the natural transformations of 
(|1.73)- albeit now written ar^uj- satisfy, as a consequence of the co-cycle condition (1.66) 


(II.lll) 


■ ^crlro;) (®)Z(7 (o^T,tti(®)) [®((Tr), a; (®)^cr,T(®^)] ^(aTU})a 


Now, as the notation suggests let Ot-o; : P —t R 2 be a lifting of aruj, then 


( 11 . 112 ) 


R2^R2-.f^ ar,Mf))~ F^r.){f)-^arMf))Fr{FM)) 


takes values in P x so, in fact, its the identity, i.e. any lifting ar,u) of a 

transformation between FrF^^ and P™, whence (11.105) and (11.106). 


T,ui is a natural 
□ 


Before proceeding let us tie this up with the conjugation action (II.101) via 


II.d.2. Remark. On identifying 7 r 2 = vr 2 (Z(,) with the stabiliser of * in R 2 , there is a unique 
identification of the stabiliser, S, of R 2 with P x 7 r 2 , and whence a map oj 1 —?• Paj|s from kl to 


Aut( 7 r 2 ). To verify that this is an action- and indeed the action (II.101)- amounts to checking 
that the inner maps InuQ,^^ are trivial on S. Now these are maps from P to Aut( 7 r 2 ) so they’re 
certainly constant. The arrow ar,a;(*) usually fails to be 1, but it is a lifting of the arrow 
dr,(.j(*), and Pi is path connected, so there’s a map /:/—)■ Pi with /(I), /(O) respectively 
dr,cj(*), and the identity on its source. Consequently there’s a lifting /:/—)• P 2 which at 1 is 


<ar,(.j(*)) and an element of 7 r 2 at 0, whence by II.c.7 we get a homotopy between the identity 
and InUcf^^, so the latter inner functor is indeed 1. 


Furthermore, as a consequence of (II.lll) we have 


II.d.3. Fact/Definition. Notations as above, then P —)• P 2 : a 1 —)■ D{a){a) takes values in 
P X 7r2(Zr*), and so defines a co-cycle —K^{a) : 7r2(ZC), with the corresponding 

Postnikov class fc 3 (.Z(,) G H^(7ri(,Zi|,),' 7 r 2 (Z 7 |,)) being independent of the liftings a, and the 


choices whether of the sections of (1.62) or the complete repetition free list of homotopy 


classes VL. The triple, ( 7 ri(,Zj,), 7 r 2 (ZC),/c 3 (,Zl|,)), or just (tti, 7 r 2 , ^ 3 ) if there is no danger of 
confusion, with the action ( II.101[ ) is the topological 2-type of ^ and 112 (<Zj,) in the sense of 
(II.1), and (II.2), with unicity as per (II.3[)-([IL4), is the homotopy 2-group of 


Proof. The fact that given the sections, and the homotopy classes, changing the lifting of a 
amounts to changing 7 ^ 3 ( 0 ;) by a co-boundary is clear. Otherwise, labelling by tti rather than 
Q, the effect of changing either homotopy classes or sections is the same, i.e. we get another 
bunch of sections, P, : P —)• Pq, of the source with values in the same connected component as 
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ii_j. As such we get functors —?• i?i : A i—)• which are relat ed to the previous 

Fu) by 5i^ : Gi^ =i> for 5^^ = which is a priori Rq valued, but by I.e.3 is actually a 

map 5 : P —)• -Ri, which since P is contractible lifts to a map 6uj : P —)• P 2 , and whence a lifting 
Gu) ■= {Suj)Fuj{6uj)~^ of Goj to an endomorphism of R 2 - Plainly, replacing i by / in the formula 
(1.73) defines natural transformations Pt,oj '■ GtGuj which, in turn, satisfy 


(11.113) 


liT,uj = 5ri«r,a;'5rGr((^a;) 



with /o = la since P 2 is path connected, so the conjugation action of / = /i on the kernel of 
P 2 —)• Pi is a path of conjugation actions on 112 starting at the identity, whence 112 is central 
in P 2 and P(/3) = D(a), or if one prefers P(/?) = D {a)D(S ) for D{S) a co-boundary had we 
chosen a lifting of /3 another than that suggested by (11.113). □ 


All of which may be applied to conclude 


II.d.4. Fact. The second projection, q, of {Il.lOj) naturally affords a not necessarily faithful, 
cf. |/.g.5t action 0/112 on 3^2- More precisely, in the notation of the proof of op. cit., we have a 
mapping of 2-groups P : 112 —?• Aut(P 2 ) given by u) ^ F^ on 1-cells, S 1 —)• {Pa;=>Paj } on 2-cells 

(modulo the canonical identification 0/712 x P with the kernel of R 2 —?• Ri), together with a 
natural transformation a : P(( 8 )) ^ ( 8 )(P x P)- deduced from (Il.lOj) and l[II.105). 


Proof. By (II. 110), the second projection of (11.104) is exactly the bi-functor described above. 


For convenience we can suppose that * represents the identity in our (repetition free) set of 
representatives kl of vri, so, without loss of generality, the identity 1-cell maps to the identity 
of Aut(P 2 ), and since D{a) = we get a map of 2-groups by construction. □ 

A useful, and, as it happens, necessary alternative description of the Postnikov invariant is 
II.d.5. Fact. There is a map of groupoids P —)• Pq with P 2 the fibre of R over Pi iff = 0. 


Proof. Suppose such a P exists. The kernel, P x 712 , of the stabiliser of P 2 —>• Pi acts, by say 
left composition, on P, and this action is transitive, i.e. P —)• Pq must be a 7r2-torsor, whence 
we can lift the sections : P —?• Pq of the source to se ction s, i^o of P, so we may suppose 
Po, is the conjugation A 1 —?• ii^Aif,^, and ar,w is given by (1.73), albeit now with values in P 2 
rather than Pi. The vanishing, (II.Ill), of D(a) is, however, a formal consequence of (1.66) so 
fes = 0. Conversely, suppose that fca = 0, and in the notation of ( 1.73) let R^j be the 712 torsor 
Rlj ■= (c/i)*C-^ 2 , and observe that the functors Po, : Pi —)• Pi of 


II.d.4 


of (1.63) which for convenience we identify to a sub-space of Pi via / 
• Pi,w X P2 


factor through Pi^^j 
of op. cit., and write 


ci,Lo '■ X/jj it 2 Pij for the natural isomorphism. Now for f,g arrows in Pq belonging to 
connected components Pq, and Pq respectively we can write / = Ap(s(/)), g = Bii^[s{g)) for 
some unique A G Pi,r) respectively unique B G Ri^u- Consequently, if / and g are compossible 


(11.114) fg = AFr{B)iriuj = APr(P)a^j(,i(^^) 

where the arrow AFr{B)dfj^ necessarily belongs to Pi,(raj)- Ps such, via and the defi¬ 

nition of P(raj) we get a lifting of the product in Pq via 


(11.115) Rrs Xt Ruj -t R(ruj) ■ {v, x) ^ y ■ X := Ci_(™)[(ci,^) ^{y)Fr{c^l,{x))a.,.^] 

Supposing, as we may that * belongs to our set of representatives of tti, conveniently implies 
that Pi^* is Pi, and without loss of generality, all of a,-,*, P* are identities. As such, 
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R := -Roj is a groupoid, etale fibring over Rq with fibre 112 , iff the product (11.115) is 

associative. Unsurprisingly, however, 


(11.116) (z ■ y) ■ X = z ■ {y ■ x)D{a) 

and since group co-homology can be computed with normalised co-chains we therefore get an 
associative product without loosing the existence of identities in i? iff /ca = 0. □ 


The only if direction in II.d.5 is wholly non-constructive, and one can do better, viz: 


II.d.6. Remark. If there any groupoid R —)• Rq with fibre R 2 over Ri, then up to strict isomor¬ 
phism of categories over Rq it is necessarily the groupoid R constructed in the course of the 
proof of II.d.5 modulo the possibility of multiplying the product in (11.115) by a normalised 
group co-cycle. In particular, when = 0 the isomorphism classes (even weakly provided R 2 
and an isomorphism of the kernel of R 2 —)• Ri with P x tt 2 are fixed) of such Ro-groupoids is 
a principal homogeneous space under H^(7ri,7r2). 


Proof. We know from the beginning of the proof of II.d.5 that each fibre R‘^ over Rq must 
be a 7r2 torsor. Now consider a based loop, g : I ^ Rq. To such, there is a unique based 
loop f : I ^ Ri^ui such that g = fioj{s{g)). Now let /, respectively g be any liftings to R 2 , 
respectively R^, then f~^, g are still compossible, and f~^g lifts ii^{s{g)). This latter loop is, 
however, contractible, so ^(1)5(0)“^ = /(l)/(0)~^, and whence R‘^ is the torsor R^ encountered 
in the proof of II.d.5 The product in R must lift the product (11.114) by hypothesis, so it’s 
necessarily (11.115) up to multiplication by a normalised co-chain : tti x vri —)• 7r2, which 
must in fact be a co-cycle by (11.116). Certainly any normalised 1 co-chain defines not just a 
functor between such Rq groupoids, but even a strict isomorphism, and since the fibre over Ri 
is fixed any functor is a map of 7r2-torsors, i.e. a normalised 1 co-chain, so, a fortiori, any weak 
equivalence over Rq fixing R 2 is a strict isomorphism. □ 


II.e. The 2-Galois correspondence. The following is a routine exercise in the definitions. 

li.e.l. Fact. Let 'W be a 2-eategory (he it weak or strict) and T a 0-cell then, 

(a) The sub 2-category, 2tut(r); with 0-cells T, and T-alone, 1-cells Auti(r), i.e. weakly 
invertible morphisms in Homi(T, T), and 2-cells invertible 2-morphisms in ^ between elements 
o/Auti(T) is a 2-group. 

(h) For any 0-cell X of^, the category Hom ylT. A) with objects Homi(r, A), and arrows 
2-morphisms between them, inherits a right 2tut(r) action from ^. 

(c) There is a 2-functor, ijom(r, _), from to the 2-category of categories with right 2lut(r) 
action defined by: a 0-cell X maps to Hom c^(r, A), a 1-cell f : X ^ Y maps to an 2lut(r)- 
equivariant functor fx '■ Hom yfT, A) —)■ Hom ^fr, Y), and a 2-cells f '■ f ^ g maps to an 
21ui{T)-equivariant natural transformation f,T ■ fr ^ dT- 


The particular (strict) 2-category to which we intend to apply li.e.l is given by 


II.e.2. Definition. Let be a connected separated locally 1-connected and semi-locally 2- 
connected champ, then the 2-category 'Et 2 {jY') is the 2-category whose 0-cells are etale fibrations 
O' : ^ , 1-cells pairs {f,g) of a 1-morphism and a natural transformation g forming 
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a 2 -commutative triangle a la ( 1 . 86 ), 
commutative diagram 


and 2 -cells natural transformations C forming the 2 - 


(11.117) 



By definition all 2-morphisms in Et 2 (^) are invertible, and, in general, we have the simplifi¬ 
cation that we’re interested in the category of groupoids, Grpd, or better n 2 (= Yi 2 {^*)) right 
equivariant groupoids, Grpd(n 2 ). This said, we have the 2-Galois correspondence 

II.e.3. Proposition. Let be a a pointed champ with the prescriptions of \IL e. ^ and ^2 ^ 

its universal 2-cover, then is equivalent to II 2 md the 2-functor, 

(11.118) ^om{^2,_) : Et 2 (.^) ^ Grpd(n 2 ) 

is an equivalence of 2-categories. Better still, for q ^ ^ a 0-cell in 'Eit 2 {^), the II 2 - 

groupoid HomEt 2 (S')(’^^’ equivalent in Grpd(n 2 ) to the fibre q~^{*). 


We establish the proposition in bite size pieces. To this end, notice that a representative of the 
fibre Q'~^(*) is the category with objects pairs (*^, </>) where : pt —)• ‘3^, (/>:*=> and 

arrows natural transformations 7 : such that cj)' = q{'y)(t>. In particular, this affords 

a convenient way to prove 

II. e.4. Fact. Let q ■. 3L ^ be a 0-cell in Et 2 (.^), and 6 : p{* 2 ) * a fixed natural 

transformation between the projection of a base point of ^2 with that on SL, then the functor 
given on objects by 

(11.119) Hpmj 5 ^^(^)(.^ 2 , ^) ^ ■ (r, v) ^ (^’(* 2 ), *^^(* 2 )) 

and sending a natural transformation f to its value on *2 is an equivalence of categories. 


Proof. That the above is a functor is automatic from preceding description of q ^(*) and II.e.2 


It’s plainly full and essentially surjective by II.c .8 while to s ee that it’s faithful let ^ be an 
arrow from (r, ry) to {r',rj') in Et 2 (.^), and in the notation of II.c .8 take = r(* 2 ), p = 1, 
p' = ^*2 and apply the uniqueness statement of op. cit. □ 


One can reason in the same vein to tidy up a lacuna 

II.e.5. Remark. A connected weakly pointed etale fibration , 


with the universal 


property of II.c .8 is unique up to equivalence. 


In 


any case, this establishes that as categories and 112 agree, but, of course 


II.e. 6 . Fact. The functor F of Il.d.4 together with the natural transformation i of (I.dj) defines 
a (weak) inverse, u 1 —)• (F^jOa;) on objects, to the functor of (11.119) in the particular case of 
3L = 3^2 = which combined with the natural transformation a of Il.d.4 - cf. (1.65), 

1(1.66), and Lg.3- defines an equivalence of 2-groups 


( 11 . 120 ) 


F : 112 —2tut 




(^2) 


Proof. The fact that (11.120) is an equivalence of categories is a formal consequence of II.e.4 and 


(11.104), i.e. same trick as (1.90); while the further fact that it’s even an equivalence of 2-groups 
is a consequence of (11.105), (11.106), and the definition of the Postnikov class in Il.d.3 □ 
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Consequently, we define the right action (or, equivalently a left action by (11.61)) of 112 on a fibre 
by (11.120), and li.e.l (b), so the part of the better still in II.e.3 beyond II.e.4 is tautologous, 
albeit we’ll have occasion to explicate this tautology in the proof of |II.e.8| Slightly less trivially 


II.e.7. Fact. The 2-functor (11.118) restricted to 1-cells is a family of fully faithful functors. 


More precisely if F = {f,ri), G = (g.^) are 1-cells from q to q' in such that for some 

natural transformation in Grpd(n 2 ) 


( 11 . 121 ) 





(*) 


then there is a unique 2-cell in Et 2 {^), C • (/j^) (S-O such that (II. Ill) 2-commutes, and 


restricts to (11.121) over the base point. 
Proof. By 


Il.b.^ 


there are functorial factorisations ‘IF lIF, IF 






FI of q, 


respectively g', into a locally constant gerbe followed by a representable etale cover, so we may 
suppose that we have a 2-commutative diagram 

( 11 . 122 ) 



with f (^) affording (fF), and similarly for {g,rj). By I.g.4, and the ubiquitous connec¬ 

tivity argument of I.c.2 our assertion holds if the 0-cells are qi and q[, so- I.c.2 again- it holds 
if the 0-cells are q and q[, and finally it holds for q and q' by II.b.5 and path connectedness. □ 


Given 

II.e.7 

II.a.13 

- we V 


II.e.7, then again by [Lei04, 1.5.13] and global choice in NBG- cf. end of the proof of 


we will have established [TTZ^ if we can prove 


II.e.8. Fact. The 2-functor (11.118) is essentially surjective on 0 and 1-cells. 


Proof. Consider first the 0-cells. By II.a. 6^ or, equivalently II.a. 11 in the specific, it will suffice 
to prove that given the action of a sub (in the sense of II.a.6) 2-group II^ on a group Br that 
there is an etale fibration F' —>■ F such that the restriction to II^ of the action of 112 via 


II.e.6 and the 2-functor (11.118) on Br is the given one. To this end we can, therefore, suppose 


without loss of generality that 112 = and we identify the left action with (normalised) 
co-chains A : tti —)• Aut(r), ^ : vr^ —)• F such that Aruj = Inn^^^ArA^ and D{(() = {A 2 )*K^ 
for some vri-representation A 2 ; 7r2 —)• in the centre of F. Now in the first place, i? 22 iBr is 
certainly a groupoid, and its stabiliser has a normal sub P-group 

(11.123) P X 7r2 P X 7r2 X r : S ^ (S, ^2(5)) 

so the quotient, P^; of by this sub-group is a groupoid fitting into a diagram 

(11.124) P2-^ R'2 


Ri 
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in which q' is naturally, by way of the action of the stabiliser, P x F, of i? 2 ) ^ ^ torsor on the left 
and right. Similarly, for a; G vri, we dispose of functors K ■■= F. : P 2 xBp —> R 2 xBp and 
natural transformations := x Cr,a; : F'^ which respect the kernel (^II.123| 

of P 2 ^Br R 2 , so these descend to a series (denoted with the same letters) of functors and 


natural transformations on i? 2 - addition ( I.62[ )-(I.63) provides a series of homotopies between 
Pi, and the connected components Pq of Pq, so we can (notation as per op. cit.) find a series 
of left-right F-torsors R'^ and (far from unique) isomorphisms of left-right F-torsors 


(11.125) 


F2,uj ■= F'\ri,> 


Ri,u 


-> R' 






where, plainly, we take ci to be the identity. At which point we define a product on R' := R'^ 

by way of the formula 


(11.126) 


KxRl^ P'(^^) : (gj) ^ c^r.){c-\g)FUcZ\f))a,J 


the associativity of which is equivalent to D{a') = 0, for D as in (II.111). By construction. 


however, D{a') is the image in P 2 of P 3 x obsr viewed as an element of the stabiliser of P 2 x Br, 
so this is zero by (11.123) and II.a.5 Identifying P x F with the stabiliser of P 2 , and whence as 
a subset of R', one then has that the left product structure of Px F on R'^ defined by (11.126) is 


exactly that of the given left F-torsor; while the right product structure is the composition with 
of the given right torsor. As such, the product (11.126) admits left and right identities, so 

whence P' 


it’s a category fibred over a groupoid, Pq, with fibres a group, F, 

To show that this is what we started with, observe that the sections 
to sections i', 


P is a groupoid. 


P — 7 - P(j C R', while exactly as in the proof of II.d.5 a connectedness argument 


of (1.62) can be lifted 


shows that F^ and the conjugation x 1 —)■ agree on the connected component of the 

identity, i.e. the image of P2 in P 2 C P^ Observe furthermore that in exactly the same way as 
we defined in (1.63) we can define C 2 ^u) '■ R' 2 ui^ R'uj multiplication by on the right, 
and that this is a fitting of to an isomorphism of left F-torsors. On the other hand c^j of 
(11.125) is an isomorphism of left/right F-torsors with the same domain and range, so there is 
a unique 7 ^^ G F^ such that C 2 ,tj(x) = Coj{x • 7 ^^) = Ci^{x) • 7 ^;, where here the multiplication • 
is to be understood as that of right F-torsors. Now conjugation by restricts to a constant 
automorphism A(j, say, of the stabiliser of R' so if •, which coincides with • on P 2 , is the 


groupoid product (11.126) then for any /i G F we have 


(11.127) 


Ccoix) ■ F'^{h-f^) =Ccj(x) • (/i7^) = Ccj(x ■ h-j^) = C2,cu(x ■ h) 

=C2,uj{x) ■ A'^{h) = Cu,{x ■ 7^) • A'^{h) = Cu,{x) ■ {F^i7cu)A'^{h)) 


from which F^ coincides on P x F with A'^ up to conjugation by F^('y^), so that changing 
appropriately, we may suppose that they coincide exactly, and since we already known that 
they coincide on the connected component of the identity, we conclude that we may suppose 
that F^ is conjugation by restricted to P 2 . This has the convenient consequence that 

= iKTiriUi'ir.))-" 
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(11.128) 






















and allows us to calculate the right action of 112 on the fibres of q : := [P/E!] —?■ To 

this end we can, by |II.e.7| identify Br with the groupoid consisting of the 2-cells 


(11.129) 



for r' : R 2 ^ R the natural map constructed above, and 7 G T any. The relevant (non¬ 
commuting) diagram of 1 and 2 -cells in Et 2 (^) is therefore 


(11.130) 


{PFrF^,OJ*iriui) 




-7 (r F^, 


(tu) 


I 

I 

I 

I 

I 1 
Y 

{r'F(ruj),ir 


(r',id) 


(r', id) 


{r'FrF^,uj*iriuj) 



a 





where 7 G T should be interpreted as an arrow of the stabiliser acting on the left. These 
are arrows in a groupoid, so the right action of vri on T is given by moving the foremost top 
occurrence of 7 to the foremost bottom, whence its conjugation by (*(j)~^ which, as it should 


be, is A 


-1 


by (11.128) is 


on r. Similarly, the associator 


is (i'j-HiKn 




(11.131) 


=^(rL)(Cr,i) 


which by (11.62) is exactly what we started with expressed as a right rather than a left action. 


Turning to 1-cells, then again by |II.a. 6 ' or better [ri.a.l3| in the specific, we may suppose that 
the 1 -cell on the right of (11.118) is a map between the left action of on a group Br, and 
that of 112 on another group B^i for 112 a sub 2 -group of which itself is a sub 2 -group of 112 . 
As such, we could without loss of generality suppose that = 112 , but this doesn’t lighten the 
notation very much, and the structure is clearer if we don’t. In any case, as above the action 
of 112 will be encoded in a pair (A, ^), that of 112 in a pair (B,r]), and anything not so far 
defined for the second action will be its analogue for the first action but with a ” rather than 


a The map itself will be written (x,^), in exactly the same notation as the proof of II.a.13 


except that /(*) : T —)• A is replaced by x : T —)• A to avoid confusion with (11.126). This said, 
we construct a functor X ■. R' ^ R” as follows: we have a functor idx^x : 7 ^ 2 i? 2 A^’ 
by (11.123) we get a functor X 2 '■ R '2 —^ R 2 - Better still, for any w G 7 r( we have - (11.42) and 


(11.123) again- natural transformations 


: F”X 2 ^ ^ 2 FIj on identifying A with the stabiliser 
in R 2 . Profiting from (11.127), and thereabouts, we may write any arrow in R', respectively R”, 


as respectively /"i", for unique arrows in the respective fibres over Ri^ui, and appropriate 
liftings of the sections As such, the following function is well defined 


(11.132) X:R'^R": /(= fi'J ^ X2{f')UL 

and since : F”X 2 X 2 F^, checking that it’s a functor amounts to 
(11-133) A 2 «^)?.,^ = 





































which follows from (11.44), and II.c.7 By construction, X : R' ^ R" strictly commutes with 
the natural maps of i?', and R” to Rq, so {X, 1) is a 1-cell in Rt 2 {^). To check that this is 
what we started with the appropriate (commuting only on triangles) diagram in Et2(=^) 


IS 


(11.134) 


{r"F^=Xr'F^,i^) 




ir"F^=Xr'F^,i^) 



for any 7 G T, which on the stabiliser of the base point gives, 

(11-135) ■■ B-^x => xAZ^ 


which is exactly what we started with, (11.42), albeit written on the right rather than the left 
by way of (11.59) applied to 21ut(Br) and 2lut(BA), cf. (11.62). □ 


Let us conclude by by way of a couple of remarks. In the first place 


II.e. 9. Remark. Functoriality of II.e.3 


To the extent that o ne is prepared to admit inacces- 
functoriality of 1—?■ Et2(l^) 


A.i.2 


sible cardinals, and employ the strict fibre product 2< of 
is trivial. Indeed for any 1-morphism, f : ^ ^ ^ we not only have a functorial pull-back, 

f* : Et2(^) —)■ Et2(.^) : q e-)■ but if (j) : f ^ g is any 2-morphism, then f* and 

g* agree up to unique strict isomorphism on cells. If one doesn’t do this, and arguably one 
shouldn’t, then it’s honest bi-category territory as described in [SGA-IJ[Expose VI.7-9]. Simi¬ 
larly, if we work only with (weakly) pointed morphisms / : then we have a functor 

/* : —>■ on path spaces, which by (1.34) takes natural transformations (p : f ^ g to 

strict identities. Consequently, the presentation [P/Ro{f^^:)] —^ by way of the path fi- 

bration is again functorial with little role for 2-morphisms (p : f ^ g which for pointed maps are 
arrows commuting with the image of the path-groupoid of their source, so that on this side of 
the correspondence [I I.e.3 we only get into bi-category territory if we drop the pointing. Indeed, 
on preserving the pointing, we can render the construction of 112 (.^) a little more functorial 
by defining the F^j, and ar,u] of Il.d.l on the whole loop space rather than just a complete 


repetition free list of homotopy classes. As such we get an equivalent 2-group with objects F^j 


arrows natural transformations in i?2, a monoidal product E, 
of paths and associator given by exactly the same formula 
a choice, but if / : 
and 


E,, := E 


II.d.3 

is a map, then we have /2 : R 2 ( SI *) 


(™) 


via concatenation 




^2(1%) Ei(.^*), 


(11.136) 


f2{aX)Xf{r),f{L0)) ' e 7r2(^*) 


-1 


so by II.a.1, or better its origin [BL04, Theorem 43], and the definition II.d.3 the formula 
(11.136) actually defines a map /* : 112 (.i^) 1^2 (i%), and this is plainly not just functorial 

but constant under homotopies f ft, t ^ I since 7r2(i^) is discrete with no role for 2- 
morphisms, (p ■. f ^ g, which collapse to identities. As such we get a strictly commuting- 
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functorial in / : 


(11.137) 


diagram of two categories 

Et2(^) -^ Et2(S-) 


/* 


Grpd(n2(^*)) 


if*y 


-> Grpd(n2(^*)) 


on using the strict fibre product, x_) to define the vertical maps via the fibre functor (11.119). 


The vertical inverse may, of course, only be weak, but it’s necessarily unique up to equivalence. 


so at worst (11.137) becomes 2-commutative on reversing the vertical arrows. 


Finally some further comment on the role of pointing is in order 

lI.e.lO. Remark. It’s useful to have a more geometric interpretation of the monoidal variant, 
(11.54), of equivalence in Et 2 (n 2 ). Specifically, if we work with pointed 0-cells, q' : —)• 

and weakly pointed maps, then we can further add to the data by introducing pairs 

(11.138) {q', i') where i is an isomorphism of a discrete group G' with the stabiliser of . 

Now to demand that a (weakly pointed) 1-cell f '■ q' ^ q" in Et 2 (n 2 ) commutes with the 
isomorphisms l' , l" is not a restriction unless one limits the possibilities for the resulting map 
r' —>■ r". Such limitations can only ever be natural under restrictive hypothesis, e.g. E' = E", 
and, indeed, in this case we can reasonably talk about the equivalence class of 0-cells with 
pointed stabiliser Eb Unsurprisingly, such restricted equivalence has the effect of forcing / to 


be the identity in (11.39), and corresponds, as per II.a. 14 to the the equivalence class of the 
action 112(i^) 2tut(r') qua monoidal functor. Gonsequently the equivalence class of 0-cells 
with pointed stabiliser E' is, for Z' the centre of E', always a principal homogeneous space under 

II.f. The 2-category Et 2 (n 2 ) by examples. The 2-category Et 2 (pt) is, in fact, a category, 
i.e. the category of groups, while the general 0 dimensional case of the 2-Galois correspondence 
amounts to some well known, at least for 0 cells, group theory, to wit 

Il.f.l. Example. The 2-category Et2(B7rj). The universal 1-cover of 6,^ is pt, so this is also 
the universal 2-cover, and the 2-group 112 (6,^^) can be identified with the group vri, or, better, 
the 2-type (vri, 0, 0). Similarly, is itself an etale fibration over pt, so every connected 0-cell 

B.,ri, and the factorisation II.b.8 is simply the exact sequence 

E' = 7ri(g') 


-'TTl 5 

T' 


TTi 


is just a map of groups g' : B^;/ 

(11.139) 1 

for 7rj the image of E' in vri. Such an object is synonymous with a pointed stabiliser (qua 
2-group) action of 7r( on Br, and by 


A 


II.a.5 


it exists iff there is a map of 2-types q' : (vr^, 0,0) 


(Out(r'), Z', obsr')) he. a representation 

(11.140) gG 7r( —)• Out(r') with g^*obsp = 0 G H^(7r(, Z')\ Z' the centre of 

Now in speaking of the isomorphism classes of extensions one normally means up to diagrams 
of the form 

1 -^ T' -^ E' 


(11.141) 


This is not, however. 


-G TT, 


isomorphism 


1 


-G T' 


-G E' 


-G TT, 


-G 1 


-G 1 


II.a.14 


the definition of equivalence of 0-cells in Et 2 (B 7 ri), but rather, 
(II.54D, the equivalence class of the representation 112 2lut(Br') qua monoidal functor, or, 
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perhaps better, lI.e.lO of 0-cells with stabiliser pointed in F'; so that on hxing g', II.a.1 assures 


us that the isomorphism classes of extensions, (11.139), 

(11.142) in the sense of (11.141) are a principal homogeneous space under H^(7r[, Z'). 


a 1-cell F : q 


(11.143) 


To see that (11.142) is, in general, different from equivalence of 0-cells in Et 2 (B,ri); observe that 


q' is a pair {f : E' ^ E",uj G vri) htting into a commutative diagram 

1-^ r' -^ E' 


/' 


f 


1 


-G r" 


-G E" 


-G TTi 


tt V 


> TTl 
Inriu; 

> TTl 

r". 


where, as indicated, necessarily / restricts to a map /' : T' —)• T'h The intervention of Inn^j 
is something of a red herring. Indeed by II.a.13, this is just a question of base points, which 
can conveniently be suppressed on replacing 7 r( by its conjugate and E' by its pull-back (since 
InUtj is only inner in tti) to the same. Plainly, however, exactly as per (11.54), there are more 


equivalences than (11.141) in £ 12 ( 6 ,^^) since all that’s required is that f in (11.143) be an 


iso morphi sm. Similarly, not every map f', be it an isomorphism or otherwise, can be realised 
in (11.143), e.g. for /' an isomorphism, the equivalence class in Et 2 (B.n-^) of the 0-cell, q', is the 


obstruction. When the map f' can be realised, e.g. q' = q" and f = 1, by II.a.14 the 1-cells 
modulo equivalence in Hom(g', q") 

(11.144) with {f ,oj) hxed are isomorphic to H^( 7 r(, C//); Cf centraliser in T^^ of f'{T') 

in the vrj module structure (11.49). Finally, a 2-morphism e : {f,u}) =► ( 5 ,t) in i{om 2 {q\ q^') is 
just a conjugation by e G E" such that 


(11.145) 


g = InUg/ and Inn,- = Inn^Inn^; e 1 —?• e G vr)^. 


In the proof of II.a. 13 we didn’t need to calculate the obstruction, but this lacuna is easily 
rectihed. An obvious necessary condition for e to exist is that Inn.,—is actually inner in 7 r('. 


Now as we’ve said post (11.143) we can suppose that uj is the identity, whence at this point 
T has to be in 7 r(', so replacing g hy a conjugate we can, without loss of generality, suppose 
that cj = r = 1, and we’re looking for some e such that e is in the centraliser, C, of 7 r( in 
7 r('. A similarly obvious necessary condition is that the restrictions g', f can be conjugated by 
an element of E" lying over C, so supposing this holds we can conjugate g to obtain /' = g', 


from which the remaining obstruction is exactly the isomorphism class (11.144), so modulo the 
preceeding two obvious conditions the obstruction to Hom 2 (/, S') 7 ^ 0 lies in H^( 7 rj, Cj/), and 

(11.146) if this vanishes, Hom 2 (/, s) is a principal homogeneous space under H®( 7 r(, (7//); 


where, II.a. 14 the principal homogeneous space structure is the action of Hom 2 (/, /). 


Plainly, it doesn’t take much effort to extend this example to 

II.f.2. Example. The 2-category Et 2 (=^*) whenever ' 7 r 2 (.^*) = 0, and, of course, ^ is 
an etale hbration over a separated champ. Plainly 112 (.^) is agai n the g roup tti = 7 ri(.^*), 
so the 2 -category Et 2 (.^) is necessarily equivalent to Et 2 (B,ri) by Ike.3 As such, it’s only 
a question of how the cells manifest themselves. To hx ideas, suppose in the hrst instance 
that is connected and developable. Consequently, is a space, X say, and ^ is the 
classifying champ [X/tti] for some not necessarily faithful representation p : tti —)• Aut(X). 
This leads to obvious candidates for the cells, i.e. identify a 0-cell, g', with an extension, E\ a 


la (11.139), whence by pull-back we have a representation p^' '. E' —)• Aut(X), so we can form 


the classifying champ Xq/ := [X/E'], then identify / of (11.143) with a functor Xg/ —?• Xg//, and 
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a;, e with natural transformations in the obvious ways. In the general case, this may not have 


sense, but given E' one can- notation as per 1.63 - form the groupoid 
(11.147) := ]J PJ;, e^eG7r( 

eSE' 

then form the classifying champ [P.^/ii^/], and similarly for the 1 and 2 cells, which is not 
only equivalent to the previous construction in the developable case, but proves that in either 
case this is the equivalence of Et 2 (=^*) with Et 2 (B 7 ri) by the simple expedient of applying ttq 
at the groupoid level. 

There is, to some degree, an analogous description in general, to wit: 

II.f.3. Example. The full sub-2-category of connected 0 cells in Et 2 (.^*) as 


non- 


associative extensions”, cf. Il.h.l We employ the abbrev iation 112 = 142 (.^*), and confuse 

We know that the 0-cells, q', in 


II.e.3 


II.a .6 


Et 2 (n 2 ) with Et 2 (.^*), as we may legitimately do by 
Et 2 (n 2 ) are determined by a pointed stabiliser action, 
of 2 -types 

(11.148) q' : ( 7 r(, vr', if') ^ (Out(r'), Z', obsp 


so, in particular, we have a map 


generalising (11.140). The fundamental group, 7ri{q'), of the cell is 7 ro(i?') for R' the groupoid 
in the proof of II.e .8 so it’s an extension of 7 r( by P'/vr^, and we have an exact sequence 

(11.149) 1 —>■ 7r2 —)• P' —>■ Ei{q) —)• —)• 1 


which, in turn, generalises (11.139), and allows us to identify with a sub-group of P'. This 
sequence is, however, by no means arbitrary since the condition of a pointed stabiliser action 


ei-^e / 
— 


is (for as in the proof of II.e. 8 ) equivalent to 

(11.150) (g)' : (y,r) x {x,u;) i-)- {yAr{x)CT,ui,TUj) G E' := P' x 7 r( 
defining a binary operation on E' restricting to the group operation on P' such that 

(11.151) e (g)' (/ (g)' g) = K'^{e, /, g){e f) (g)' g 

which (since all co-chains are normalised) has a two sided identity, and inverses on both the left 
and right, albeit these can differ because of the lack of associativity. Nevertheless (normalisation 
again) there is no lack of associativity when one of e,f,g of (11.151) belongs to P', so we get 
left and right actions of P' on E' and whence an “exact sequence”. 


(11.152) 


1 


P' 


E' 


ei-^e' / 
-^ TT 


1 


all of which may reasonably be summarised by saying that (11.150)-(II. 152) define a non- 


associative extension of Tr[ by P' with associator Tfg. Now, plainly, this structure is just that of 
a 2 -group in disguise; in fact E' is the set of arrows of the groupoid := P' x vri(g') ^ 


r acting on the left by way of its image in (11.149)- and (g)' of (11.150) gives this the structure 


of a monoidal category. In particular by way of the section from Trj, implicit in (11.150), we 
have a strict {i.e. monoidal product goes to monoidal product on the nose) monoidal functor 
112 — S'] while the stabiliser action of comes from pulling back the conjugation action 


(11.153) 


E' X r' —>■ r' : (e, 7 ) I— e • := e(g )'7 (g)' {right inverse of e}, 

or equivalently: (x,w) x 7 1 —xA^( 7 )x“^ 


which- normalisation of co-chains again- satisfies (/ (g)' e) • 7 = / • (e • 7 ), As such, it’s plain 
from (11.153) that (11.149) expresses P' as a crossed module over the group Tii{q') = E'/vr^- 


indeed, the fundamental group of the fibre of any fibration (here q') is a crossed module over 
the fundamental group of the total space- while the isomorphism class, [Bro82, IV.5.4], in 
H^( 7 r(, 7 r 2 ) is, unsurprisingly. Eg. There is, however, more to a 0 cell up to equivalence than 
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While retaining exactly the same notation let us make 

II.f.4. Example. The two type of 0-cells in Et 2 (n 2 ) . For this calculation we fix: 


(11.155) r^, the 2-type q (11.148), and TTi{q') = E 'wholly described by (II.150)-(II.152). 

We therefore have, for the source of g', that 'K 2 {q') '■= is just the kernel 

of 7r2 —)• vr 2 , and it remains to determine the Postnikov class k^{q') in H^(7ri(g'), 7r2((?0)' ^o 
this end: write P' —)• 'Ki{q') as x i—)■ x, and choose a (set theoretic) section s : rV '^2 then- 

further notation as per (11.128)- we get sections, 

(11.156) 

of the source of R! 


ix ■■= s{x)i^; X = {x,u;) € E'Itt 2 

P whose value on * has (in a complete repetition free way) a sink in each 
of the connected components of R' yielding natural transformations in i ?2 


(11.157) 


Py,x ■= 


-1 


: Imitylnn^^ 


Inn, 


l-YX 


which can be calculated in essentially group theoretic terms by observing that 

(11.158) S'yx = S'{{y,T) X (x,a;)) := s{y)Aris{x))CT,Los{yxCr,uj)~^ G 
is, a 7ri(g') 2-co-chain with differential iFg, and, in the notation of (11.124) and thereabouts 

(11.159) jSyx = (image in i ?2 ofa~lj)SY,x G R 2 ', X = (x,w), etc. 

assures us that to calculate k^iq') we need to lift the and calculate their 


Now 


II.d.3 


7ri(g') differential under D of (II.111). Once, however, ( |II.155 ) is fixed there is relatively little 
possibility for variation. Already this fixes R '2 = R 2 /'^ 2 {q')] while II.d.3 assures us not only (cf. 
the proof of op. cit.) that there is no dependence on the choice of section s, but that the only 
possibility to change k^{q') is to change the 0-cell itself. The possibilities for doing this are. 


11.54 up to automorphisms of P' a principal homogeneous space under the image of H^(7r(, vr^) 


in H^(7r^, Z'), i.e. the former acting (possibly non-faithfully) by way of 

(11.160) 4 . 0 ; X 4,0; K,loCt,cu G HomEns((4)^;r') 
which by (11.158) and (11.159) translates to an action 

(11.161) Pyx X 4 , 0 ; Py,xSt,uj G R 2 
Consequently, once one has a lifting. Pyx ^ Py,x G R 2 , the lifting of anything else in the orbit 
is just given by lifting 4o; ^ ^t,ui G '7r2, and 7r2 commutes with everything, so: given (11.155) 
the possibilities for the 2-type 7r(q') = ('/ri(g'), 7r2((7'), 4(^0)) better 4(90) which is t 
unknown, are a principal homogeneous space under the image of the composite of: 


ne o: 


Sy 


(11.162) 


H4vri,7r2(90) ^ H^^U^O)^2(90) 
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As such, this part of the structure can often be controlled by knowledge of vri and 7r2 alone, 
e.g. if TTi is a hnite cyclic group then, [Bro82j[VI.9.2], the co-homology is periodic of period 2, 
whence the hrst map in (11.162) is always zero, so a fortiori we have a principal homogeneous 


space under 0. Even here, however, k 3 {q') can still be arbitrary. Indeed, suppose that K 3 = 0, 
then the orbit of q' under (11.160) has a distinguished element, gQ say, for which Sy^ of (11.158) 
is the class of E', viewed as an extension of vri(g') by tt^- so for varying F' this is effectively 
arbitrary- and whence given (11.155) the possible values whenever K 3 = 0 of k^i^q') are the 


(11.163) orbit under (11.162) of the image of F^ via H^(7ri(g^), vr^) —)• H^(7ri(g^), 7r(g^)). 


Consequently, the only real restriction on 2-types in Et 2 (n 2 ) is 7r2, albeit that the mechanism 
for creating non-trivial Postnikov classes from, say, a trivial K 3 is perfectly clear. 

Finally, let us conclude this tour by way of the essential 

II.f.5. Example. The 2-category i 3 om(F[ 2 , BB^) . Here it’s very helpful to take account 
of 0 .0. 8| and think of n 2 as a 2-groupoid with one 0-cell, so that BB^ means the abelian 
group Z viewed as a 2-groupoid with one 0-cell, one 1-cell, and 2-cells the group Z. We could 
make a similar example for an arbitrary sheaf of abelian groups on , this, however, slightly 
obscures the absolute nature of BB^. In any case, let us work through the 2-categorical notion 
i 30 m(n 2 ,BB^). In the hrst instance, the 0 cells, q', are 2-functors, so [Lei04, 1.5.9], monoidal 
functors from n 2 to Bz- As such, we get a (left) action 


(11.164) 


n2 X Bz 


(j'xid 


>BzxBz^Bz 


with an associator deduced from q'(( 8 >) <Si{q' x q') in the natural way. At which point, [Lei04, 
1.5.11], it’s critical that BB^ has only one 1-cell and all cells are invertible, so that again 
1-cells f ■ ^ q" are transformations of monoidal functors. As such, by (11.54) the natural 


2-functor i 30 m(n 2 , BB^) —)• Et 2 (n 2 ) invariably fails to be faithful. There are many possibilities 
for understanding this in Et 2 (n 2 ), of which the most attractive is by way of torsors under Bz, 
but since we wish to consider Z as a given, it’s perfectly reasonable (on identifying n 2 with 
n 2 (.^) of a suitable pointed champ- in fact even of a 3-dimensional CW-complex, ]WM50j) to 
appeal to [Il.e.lO and view the 


(11.165) 


0-cells in i5om(n2, BB^) as 0-cells in Et 2 (n 2 ) with stabiliser pointed in Z. 


Similarly the 1-cells in i5om(n2,BB2) may be described as 1-cells 
f f ' 

(11.166) q A c/' in Et 2 (n 2 ) commuting with the pointed stabiliser isomorphism (11.165). 


Finally 2-cells in i5om(n2,BB^) are modihcations, ]Lei04, 1.5.12], which here jus t boils down 
to elements of Z, albeit if we identify the 1-cells with 1-cells, /, g in Et 2 (n 2 ) via (11.166) then 


(11.167) 


the 2-cells Hom 2 (/,g) in ijom(n 2 , BB^) are precisely those in Et 2 (n 2 ), 


since commutativity of these with the pointed stabiliser isomorphism ( II.165[ ) is implied by 
(11.166). Now let us identify the equivalence classes of (11.165)-(II. 167). As representations in 
Bz, even qua equivalence in the monoidal sense, ( |II.165 ) certainly doesn’t give all the actions 
of n 2 on Bz, since the two type q' '■ TL ^ {0,Z,0) is just a map g^ : 7r2 = 7r2(.^*) —>■ Z 


of TTi = TTi{^^) modules, with Z understood trivially, but, II.a.5 it does give all the actions 
whose pointed stabiliser has fundamental group tti, and trivial outer representation, i.e. Z is the 
constant, as opposed to a locally constant, sheaf. Consequently, the 0 cells in i 5 om(n 2 , BB^), 
up to equivalence, are described by the exact sequence 


(11.168) 0 — yB'^(^7ri,Z^ —^ Homg (n 2 , BB^)/equivalence—^ Homjfj (7r2, .^) 




>H^(vri,Z) 
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which one recognises as being remarkably similar to the 3rd-sheet of the Hoschild-Serre spectral 
sequence, to wit: 


(11.169) 


0^H2(7ri,Z) ^Hom^,(7r2,Z) ^H3(7ri,Z) 


and, unsurprisingly, II.h.2 


the equivalence class of 0-ceIIs (11.165) 


intervention of hypercoverings, this is 
spectral sequence, and, indeed, cf. op. 


these are the same, i.e. 

is naturally isomorphic to H^(^, Z). In the etale topology, albeit unlike I.g.5 with a minor 

|III.h.31|III.h.4| 


evident from the local to global Cech 


cit., one could reasonably just takes this as a definition 
of H^. In terms of the path fibration, however, it merits postponement till [iLk^ In any case 
we already know from [BL04, Theorem 43], and II.a.14 that the 1-cells Homi(( 7 ',g") of (11.166) 
are a principal homogeneous space under H^(7ri,Z); while the 2-cells Homi(( 7 ',g") of (11.167) 


are a principal homogeneous space under H*^(7ri, Z), and whence just as is not just weakly 
equivalent to K(Z, 1) but carries the extra information of isomorphisms amongst torsors, BB^ 
similarly augments K(Z, 2) 


z.e. 


II.f.6. Fact. Let ^ be a connected, locally 1-connected, and semi-locally 2-connected champ 
etale fibring over a separated champ, then via (II.165)-(II.167) and 11.e.3 ijom(n 2 (lZj,), BB^) 
is equivalent to a (sub) 2-category of locally constant gerbes in Jiz’s over 3^ with stabilisers 
pointed in Z, and for any 0-cell q we have canonical isomorphisms, 

(11.170) 7rp(ioom(n2(.£;),BBz),g) ^H2-P(jr,Z), 0<p<2 


II.g. The Torelli description. The fact that a torus, be it Gm in the algebraic sense, or in 
the topological sense, is a K(Z, 1) provides an alternative possibility for describing the universal 
2-cover in certain circumstances. The basic case is: 


Il.g.l. Example. The universal 2-cover, t%' 2 , modulo torsion whenever 7r2(.^*) is 
finitely generated modulo torsion {tZ' a separated champ with para-compact moduli). 
Under these hypothesis, the universal 1-cover is also a separated champ with para-compact 
moduli, so the sheaf of continuous functions on is flasque, and 7r2 modulo torsion is free of 
finite rank. Consequently, we have a sequence of commutative Lie groups, 

(11.171) 0 ^ vr^ := 7r2(.£;)/Tors ^ := C ® ^ 0 


where the exactness of the sequence defines the final group. As such- identifying the co¬ 
homology of a Lie group with the sheaf of continuous functions to it in the usual way- we 
obtain by Huerwicz, Lg.6| the habitual isomorphism 

(11.172) H^(.^i,A,r2) —Hom(7r2(.^i*), TT^) = Hom(7r2, tt^) 


and whence a A,r 2 'torsor SL 


3L\. Appealing to the exact sequence of a fibration, Ld.5 


we 


0 


have an exact sequence 

(11.173) 0 —)• 7r2(l3^) —)• 7r2( Jn*) —)• tt^ —)• 

The map in the middle can be studied one sphere at a time, and for / : —>■ arbitrary, 

f* SL is a A,r 2 'torsor, so if one identifies the 2nd integral co-homology with values in Z(l) 
(=Z(27r-v/~l) which is canonically 7ri(S^)) with line bundles L then by the functoriality of both 
the isomorphism (11.172) and the exact sequence Ld.5 (albeit the latter involves a choice of 
connecting isomorphism up to ±1 but this can be done once and for all independently of the 
fibration) /, viewed as a functional on integral co-homology, goes to deg(/*L), from which the 
map in the middle is just the quotient of '7r2(.^i*) modulo torsion, i.e. 

(11.174) 7ri(=^) = 0, and, 7r2(lZ) = Tors(7r2(.^)) 

Again, to fix ideas, suppose that is a space T, then, plainly, = [T/A,r 2 ]) we can 


use the natural map (11.171) to form the classifying champ which by Ld.5 has the 
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same fundamental groups, (11.174), as T, and by construction it’s a locally constant gerbe in 


B^i^s over ^i. Now, quite generally by, (11.155) a locally constant gerbes in B^’s over is 
simply connected iff it’s given by a surjective map q : t Z. Consequently modulo 

equivalence, over 


(11.175) there is a unique simply connected gerbe in B^Zs, so, it’s necessarily [T/L^^^] 

In particular, by way of example, the so called “bad orbifolds” on S2=P1 with relatively prime 
signatures p, q at 0 and oo are simply connected with 7r2 —> Z(l), and enjoy the property that 
T = C^\{0} is a space, while the classifying champs of the actions 


(11.176) 


(X^x^X^y) (exp(q'/)ai,exp(p/)y) 

GmXT3{X,x,y) =1 T, Ga x T 3 {l,x,y) =4 T 

{^,y) {^,y) 


are the “bad orbifold” and its universal 2-cover respectively. 

Now the principle utility of this is when the torsor is a space so that descriptions such as (11.176) 


become a substitute for developability. Nevertheless, this construction continues to have sense 
even if is not a space, i.e. there is a well defined action on 3^, and continues to be of 
some utility since ^ is almost inevitably more space like than SXi. To see this, observe that 
the descent spectral sequence (I.95[), applied to A^rj, suggests 


(11.177) 


^ HI (Hornets(72i,A^,)) 


i.e. that the torsor is a continuous (normalised) co-cycle, AT : —)> A^^j, a.k.a. a descent datum 

for the torsor over the path fibration. There is, however, a subtlety, since, [Sto63, Theorem 
1], the path space may not be paracompact. Nevertheless, the moduli of is paracompact, 
so the pull-back of any torsor (under any Lie group) over X\ to any space trivialises over a 


cover with a locally finite refinement. On the other hand, by definition, I.d.2 a champ over 
SZ\ is a fibration iff it’s pull-back to any space is, so every torsor over is a fibration. As 
such, the pull-back to of any torsor over is a fibration over a contractible space, so it 


has a section, which justifies (11.177). Consequently the torsor, can be identified with the 
diagonal action 


{t(f),Kif)X) 

Ri X A.,r2 3 (/) A) ^ PX t SZ 

(s(/)A) 


(11.178) 

so, for example, a meaningful way to present SZ x A,r 2 ^ -ZZ m. spaces is 

W/),J 

(11.179) 


Rl X A^2 X A7r2 3 (/, A) X X =1 X Ajrj —t ^ 

W),^) 


with the projection of (11.178) —)• (11.179), i.e. SZ -3 \SZj given by the functor (/, A) 
(/, iL(/)“^); which remains meaningful for tT x L ^2 =4 iZ", to wit 


(11.180) 


Rl X Ljrj X A7r2 3 {f,l) X X ^ Pc^* X A,, 




Of course, if one prefers to take the reals in (11.171) so that is a torus in the topological 


rather than algebro-geometric sense, then absolutely nothing changes, and in either case there 
is an elegant variation on the Torelli map that yields the co-cycle K as soon as .2^ has an etale 
presentation in C^-maps with an atlas of opens in some M”. Under such hy pothe sis we can 
identify t:^{^i,G) with the complex De-Rham co-homology Hpj^(,^i). Now, I.e.2 arrows in 
Rl are the images of the space M of continuous maps -3 ^i with some extra data, (1.59), at 


the end points, and we can (via a Stieltjes integral) on choosing an orientation of integrate 
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2 -forms over such maps to get a pairing 


(11.181) 


MxAl{^i)^C:{f,uj)^ fuo 


llxl 


This pairing doesn’t quite descend to even for the restricted class of maps appearing 

in (1.59) since the integral of the differential, fi/3 of a 1-form, will be the difference of the 


integrals of /3 over the top and bottom sides of the square (1.59). This is, however, the Cech 


co-boundary in (11.177)- or more accurately in the previous sheet- of the integral of /? over 

C with values i 


Lt, 


paths. Consequently, if we choose a section h : 
closed forms then we get a map, 

(11.182) K : M -^ H^r(^i)^ — . 

Huerwicz 

and any other section differs by the co-boundary (defined via integration of the difference of 
sections) of some Hornets(P =^ 1 *, ^,^ 2 ). By definiti on, |I.e.7 R 2 is M modulo homotopies, and 
elements of are closed, so, by Stokes, (11.182) descends to a map from R 2 . In addition K 
is an integral, so it’s additive for the groupoid structure in R 2 , while by the discussion following 
(11.173) we know that (for an appropriate orientation of I^) it’s value on '7r2(=^i*) (identified 
with the stabiliser of * in R 2 ) is (independently of the section h since spheres are closed) its 
natural image in vr^, and whence we obtain the Torelli type formula 


(11.183) 


K : Ri^ f ^ / f*hiuj) 


Ip 


Let us clarify the context in which this may be employed by introducing 


II.g.2. Definition. Let n 2 be a 2-group described as in (II.l)-(IL2), then n 2 /tors, or I \!2 if 
there is no danger of confusion, is the sub, 11.a.6 2-group n2/(tors(7r2). In particular, the 
fundamental group is unchanged, and K'^ is just pushed forward along 7r2 —?■ 7r2/tors. 


With this in mind we can push Il.g.l to a description of 


11. g. 3. Example. .^ 2 /tors —)■ AA via torus extensions, with not jus t the hypothesis of Il.g.l 


but also H*(7ri,L7r2) = 0, i G {1)2}. With such suppositions, (11.171) gives a canonical (up to 
a sign) isomorphism 

(11.184) H2(7ri,A^J ^H3(7ri,7r') 

and whence to the 2-type vr' = (tti, vr^, fcg) of H^ we can associate a unique extension 

(11.185) 0 ^ ^ E ^ TTi ^ 0 

Unsurprisingly, therefore, our goal is to express the composition 

(11.186) 


for as per Il.g.l as a torsor under E. To this end observe that the reasoning post (11.177) 


is wholly general, i.e. for any Deligne-Mumford champ with paracomapet moduli, ^, and any 
Lie Group, G, 

(11.187) Hi(.r,G) (Hornets(i^o,^)) 

so, in a minor change of notation, we require to extend the co-cycle Ki : Ri -p A^rj of (11.173) 
to a co-cycle K : Rq ^ E. As such let K 2 : R 2 —t be the lifting of Ki to R 2 (or even 


just i? 2 /tors) then by the reasoning post ( H.173[ ), the restriction of K 2 to the stabiliser may 
be identified with the natural map 7r2 = tt 2 {^*) = 7r2(.^)/tors. In particular, therefore, 

the restriction of K 2 is equivariant for the action of vri, and whence by (11.177): for each u! € tti 
there is a function y,^ : P = P-P such that. 


^ 2 (AL-i (/))" = K 2 {f) + y^{h) -y^{a), a ^ b € R 2 
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(11.188) 


























Consequently, a direct application of the definition of in (11.105) implies that the function 


(11.189) (j)T,uj : P A,r2 : « Ar 2 (aa;-i,T-i (a))™ - y™(a) + Uria) + yw(r 

is constant on arrows in R 2 , thus, it is, in fact, a function from or better its moduli, so 
inter alia it’s a function from with (left) vri-action 

(11.190) TTi X Hom(,^i, L^2) ■ (‘^j (/>) e-)• {a I—)■ 


Combining this with the respective definitions, of the Postnikov class, |lLd.3 and the co-opposite 
isomorphism, (11.65), gives the identity 


(11.191) 


d{(l))a,T,Lj{a) = (co - op(P 3 ))((T, r,a;), a£ P 


of 3 co-cycles with values in Hom(=^i, L^j)- Now the hypothesised vanishing of H^(7ri,L7r2) 
allows us to write as the boundary of some co-chain, while the Hoschild-Serre 

spectral sequence yields an exact sequence 


(11.192) H0(7ri, Hit,( JTi, L^2)) ^ H2(7ri, Hornets(JTi, L^^)) ^ h2( J-, 


in which the groups on the left and right vanish by the paracompactness of and 3d respec¬ 
tively, so there are functions : 3d\ —?■ a; G tti such that for any a ^ P 


(11.193) ((co - op)0)T,d^ = (-0 + d{s*z))r,tj{a), (s, t) : Ri ^ P 


Amongst the various choices for applying co 
(t,uj) <-?’ (uj~^,T~^) while fixing a to obtain 


op to (11.193) we perform the substitution 


(11.194) =-K 2 {ar,uj{a)) + Xruj{a) - Xr{uja) - XujiaY, X^{a) := yuj--^{aT + z^-i{aT 

The group law in E can, of course, be written. 


(11.195) 


(e, r) • (/i, w) = (e -I- h’’" -I- e, h, G A^ 2 ) t,lo € tti 


from which the fact that s*z in (11.193) is equally t*z combines, in the notation of I.e.5, with 
( |II.188 ) to yield that 


(11.196) Ko:Ro^E:fi=fii^)^iKiih) + {s*x^)if),u;), fiGRucoGm 

is an P-valued co-cycle over 3do, which restricted to Pi is Ki, and pushed forward to vri just 


sends an arrow to its connected component, so the composition (11.186) has the structure of an 


P-torsor by way of the descent datum (11.196) 


All of which is considerably easier in practice, which will amount to: an atlas, U, of opens 
in some M” with quasi-finite etale gluing R ^ U along (P^-maps, and finite tti. Under the 
latter hypothesis all Q[7ri]-modules are acyclic, so we can suppose that the section h prior to 
(11.182) is TTi equivariant, so in (11.188) is identically zero for all a; G tti, while the Torelli 
description (11.183) of K as an integral implies that without loss of generality a 1 —?■ K{a-r^uj{a)) 
is independent of a G P, so we can take x^j in (11.196) to be zero too. In any case, since the 


conclusions of this section are preliminary in nature let us summarise them by way of 


II.g.4. Summary. Under the present hypothesis II.g.3 ,so, in particular those of Il.g.l the 2- 


type tt' modulo torsion determines, (11.185), a unique extension E. Similarly, there is a unique 
P-torsor, —>■ 3d^ (11.196), such that the classifying champ so understood as per 


(11.180) if 3^ is not a space- is the universal 2-cover 3^2- Equally useful, however, albeit with 


the same caveat if is not a space, 3^ itself is the classifying champ [=^(^/P]. 


Now let us apply this to an example which is common enough whether in algebraic geometry 
or the study of 4-manifolds, to wit a description of 
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II. g.5. Example. The full sub-category, of separated champ in Et 2 (^) when¬ 

ever ^ itself is separated with para-compact moduli, finite fundamental group, and torsion 
free 712 - Plainly the source of every 0-cell, ^ of Et 2 '^’’(.^) satisfies the hypothesis of 


II.g.3, so that our first task is to show that, qua champ rather than qua torsor, does not 


depend on where for convenience we’ll restrict our attention to ^ connected. Thanks to 
the factorisation (11.186) we may suppose that ^ is simply connected, while by II.b.2 'W ^ ^ 
factors as W 
in B 


—>■ ^ for ^ —)> a finite (since ^ is separated) locally constant gerbe 

s, so we get a short exact sequence 


(11.197) 


0 


TTo 


A, 


TT2(^) 


A, 


^2m 


0 


by virtue of the long exact sequent of a fibration, I.d.5, and the finiteness of vr^. By definition we 
have an action x ^ ^ [ again via (11.180) if is not a space), which by way of the 

quotient map in (11.197) yields an action x,"^ ^ ^ where by definition ^ 

is a A,r 2 (®^)'torsor; while —)> is a locally constant gerbe in ’s. 

Better still, again by the long exact sequence of a fibration, [^/is simply connected, 
and the natural map, vr 2 ([=;^ /^■W 2 {' 3 ^)\) 7ri( A^^(^ )) is an isomorphism; from which the former 

gives that is isomorphic to by II.f.4 and the 2-Galois correspondence |II.e.3l while 


the latter gives that —)• /A,r 2 (^)] = ^ is the torsor —>■ by (11.172) et sequel! 


We can now apply this to give a description of Et 2 *^’’(.;^) via extensions and actions on ^ 
which closely mimics Il.f.l or perhaps better II.f.2[ in which the mantra is that ^ plays the 
role of the universal cover. As such, for technical convenience (albeit that the general case is 
covered by (11.180) let us suppose that ^ \s a space, T, which is, in any case, the principle 
utility of this discussion. Consequently, we have a base object consisting of the pair (E, p) 
where E is the extension (11.185) deduced from the 2-type of and p : E ^ Aut(T) the 
representation assured by II.g.4 such that the resulting classifying champ [T/E] is isomorphic 
to In particular, the representable etale cover —)> corresponding to a sub-group 7r( of 


TTi = Tri{^) is just [T/E'] for E' = E x,ri and the factorisation q' ■. ^ W of II.b.2 


of the cell into a locally constant gerbe followed by a representable etale cover may, on writing 
A = k^^{^gpp be read -z.e. for E(g') the extension of II.g.4 defined by 1^, and everything else 


defined therein- from the diagram of exact rows and columns with tTq finite 


(11.198) 


'Jto 


A 


E' 


^ r'/vr' 




TTi 


0 


0 -)■ TTn -)• r' 


-)■ A -)• Eip^D -'/ri(g') -)• 0 


0 


Indeed, the inclusion E' ^ E affords not just an action E{q') x T ^ T, and w hence a 0- 
cell q' : [T/E{q')] —)■ [T/E] = ^ in Et 2 ^^(.^) but even the factorisation II.b.2 by way of 


[T/E(q')] —7- [T/E'] —)• [T/E] in which the former factor is a locally constant gerbe in Bp/’s. 
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Conversely, for q' ■. —)• JE” in we have a strictly commutative diagram 


(11.199) 


Tx^T^Tx E{q') 


TxT 


T X ^ T —> T X E 


for E{(^) ^ T the action assnred by II.g.4 and hence, by the fnnctoriality of fibre prodncts. 


a fnnctorial assignment q' i—?• E{q') fitting into a diagram (11.198) in which the notation is 
consistent with the more generally valid descriptions II.f.3 II.f.4 e.g. the 2-type q' encoded by 


the exact seqnence (11.149) is identically (11.198) read clockwise from top left to bottom right 


with the top right omitted, or, eqnivalently in the sense of crossed modnles, read anti-clockwise 
with the bottom left omitted. In any case, nnder onr initial hypothesis, the 2-category 
is eqnivalent to the 2-category, S’, in which: 

0 -cells are maps q' : E{q') —)• i? of extensions in which the toric map finite. 

1 -cells are pairs (/, rf)'. f : E{q') —)■ E{q'') a map of extensions; rj € E, and q" f = ■ 

2 -cells C : (/)^) nre elements E{q") snch that ^ = q'^Qv- 

Indeed, we have a 2-fnnctor S —)• : E{q') i—)• \T/E{q')\ which we’ve already observed 

is essentially snrjective on 0-cells. A priori [TT.e. 2 [ leaves open the possibility that there are more 
1 -cells in since these are 2-commntative diagrams 


( 11 . 200 ) 


[T X E{q') ^ T] 


[T X E{q") ^ T] 


q q" 

[TxE^T] 

so, more snccinctly: a 1 co-cycle ft : E{q') —)> }lom{T, E{q”)) for the iii(g')-action ft i—>■ /et, 
e G E{q') affording the fnnctor of the top row of ( II.200| ); and a continnons map gt '■ T ^ E 
affording the natnral transformation rj snch that we have the 2-commntativity condition 

(11.201) q''ft{e) = r]etq', t£T,e£ E{q') 

On the other hand, the image of g in E/E" — > tti / tt " mnst be constant, so we can write rjt = fi'/oj 
for some iii"-valned fnnction r)'/. Fnrthermore the space T is 2-connected, so ry" can a fortiori 
be lifted to an iii(g")-valned fnnction, r]'/ . Conseqnently we have a 2-cell rj'/ : {E,uj) ^ (ft^ilt) 
{^) where E is the fnnctor afforded by the co-cycle 


in Et^ 2 '‘’ 
( 11 . 202 ) 


E{q') ^ Rom{T,E{q")) : e ^ {rj'/t)-^ ft{e)rj'/ 


which by (11.201) pnshes forward to a constant map in Hom(T,E), so by (11.198) and the 
co-cycle condition, F is actnally a map of extensions E{q') —?• E{q") and onr 2-fnnctor S —)• 
is essentially snrjective on 1-cells. Finally, and plainly, 2-cells in Et 2 '^’’(,^) between 
1-cells where the nnderlying fnnctor is constant in t G T are themselves constant in t, so again 
by [Lei04, 1.5.13] we dednce that S —)• is an eqnivalence of 2-categories. 

II.h. The Postnikov class. The most expedient way to relate the Postnikov class as we’ve 


defined it in II.d.3 to the spectral seqnence (1.95) and the Hnerwicz theorem as enconntered in 
(11.168) and (11.169) is a more qnantitative version of II.d.5, i.e. 


Il.h.l. Fact. - cf. 11.f.3- Let Rq ^ P be the path groupoid of a pointed champ which itself 
is an etale fibration over a 1-connected and locally 2-connected champ with separated moduli, 
then the universal cover R ^ Rq admits a product 0 : R Xp R ^ R lifting the composition in 
Rq such that for • : Tr 2 {t^*) xR^ R the left (or indeed right since 7r2 = 7ri(i?i) is commutative) 
torsor structure, and tt 2 identified to the stabiliser 112 x P of the connected component of the 
identity, i.e. R 2 , 
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(a) ( 8 >|_R 2 is composition in R 2 , and lifts composition in Rq. 


(b) S®f = S»f;f0 S = f» F^{f), S G 7 r 2 , f € R Xrq Rq - notation as per (1.63). 

(c) h® {g ® f) = K‘i{a, r, oj) • {{h ® g) ® /}, where h, g, f are in the fibre of R ^ Rq over 
the connected components Rq, Rfi, and Rq respectively; a,T,u! G 7 ri(<^). 

In particular since we can, and do, always work with normalised co-cycles, associativity holds 
whenever any of h,g or f in (c) belong to R 2 . 


Proof. Just apply the construction (11.125) &: (11.126) of the proof of II.e .8 with R = R' in the 
notation of op. cit. □ 


The principle utility of II.h.l| is to allow us to organise the obvious calculation, 

II. h. 2. Fact. Let 21^, be a (pointed) champ, which itself is an etale fibration over a 1-connected 
and locally 2-connected champ with separated moduli, with Z a locally constant sheaf of abelian 
groups on 21, then for Tip = 7rp(2fi) the transgression 

(11.203) 4^ : Hom^,(7r2,Z) ^ 

in the 3rd sheet of the Hoschild-Serre spectral sequence, or, equivalently, the transgression d}f^ 


in the 2nd sheet of the spectral sequence (1.95) is given by HouLttj ( 7 r 2 , Z) 9 (/>!—>■ 


Proof. We do the d^’^ term in the spectral sequence (1.95) since it’s philosophically more con¬ 


sistent with our use of the path fibration. As such, to begin with we have, in the notation of 

R ^ 


Il.h.l a commutative diagram 

(11.204) 


Ro ^ 


R X p R 


Ro xp Ro 


where the bottom horizontal arrows are the 2 -projections and composition while those on the 
top are again projections along with the lifting ( 8 ) of composition. Now, the group 7 r 2 x 7 r 2 acts 
faithfully and transitively on R Xp Rhy way of, 

(11.205) {T,S)x{g,f)e^{Tg,Sf) 

for (S', /) I— )• Sf the faithful and transitive action of 7 r 2 on R itself. These actions afford 
unique isomorphisms of the fundamental group of any connected component of Rq, respectively 
Ro Xp Rq with 7 r 2 , respectively 7 r 2 x 7 r 2 , and whence maps 

(11.206) Vr2 X TTi 


7r2 X 7r2 X TTi X TTi 


corresponding to ttq of the 3-maps in (11.204), which for g and / of (11.205) belonging to the 


components indexed by r, respectively ui, in tti are 

(11.207) (r,s)^r, (r,s)^s^, (r,s)^r + s^ 


Consequently, for some suitable labelling Pi, 1 < i < 3 of the bottom horizontal maps in 11.204 
(ps)* = (pi)* + (P 2 )*, and the next thing to look at is a diagram 


(11.208) 


U xsU ^ 

U G 


V xxV 

a 

V := {pifU XX {P2yu XX {poTU 


X 


88 

























where S and X are connected, U/S is the universal cover, and the maps (pi)* of the bottom 


3-horizontal arrows, pi, on fundamental groups satisfy the aforesaid relation implied by (11.207) 
As such, a convenient identification of V is as the quotient 

(11.209) y X 7r^(5)/(x,7j) ~ (x‘^, (pj)*(a;)7i), w G 7ri(X) 

for Y/X the universal cover, while an equally convenient representation of y Xx ^ is 

(11.210) y X 7r?(5) X 7ri(S')^/(x,7i,7') ~ (x^, (pi)*(a;)7i, (pi)*(a;)7'), a; G 7ri(A) 


Consequently, if we identify vro(y) with TTiiS) by way of (ps)* in (11.209) then the (Cech) 


differential of the identity in Hom(t/ Xs U,tti{S)) = Hom(7ri(S'), 7ri(5)) with respect to the 
top 3-horizontal maps in ( II.208| ) is by ( II.209| ) and ( |II.210 ) the differential of the identity in 
Hom(y,7ri(S')) with respect to the upper right verticals in (11.208). At which point, it’s a little 
more delicate since the relevant diagram is. 


V 


n 


l<i<6 

Rqx. pRo>i pRo 


(qiTR 


( 11 . 211 ) 


R G 


R X p R G 


Ro ^ 


Ro Xp Ro G 


R X p R X p R 


Ro Xp Ro Xp Rq 


where the qi are a repetition free list of the 6 maps from among the 12-maps obtained from 
composing the bottom right with the bottom left of the diagram, and we again use (8>, where 
appropriate, to lift the 4 arrows on the bottom right to the middle 4, so there are 7 repetition 


free compositions from middle right to middle left because of the non-associativity Il.h.l (c). 
In this situation a better model for V is the fibre product of the leftmost vertical with the lower 
middle vertical followed by composition, which can be written as 

(11.212) V = {v = {g,f,S{g®f))}YRxpRxR, 5 G vra 
while a similar model for the top right hand corner is 

(11.213) {h,g,f,Si{h®g),S2{g®f),S3{h®{g®f)))GRxpRxpRxR^, (5^) G vr^ 

As such, the aforesaid intermediary transgression of the identity in Hom(7r2,7r2) is, regardless 
of the connected component oi Ro Xp Ro the map x i—)• S' in the notation of (11.212) and its 


differential with respect to the 4 top most maps in (11.211) is exactly the difference between 
h 0 (g 0 f) and (h (g) p) (g) /), i.e. K 3 by Il.h.l (c). 


□ 


This spectral sequence interpretation can be a rather efficient way to calculate the invariants 
that we’ve encountered in II.f.3, II.f.4[ and [Il.g.'S as illustrated by 


II.h.3. Example. The 2-category Et 2 (.^) whenever is an etale fibration over a complex 
1-dimensional orbifold. In the particular case that ^ is an etale fibration over an orbifold 
with —00 < x(^) < 0, orbifold uniformisation gives that is uniformised by the disc. A, should 
the Euler characteristic be strictly negative, and by the complex plane C otherwise. As such 
is a K(7r, 1), and a fortiori so is ^. Consequently this case is exhaustively described in purely 
group theoretic terms by II.f.2 albeit that we can usefully add that the conformal structure 
on ^ is inherited from that of the universal cover because the representations of op. cit. are 
not arbitrary topological automorphisms but conformal ones. The remaining simply connected 
or bifolds are therefore parabolic, i.e. their Euler-characteristic is positive, and are classifying 
champs [T/Gm] for T = C^\0 with action as per (11.176), so Pc if p = q = 1 , tear-drops if 


p = 1, g > 1, and american footballs otherwise. In particular, just as the actions in the previous 
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case were conformal, the representations of II.g.5 in the automorphism group of T are algebraic, 


i.e. GL 2 (C). In any case, by the long-exact sequen ce of a f ibration, I.d.5, any parabolic orbifold 
has (canonically since everything is conformal cf. (11.173 ) et s eq.) 7r2 —>• Z(l), while any etale 
fibration over the same must have 7r2 ^ ^(1) or 0 by 


II.f.4 


At least for separated champs, 
therefore, we’re in the situation of II.g.5| Several further simplifications are, however, possible. 
In the first place is generated by a conformal mapping (z i—>■ lifts to a map ^ of 

a simply connected orbifold), while the orbifold fundamental group acts by conformal mappings 
of finite order, so the action of vri on 7r2 is trivial. Secondly, the integral co-homology of an 
orbifold can be easily computed from the Leray spectral sequence, 

(11.214) ff(|^|,iiV*Z(l)) ^ ff+^(^,Z(l)) 

of its moduli map /r : ^ In the case at hand |^| —)> P^, and we have some finite (actually 

at most 3) non-scheme like points on with local cyclic monodromies of order G N at points 
Pfc : pt P^, so for j > 0, 


(11.215) 


iiV*Z(l) = 


IJfc(pfc)*Zi/nfc, i even, 
0 i odd 


since, [Bro82j[VI.9.2], cyclic groups have 2-periodic co-homology, and whence. 


(11.216) 


H" 


P,Z(1)) = 


, n > 4 even, 


0 n odd 

Combining this with the Hoschild-Serre spectral sequence and [irkT] gives an exact sequence 


(11.217) 


0 —)■ Tors(Pic 


Pic(^) ^ Pic(^i) (= Z) -^H^(7ri(^),Z(l)) ^0 


and, of course, (11.214), describes the Picard group by way of 
(11.218) 0 ^ Pic(l^l) (= Z) ^ Pic(^) ^ ]JZ/nfc 


from which the middle map in (11.217) is surjective if is cyclic, or a dihedral group 


D 2 n with n odd, and of index 2 otherwise, i.e. D 2 n, n even, tetrahedral, T, octahedral, O, 
or icosahedral I. Consequently, in the former cases H^(7ri,Z(l)) vanishes, and in the notation 


of II.f.3 and II.f.4 by (11.151) & (11.162), associated to the exact sequence (11.149) there is a 
non-unique extension E' of 7r( by P' fitting into a diagram 

0 0 0 


0 -)• 7r2 -7- P' -)• /t^2 -^ 0 


(11.219) 


-)> TTn 


central 


> E' -^ 7ri(g') 


-G 0 




VT 


0 


vr 


0 


If we can compare this with (11.198), then the key difference is that given the exact sequence 


(11.149) the extension E{q') of op. cit. is unique up to isomorphism but the map q' can vary, 
whereas in (11.219) E' is non-unique but once it is fixed q' cannot vary. Now modulo the 

90 















































distinction (11.54) between equivalence in monoidal as opposed to 2-categories, the respective 


ways of varying the respective diagram are principal homogeneous spaces under H^(7r^,7r2). 
This suggests that if we dehne a 2-category S’ with 


0 -cells diagrams of the form (11.219), equivalently: extensions, E'^ by a cyclic group- tt^- 
of an extension- vri(gr')- of tt^. 

1 -cells pairs (/, rj) where f \ E' ^ E" is a map of extensions of extensions; r] € tti 
q”f = Inn^g'. 

2 -cells C : (/)h) elements of E” such that ^ = q”{C)'n- 

then we ought, and in fact do, have 

II.h.4. Fact. cf. [BN06j[§9.1] If tti is cyclic (whence G\ is arbitrary), or T) 2 n, n-odd (so 
—> PpJ then we have an an equivalence of 2-categories via the 2-functor S' —>■ S, for S of 

, given on 0-cells by 


II.g. 5 the 2-category equivalent to 


( 11 . 220 ) 


E' ^ {GmWE' ^E:=G^ 


X TTl 


Proof. The co-homology of hnite groups is torsion, and for any G N 


( 11 . 221 ) 


H2(G,Z(1)/£) ^ H2(G,G^) 4 H2(G,G, 


is exact for any group G. Consequently the source of any 0-cell q' in S comes from an extension 

= 0 its sink is the trivial extension E of (11.220). Better 


of the form (11.219), and since 
still the 0-cells on either side of ( |II.220 ) are, as we’ve said, principal homogeneous spaces under 
H^(7r(,7r2), and while a simple diagram chase shows that these homogeneous space structures 
are compatible, the tt'- are hnite so by counting the 2-functor (11.220) is essentially surjective 
on 0-cells. As to the 1-cells, if we examine the proof of the equivalence of S and Etn^^ 


m 


II.g.5, then we can take the uj post (11.201) to belong to any section of the map E —>■ tti of the 


base extension to the base fundamental group. In general such a section is no better than set 
theoretic, but in the present case E is split, so in the dehnition of the 1-cells, (/,?/) of S we 
can suppose that / is a map of extensions / : E(q') —)• E{q") and r/ G tti. As ever, in principle, 
there may be more 1-cells in S than S' since the map /- notation as in II.g.5 - is synonymous 
with a 1 co-chain : 'Ki{q') —)• A.n- 2 (g//) whose differential is {ftone)*K‘i{q') — {fi)*K'i{q') upon 
identifying the respective Postnikov classes with torus valued 2 co-cycles. We have, however, 
the commutativity condition Inn^^g' = q"f, so the image of if must take values in the kernel 


of A.„- 2 (,j//) —7- Attj, he. Tr'f, and whence (11.220) is also essentially surjective on 1-cells. Finally, 


the pre-image of 1 x 7r( C E in say E{q'') is E" by construction, so yet another application of 
[Lei04, 1.5.13] gives an equivalence of 2-categories. □ 


In the remaining cases Si —> so tti = 'Ki{S) is a sub-group of PGL 2 (C), and we have 2:1 

liftings, Tif := Tr(({S) —)■ 7ri(i^), to subgroups of SL 2 (C), he. the binary-dihedral group D^, 
albeit n even, the binary tetrahedral group, T"*", the binary octahedral group, O"*", and the 
binary icosahedral group I'*'. As such, the tautological bundle on admits a descent datum 


for 7 r((, so that by (11.217) the Postnikov classes ks G Z/2 trivialise on pull-back and the base 
of the 2-category S, or better Sg is the extension 


(11.222) E^ = G™X7r4^)/(-l,-l) 

where, of course, 6 itself is the classifying champ [T/E^j under the action given by sending 
Gm to a diagonal matrix and irf to the aforesaid representation in SL 2 (C). Now, despite the 
fact that all that is at stake is ±1, this case is quite different from [IT7h.4| There is, however, 
an intermediate sub-case corresponding to champs whose universal cover is a locally constant 
gerbe over Pc of odd degree, i.e. the classifying champ of the action (^II.176| for p = q ode. 
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In this situation the 2-type of the pointed stabiliser, (11.148), is (vr^, tt^, 0) for vr^ an odd cyclic 
group. Consequently, corresponding to the exact sequence (11.149) there is again a diagram 


exactly as per (11.219), and a 2-category defined in exactly the same way as of II.h.4 
except that we insist that tt^ is odd. There is also a 2-functor S = but its definition 

is a little more complicated, to wit: start with an extension, E', or more correctly a diagram 


(11.219) and form the toric extension 


(11.223) 


E+ := 


^TTl 1 


tt; = 


GmjJiE' 


'TTl 


which, from E' —>■ tt[ in (11.219), also comes equipped with a map q~^ : E~^ —)> Gm X 7 r(^. Further, 


from say the first description in (11.223), the central element —1 in lifts to a central element 


of order 2 in E~^, while the 2 -torsion element in the torus (which, by the way, is not in since 
this is odd) is also centr al. As such, we get an order 2-element (-1,-1) G E~^ which goes to 
the element (— 1 , — 1 ) of ( 11 . 222 ) under q~^ since has odd degree, so, in total, a “flip”: 


E+/G, 


X ttV 


(11.224) 


Gm Ott' E /Gm X TTi — — — — — s- E^q'') j Eff 


Consequently, and slightly less trivially than II.h.4 we obtain 


II.h.5. Fact. Let 6 be an orbifold other than those of II.h.4 be. [P^/G] for G any of D 2 n, 


n even, T, O or 1, and Et 2 ^^(^)odd the full sub 2-category o/Et 2 ^^(^) whose universal cover 
is a locally constant gerbe over in odd (and necessarily cyclic) groups, then the 2-functor 


<dd 


Et 2 ^^(^)odd envisaged by (11.224) II.g.5 is an equivalence of 2-categories. 


Proof. As per the proof of II.h.4 we get essential surjectivity on 0-cells by the simple expedient 
that H^( 7 r(, 7 r 2 ) is a finite group. As to the 1-cells, we need to choose a section of tt(~ —)• tti 
even to define the 2-functor at this level. Such a choice in turn defines a section of E —?■ tti via 


(11.222), and as we’ve said in the proof of II.h.4 the a; post (11.201) can be taken to belong to 


any section of the map E —)• vri, so, obviously, we insist that this is the choice we’ve just made. 
Now plainly a map / : E{q') —)• E{q") in the definition of a 1-cell of (P affords a unique lifting 
/■•■ : E(g')+ —)• E(g")+, since E{q')~^ = E{q') x e (Gm x and similarly for E(q”). As before 
such a map is synonymous with a 1 co-chain, ■ 0 , with differential (/toric)*E 3 ( 0 ) — (fi)*K'i(q'), 
albeit here 0 is a priori from 7 ri( 0 )^ := 'Ki{q') Xj^ Trf to Gm rather than 7 ri(q'). Nevertheless, 
the commutativity condition Imi^q' = q”f forces 0 to be -k'^ valued, and to be 0 on —1 G nf, 
which combined with the fact that its differential is pulled back from 7 ri(g')^ implies that 0 
itself is the pull back of a valued vri( 0 ) co-chain, and we have essential surjectivity on 1 -cells. 
Finally, on 2-cells, we again make use of our choice of section to define the functor, and whence 
the pre-image in E(q") of elements of our section tti E are exactly the image of 2-cells in 
'^odd> we’re done by [Lei04, 1.5.13]. □ 


Arguably, we already knew this from II.f.3 albeit the difference between the 2-functors in II.h.4 


and II.h.5 in going from the diagram (11.219) to the Torelli description II.g.5 is instructive. 
Evidently, several remaining cases can be described via |II.h.4 or II.h.5 since it suffices that 


the 2-type of the pointed stabiliser, (11.148), is ( 7 rj, 7 r 2 , 0 ) which is usually the case if vrj 0 vri. 


Otherwise, however, the Postnikov invariant, /cg = —1 G Z/2, and such a simple description 
is not possible. More precisely, by definition the diagram (11.219) does not exist. We can, of 
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course, make a diagram 


0 


0 


(11.225) 


0 - > 7r2 -)• r' 


/ central 
TTo -> 


r'/vT^ 


7ri(g')+ := 7ri{q') irf 
Qi 

= := A Xvn T^t 


0 


0 


q' 

W)+ 


0 0 

since the Postnikov class of the or bifold pulls back to trivial over nf. The number of such 
diagrams is, however, insufficient to yield all the 0-cells in Et 2 *^’’(^). Indeed, much as per 
(II.214)-(II.217), Leray for [IPc/vrj*“] —)> respectively B^+ —)• 6,^^, yields H^(7rj*",Z(l)) = 0, 

respectively H^(7r(*',Z(l)) —)■ H^(7ri,Z(l)), so for tt[ = vri and vr^ even we have an exact 
sequence 

(11.226) 


0 —)• Z/2 —)• H^(7ri,7r2) —^ , 7 ^ 2 ) —)• 0 


while the isomorphism class of diagrams (11.225) are only a principal homogeneous space under 
H^(7r^, vr^), i.e. half as many as there are 0-cells in Et 2 ^’’(^) with fixed pointed stabiliser. 
This may be explained by observing that while Z/2 C (ttO'*' can not by definition be lifted to 
a normal sub-group of order 2 in E~^ of (11.225), this does not exclude the existence of such 
sub-groups in E"*" Gm, and, even two such since by (11.162) there are many cases where 


there are 2-possibilities for the Postnikov invariant of 0-cells notwithstanding that the exact 


sequence (11.149) is fixed. As such, the right objects for expressing 0-cells in the remaining 


cases in finite group terms are something like pairs 

(11.227) (E+ IIT4^4xZ{1)/2,G) 

for G a normal sub-group of order 2 of the push out of E~^. Plainly, however, apart from 
illustrating that this is the wrong way to describe Et 2 '^’’(^), such a description adds nothing to 


what we already know from II.f.3 and II.g.5 so we ignore it. 
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III. Pro-2-Galois theory 


III.a. Flavours and coverings. Even if we were to attempt to axiomatise the situation, the 
1-Galois axiomatisation of [SGA-I, V.4] doesn’t seem appropriate, since the more fundamental 
idea are “a site with enough points”, and, “local connectedness”, albeit this latter condition can. 


III.i. 11 be dispensed with. As such we’ll proceed as follows: 


Ill.a.l. Flavours, 
dehnition. III.a.2 


Our principle interest is the 2-category Et 2 (=^) of champ proper (so by 
separated and quasi-compact) and etale over a given connected (but not 
necessarily separated) algebraic (Deligne-Mumford by dehnition) champ . As such the 0- 
cells q ‘3^ ^ ^ are proper etale maps, while the 1 and 2-cells are exactly as per ( II.117| ) in 
On the other hand, we essentially only ever use the fact- 


II.e.2 


III.a.3- that for some atlas 


U —>■ the hbre of q is equivalent to U for a hnite groupoid. Consequently, one might 

be tempted to say ^ a champ over an arbitrary site, but, as we’ve said, one needs enough 
points and, in the hrst instance in order to considerably ease the exposition, we’ll suppose 
locally connected until otherwise stated, i.e. Ill.i Whence, if one takes the dehnition of 0-cells 


to be that they are locally products with a hnite groupoid (which for brevity we’ll refer to as 
hnite coverings, or just covering if there is no danger of ambiguity) then the ensuing “pro-hnite 
theory” will be valid in some considerable generality, e.g. we don’t suppose ^ separated, 
equally not necessarily separated formal (in the obvious sense implied by |McQ02|) Deligne- 
Mumford champ work too, as do not necessarily separated topological champs. Consequently, 
unless specihed otherwise, ^ is any of the above (hnite) havours. Subsequently, however, Ill.i 


we’ll investigate the situation where is simply a discrete groupoid, which again although valid 
in some generality, needs connectedness hypothesis which are topologically wholly reasonable, 
but algebraically extremely rare. Irrespectively, the 1-category with objects 0-cells of Et 2 (=^), 
and arrows 1-cells of the same modulo equivalence will be denoted Eti(.^), which, of course, 
is exactly the original dehnition, I.g.l[ of the latter. 


In the algebraic setting it’s appropriate to tweak the dehnition of proper a little so it more 
closely mimics that of hbrations, |I.d.2 


i.e. 


III.a.2. Definition. A separated quasi-compact map p : (o ^ ^ of Deligne-Mumford champs 
will be called proper (or valued proper if there is any danger of confusion) if for any map 
/ : Spec(i?) —>■ ^ from a valuation ring such that there is a lifting p : fx /k over the 
generic point K of R then there is a map F : Spec{R) S along with natural transformations 
^ ■ Jk ^ Fk^ ct : / =► pF such that the diagram 


(III.l) 


Ik 

_ y K" 

pIk pg > pPk 


commutes. In particular, therefore, the dehnition is closed under base change, and a proper 
map in this sense is universally closed by [EGA-II, 7.3.8]. 


As such, the only difference with the usual dehnition is that we don’t insist on hnite type, whose 
intervention we prefer to note explicitly. For example, let us observe that for q : 3^ ^ & 

map of not necessarily separated algebraic champ 


III.a.3. Remark. Etale proper (sense of III.a.2) and hnite type is equivalent to having a local 
hbre U for some etale atlas U ^ ^ with ^ a (hnite) groupoid. By way of II.b.4 we already 
have such an equivalence for proper etale maps in the topological case, and plainly, such a 
local description of the hbres implies that q is etale and proper, so the issue is the converse. 
This follows, however, with exactly the same proof as in the topological case {i.e. the easy 

94 





















proper one II.b.4 rather than the more difficult II.b.8) provided one knows the representable 
case, which in turn is an immediate consequence of [EGA-IV.4, 17.4.1.2] and 


III.a.4. Fact. A quasi finite algebraic space X/S of finite type over an affine S = Spec(A) is 
finite iff it is proper. 


Proof. The if direction is trivial, and otherwise we need Zariski’s lemma that X/S factors as 
an open embedding X ^ X' oi some finite X'/S, which is basically a special case of [LMBOO, 
16.5]. However, op. cit. uses [EGA-IV.3, 8.12.6] instead of |Ray70, §4, Thm. 1], i.e. they only 
get finite presentation instead of finite type, cf. ]Mil80, 1.8]. Given this we can suppose X and 
S connected, and since X'/S is proper, X/S proper in the sense of III.a.2 implies X ^ X' 
proper in the same sense, so it’s closed by [EGA-II, 7.3.8], and whence A' = X. □ 


Related to this are a priori competing definitions of etale, i.e. net, flat and finite type, cf. 
|Ray70, §1, Def. 2], or ]Mil80, §3], versus net, flat and finite presentation, cf. [EGA-IV.4, 
17.3.1], which are a postiori equivalent for the same reasons, i.e. Raynaud’s version of Zariski’s 
lemma, cf. ]Mil80, 3.14-3.16], and the fact, [EGA-IV.4, 17.4.1.2], that net implies locally quasi- 
finite. 


In the same vein let us illustrate the modus operand!, and clear up a minor point at the same 
time, viz: 

III.a.5. Remark. For any 1-cell, (/,??) in Et 2 (i^), 


(III.2) ^^ 



f is itself a finite covering. In the algebraic flavour if one were to have recourse to the etale 
and proper definition then even with III.a.2 one needs a 2-diagram chase to get proper, net is 
trivial, while flatness needs q' faithfully flat, which is true by III.a.4 If, however, one uses the 
definition of covering directly then it’s trivial. 


Similarly, a direct appeal to the definition of covering implies 

III. a.6. Fact. Let q : '3^ ^ be a covering, then there a factorisation 3^ ^ ^ ^ into 

a locally constant gerbe followed by a representable covering, with uniqueness exactly as per 
(11.72)-(11.75); whence, since we’re supposing connected, the fibres of p are isomorphic to 
some fixed group Bp and the cardinality of the fibres of r is constant. 


Proof. One argues (in fact more easily since we’re taking covering as a given) as in II.b.2 using 
the diagram (11.70). □ 


Ill.b. The fibre functor. Observe that in any of the above flavours 

Ill.b.l. Claim. For q, q', q" 0-cells in Ei2{3P), and F' = : q' q, F” = {f",f") : q” ^ q 

1-cells the fibre product (understood in the 2-category sense A.i.l) q' Xq q” exists, or is empty. 
Indeed if the sources of q, q', q" are 3L, 3L', 3L" respectively, and a : f’g' f'g" form a 
(2-commutative) fibre square 

3^' x^3L'' -> 3L'' 


(III.3) 


/" 


3L' 


r 


■> 3L 
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in champ, then in Et 2 (^) the (albeit “a” is much more accurate) hbre product is given by: the 
0-cell q'g', 1-cells G' = {g',1), G" = {g",{{g")*i'')~^q*{(y){g')*^'), and 2-cell cj; provided it is 
non-empty. 

Proof. Obviously this is just a diagram chase, so a sufficiently large piece of paper is all that’s 
required. Nevertheless, there is something to be checked here, since q'g' and q"g" are not a 
priori equivalent, so we’re making a choice which we claim doesn’t matter a postiori. □ 


Now quite generally, and regardless of the flavour, for any map of ,^-champs / : '3^' 
have a hbre square 




we 


(III.4) 




r 


X 

^=r/ 






/xl 


-)■ ^ X ^ 


so the graph, Tf, is representable. Usually, however, it fails to be an embedding. Indeed, the 
following sufficient condition is to all intents and purposes necessary 


III.b.2. Fact. The graphTf in (III.4) is an embedding if 31 is representable and separated. 


Proof. The diagonal in the bottom row of (III.4) is an embedding iff 3^ 
and separated. 


is representable 

□ 


Now just as the dehnition of hbre products, A.i.l in 2-categories is rather different from that 
in 1-categories so too is the dehnition of equalisers, viz: 


III.b.3. Definition. Let f,g : 3^ 
invertible, then an equaliser 

(III.5) 


31 " be 1-cells in a 2-category in which all 2-cells are 


A 31^31" 

f 


of the pair (/, g) is a 1-cell e : 3^' — )• 3^ and a 2-cell e : fe ^ ge with the following universal 
property: if /i : T —is a 1-cell such that 0 : fh ^ gh for some 2-cell then there is a 1-cell 
t : T ^ 3/^' and a 2-cell t : h ^ et such that we have a commutative diagram 


(III.6) 


fh 


^gf 


f*T 


V 

fet- 


9*T 




get 

and for (s, a) any another such pair there is a unique 2-cell : t ^ s such that a = (e*^)r. 


As ever, the unicity of the 2-cell ^ in III.b.3 implies that the source 3^' is unique up to equiva¬ 
lence. Similarly, one can go from hbre products to equalisers by way of a hbre square 

3I' -^ 31 


(III.7) 


3r X 


III.b.2 


applies, i.e. q" 


Consequently, equalisers will fail to be embeddings in Et 2 (=^) unless 
31 " ^ \s representable, e.g. for any 0-cell q \ 31 ^ ^ even the equaliser of the identity 

with itself fails to be an embedding if q isn’t representable. All of which is the primary difficulty 
in establishing the pro-represent ability of 
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III.b.4. Definition, the (or more correctly a) fibre functor is the 2-functor Et 2 (^) —)• Grpd 
given on 0-cells by, 

(III.8) 

for some point * : pt —)• where pt is understood to be Spec(i^) for K an algebraically (or 

even just separably) closed field in the algebraic flavour. 


Indeed the goal of [SGA-I, V.4] is the abstraction of Galois theory per se, and uses heavily, 
[FGA-II, expose 195, §3], that equalisers are embeddings. In our ad-hoc flavoured presentation 
however, the salient point is rather mundane, i.e. 

III.b.5. Fact. Irrespective of the flavour, every point, : pt —>■ of every 0-cell q ^ 

is contained in a unique connected component. Similarly, if W is connected then the equaliser 
of any pair of maps to a representable 0-cell is either empty or W itself. 


Proof. Suppose otherwise, then in (III.3) we can take '3^' —>■ 3^, 3/" W to be open and closed 


embeddings through which (up to equivalence) factors. Consequently the fibre product of 
op. cit. is non-empty, and an open and closed embedding in say 3/' by base change, whence 
3/^' = 3/^". As to the similarly, the equaliser in the representable case is again an open and 
closed embedding by (III.7) so if it’s non-empty it must be everything. □ 


Now to apply this to the pro-represent ability of the fibre functor in Eti(.^) rather than Et 2 (.^) 
is straightforward. One first chooses a set (which is plainly possible in the pro-finite setting, but, 
I.i.5 is equally true more generally) of representatives of connected representable 0-cells, and 
similarly for each connected cell q '. 31 ^ make a further choice of a set of representatives 


of the moduli q ^(*), 


immediately post II.e.3 


i.e. of pairs (*^ : pt —>■ 31, f), 
Consequently we have a set. 


: * q{*-), modulo equivalence- cf. 

, of such triples {qi,*i,fi) which we 
partially order according to the relation i > j if there exists a 1-cell Fji := {fji,iji) '. qi —)• qj 
in Et 2 (.^) and a natural transformation Qi : *j 
diagram 


fji{*i) such that we have a commutative 


(III.9) 






As such for any 0-cell q, we get a 2-commutative diagram 


(III.IO) 


Horn 


Et2{sr) 




—-—^ Horn 


EtaCJT) 


{Qi,q) 





q ^(*) 


in which everything is a groupoid, so on taking moduli (III.IO) commutes and on restricting 
our attention to representable cells we obtain 


III.b.6. Fact. The moduli of the fibre functor Eti(.^) —> Ens, is pro-representable. More 
precisely for T the above partially ordered set with the further proviso that qi is representable 
we have an isomorphism 

(III.11) l^Homj 5 ^^(^^(gi,g) \q~^{*)\ : ^ {yi{*i),Vi{*i)4>i) 

i 
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Proof. This is just [FGA-II, expose 195, §3] written out ad hoc- surjectivity is the first part of 
|III.b.5[ while, the more subtle injectivity is where we use representability via the similarly part 
of op. cit. since (III.9) and the interchange rule guarantee a non-empty equaliser. □ 


Now while we’re busy adapting/plagiarising [SGA-I, exposee V], it’s opportune to recall 

III.b.7. Fact. Let q' : W 2L be a representable 0-cell with connected, then there is a 
1-cell q ^ q' such that q is representable and Galois, i.e. for any 1-cells F, G : q" ^ q, there is 
an automorphism A : q ^ q such that we have a 2-commutative diagram 



(III.12) 

Proof. We can simultaneously avoid plagiarism, and do something useful by proving this in a 
way that avoids recourse to the finiteness of the fibres. To this end following [SGA-I, V.4.g] let 
J be a set of representatives of the fibre, and the source of the J-foId fibre product {q'Y 

in Et 2 (.^) - so, in general, we need fibre products up to the cardinality of J- and q-. 'W ^ SL 
the candidate of op. cit. for a Galois object, i.e. the connected component of the moduli of 

projection composed with ef. 


Ill.b.l 


j(j£j) mapping to .3F by some, but not necessarily any, cf. 

Now any other point of the fibre of over * is equivalent to some and whose moduli 

we denote by , where a : J ^ J is injective- otherwise 2-distinct projections would have a 
non-empty equaliser to a representable cell- so certainly, [SGA-I, V.4], s is an isomorphism if 
J is finite. It is however, a permutation in general, since if we consider the fibre product 

f ^ 


(III.13) 








3 

i.e. 


of r, and by the choice of 


then the projections, pj, j G J, of to furnish sections, s 
there is exactly one such section for every point of the fibre, 

(III.14) n ^ ^ J sj{y) 

3&J 

is an isomorphism. By construction, however, the value of Sj in is cr(j), and since by the 
definition of fibre products is naturally isomorphic to J, cr is a permutation of J. As 
such there is a 1-cell : {(fY Et 2 (.^) (but possibly not in Gham ps) arising from 

permutation by a which sends j[j£j) to <y{j){j^j) (as opposed to to *' which is all that 
can be guaranteed in Champs). Now certainly by III.b.5 this restricts to an automorphism 
of 1 ^, which by construction is in fact an automorphism of q. Better still, however, if 1-cells 
F,G : q" ^ q are given, then by the simple expedient of choosing a point, y, in the fibre of q” 
we find a permutation of J such that Aa-G{y) and F{y) are equivalent points of q~^ (*), whe nce 

and 


their equaliser in Et 2 (.^) is non-empty while q is manifestly representable, so by 


the definition III.b.3 we get the 2-commutative diagram (III.12). 


III.b.5 


□ 


As such, from |III.b.6| and |III.b.7 or their proofs we obtain 

III.b.8. Summary, (a) The set I* of III.b.6 can be simplified to a set of representatives of 
isomorphism classes of (representable) Galois objects, qi, in albeit for ea ch i w e 

continue to choose a point in the fibre qf^i*) so as to afford the isomorphism (III.11). 

(b) For each Galois object q^, the isomorphism ( III.11| ) affords an isomorphism 

(III.15) 
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which for i > j form a commutative diagram with left hand side a map of groups 

(III.16) 


Aut 


Eti(^)Wj 


{qj) —^ qj\*) 


(c) In particular both sides of (III. 11) are naturally principal homogeneous spaces under the 


pro-finite (resp. pro-discrete, III.i.5, in the envisaged, Ill.a.l extension of the pro-finite theory) 


group 7ri(.^) := ^m ^ defined via (III.16), and (III.ll) is actually an isomorphism 

of functors with values in Ens 7 rj(^^), i-e. sets with continuous 7ri( j?i(f)-action. 

III.c. 2-Galois cells. Clearly we have done nothing so far except tweak [SGA-I, V.4-V.5] here 
and there without even arriving to a conclusion, and certainly the axiomatisation [SGA-I, V.4] 


applies directly in the representable case, |Noo04| to yield that (III.ll) in the form III.b.8 (c) 


is an equivalence of categories between and Ens 7 r^(^,). This will, however, all come 

out in the wash in addressing the analogous theory in Et 2 (=^), where the principle difficulty 
is that III. b.7| fails. Indeed it will emerge, [III.c. 17| that th e only generally valid condition for 
a 0-cell, q, in Et 2 (.^) to be Galois in the sense of (III. 12) is if q is representable. By way of 


terminology, in the abstract setting of [FGA-II, expose 195], the 0-cells with connected source 
are called minimal, and the appropriate (if rather different) analogue in is 


III.c.l. Definition. For q : ^ 


JT a 0-cell in Et 2 (.r) let ^ A ^ 


^ be its factorisation. 


III.a.6 into a locally constant gerbe followed by a representable etale cover then we say that q 
is quasi-minimal if W is connected and we have an equivalence of 1-categories 


(III.17) 


Eti(ri) ^ Eti(^) : ^7^1 ^ r 


Unsurprisingly, therefore, we assert 

III.c.2. Claim. For any connected 0-cell q : ^ m. Et 2 (.^) there is a representable etale 

covering -7 such that qr is quasi-minimal. 


Proof. In the notation of III.c.l say p is a locally constant fibration in Br’s for some finite 
group r, and for r : —)• W with connected, consider the 2-commutative diagram 


^ e- 


(III.18) 


f- 


ri 






where rip' is the factorisation of pr into a locally constant gerbe, in, say Bpds followed by a 
representable map. Now the fibre of p is a Br, and every connected component of the fibre of 
such, i.e. r*Br, is a Brq so Br' —>■ Br is representable. As such we can identify F' with a sub¬ 
group of r, so replacing by a suitable we can suppose that for every diagram of the form 

(III.18), r' = r. Now plainly we have a map, r' : ^ W := 'W while the projection, 

rj, of the fibre product to W is representable, and r = r^r', so r' is representable. On the other 
hand, and 'S/" are both locally constant gerbes over 1^', so 'W" is connected, and r' has 
degree 1, from which r' is an isomorphism. A priori this only proves that (III. 17) is essentially 


surjective, but the naturality of III.a.6 and fibre products shows we have an equivalence of 
categories. □ 


Now we 


need to understand maps from quasi-minimal objects, to wit: 
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III.C.3. Fact. (cf. II.c.7) Let q : ^ be quasi-minimal and {f,'r]) : q ^ q' a 1-cell in 

Et 2 (=^) then for W ^ ^ 21 the respective factorisations as composi¬ 

tions of representable cells and locally constant gerbes in Br ’s, respectively Bp' ’s, the induced 
map / : r —)> r' has image a central sub-group ofV, so, in particular, T is abelian. 


Proof. Taking a sufficiently fine etale cover U —>■ we appeal to (11.70) to interpret 21, 2, 


2' as etale groupoids Ro, R, R! acting on U and ef, f, etc. as functors. Similarly we confuse 
r', r with trivial normal U sub-groups of the stabiliser, so that we get a co-cycle 

(III.19) R —)■ Aut(r') : X !-)• { 7 ' !-)■ f {x)^ f {x)~^} 


or, equivalently, a Aut(r')-torsor over 2. By definition III.c.l this is the pull-back of a Aut(r')- 
torsor over 2 \, so it’s restriction to any fibre oi2 2\\s, trivial which is iff the image of T in 
r' is central. □ 


Of which a more pertinent variant is 

III.C.4. Fact. Let q : 2 ^ 21, q' : 2' 21 be 0-cells in Et 2 (i^), with 2 connected, then for 

any 1-cell F = {f,r]) : q ^ (f and any point =t= : pt —?• 2, the restriction map 

(III.20) Homj 5 ^^(^)(F,F) Ker{Hom^/(/(*),/(*)) Hom^(g(*), g(*))} 

is always injective. In general it may not be surjective, but there is a connected representable 
cover r : 2” —?• 2 (independent of the point) such that on replacing f by rf it becomes so. 


Proof. The generally true injectivity statement is mutatis mutandis the proof of [IZl Otherwise 
we retake the notations of the proof of III.c.3 since without loss of generality 2 is quasi- 


minimal, albeit this comes out in the wash since equally without loss of generality the co-cycle 
(III. 191 is a co-boundary. On the other hand the right hand side of (III.20) is isomorphic to 
rh This isomorphism is, however, dependent on the choice of an isomorphism of the relative 
stabiliser of q' with U x T', while the triviality of (III. 19) is equivalent to changing this (uniquely 
up to automorphisms of T') in such a way that (III. 19) is not just a co-boundary, but identically 
Ir', so for every 7 ' G T' we get a 2 -cell 7 ' : F F. □ 


Similarly we can look at maps to a quasi-minimal cell, viz: 

III.C.5. Fact. Let q : 2 ^ 21 be quasi-minimal and {f,rf) : q' ^ q a 1-cell in 'Et2{2’) then for 

p q p' 

2 ^ 2\ 21, 2' 21 —21 the respective factorisations as compositions of representable 

cells and locally constant gerbes in Bp ’s, respectively Bp/ ’s, with 2' connected, the induced map 
(better maps since there’s actually one for every point) / : F' —>■ T is surjective. 


Proof. Without loss of generality we can suppose that 2{ = 2\, and, up to the obvious reversal 
of roles, we re-take the notation of the proof of III.c.3 Now observe that the kernel, K, say, 
ol f : R' ^ R restricted to the stabiliser is a normal sub [/-group of [/ x Th As such, it is 
locally constant, and [R'/K] ^ [/ is an element of Et 2 (<^). Consequently, we can suppose 
that T' —)• T is injective, but this is equivalent to / representable, so T' = T. □ 


Finally in these variations let’s clear up any ambiguity about the definition of T by way of 

III.C. 6 . Fact. Let 2 ^ 2i 21 be the factorisation of a minimal 0-cell into a locally constant 
gerbe in Bp ’s followed by a representable map then there is a representable etale cover 2{ —)• 2\ 
such that for any point : pt —)> 2 ' '.= 2 x^j 2 f there is on identifying T with a sub-group of 
the stabiliser of*' a unique (dependent on the point) isomorphism of the stabiliser 2^1 / ^ —>■ 2 
relative to 5F with 2'xT. 


100 















Proof. In principle the stabiliser SP/srjx —>• is no better than a locally constant i^-gronp 


with fibre F. However amongst snch it’s isomorphism class is the co-cycle (III. 19) whence by 
the definition of minimality we can kill this by a (connected) etale cover Wf —)> so there is 

snch a trivialisation, and since 'W is connected it’s nniqne once we fix a fibre. □ 


We next aim to nnderstand antomorphic 1-cells in Et 2 (<^), beginning with the wholly general 

III.C.7. Claim. Let F = {f,r]) : q ^ q' he a 1-cell in Et 2 (=^) with A 1% -A .3F, 

'3^' -A 3^^ A A the respective factorisations as compositions of representable cells and lo¬ 
cally constant gerbes, and Fi : qi ^ q[ the resnlting representable 1-cell, the space (modnlo 
eqnivalence) of 1-cells between q and g' which (modnlo eqnivalence) indnce Ei : gi —)• q[ is a 
principal homogeneons space nnder }1^{3^, 


Proof. In the notation of the proof of III.c.3 we interpret everything in terms of gronpoids and 


functors, so, in particnlar the locally constant sheaf strnctnre on is given by (III. 19). 

Now if 5 : i? —7- i?' is a fnnctor snch that f ■ fi ^ gi for some natnral transformation, then since 
R' —)• R\ is a principal homogeneons space nnder E' for a snfficiently fine etale atlas U —)• 3^, 
f can be lifted to a map from U —)• R'- which, by the way, is irrespective of whether R' —)• R\ 
is trivial over connected components which isn’t a priori trne in an arbitrary Grothendieck 
topology, or even in a classical topology if A doesn’t have a good cover. In any case, we can 
therefore snppose that gi = fi, so we mnst have g{x) = 'Jxfix) for all arrows x, for some 
stabiliser of the sink of f{x), and for to be a fnnctor is eqnivalent to x 'jx € f*^^'/^ 
being a co-cycle, while g being eqnivalent to / is iff this co-cycle is a co-bonndary. □ 


Which in the context of antomorphisms of qnasi-minimal cells yields 


III.C.8. Claim. Every e ndomor phism of every qnasi minimal 1-cell, q : 3^ 
phism, and if, moreover 


III.C.6 


A, is an antomor- 
A a factorisation 

of q into a locally constant gerbe in Bp’s followed by a representable map, then the 2-gronp 
vr 2 = r while its fnndamental gronp fits into an exact seqnence 


holds, i.e. is trivial, with 'W ^ 3P\ A 


(III.21) 




so 


Proof. By III.a.5 every endomorphism is a covering and qnasi-minimal implies connected 
it’s snrjective on points, and by |III.b.^ applied to the representable qnotient it’s also injective 
on points, while by |III.c.4| and III.c.5 it’s an isomorphism on stabilisers. Conseqnently, cf. 
it’s an isomorphism on fibres over any etale atlas U —)• A, and whence an eqnivalence 


III.a.5 


of categories. As to the rest: by definition 7r2 of a 2-gronp is the stabiliser of the identity, and 


this is r by III.c.6, while its vri is 1-cells modnlo eqnivalence, so we’re done by by III.c.l III.c.6 


and IIII.C.71 


□ 


Now cnrrently, we’re qnite far from being able to assert snrjectivity on the right of (III.21) 


since in the notation of op. cit., albeit independent of any qnasi-minimality hypothesis, lifting 
an antomorphism Fi = (/i, r/i) : qi ^ qi is (since lifting natnral transformations is a non-issne, 
cf. the proof of III.c.7) eqnivalent to the existence of a 2-commntative fibre sqnare 


3^ i- 


(III.22) 


e 


h 


3 ^ 


3^1 


Which for ease of reference we encode in 
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III.C.9. Definition. If g = qip is the factorisation of a 0-cell in Et 2 (.^) into a representable 
map and a locally constant gerbe, then we say that q is qnasi-Galois if qi is Ga lois an d for 
every antomorphism, Fi of qi in Et 2 (.^) we have the 2-commntative fibre sqnare (III.22). 


From which a conple of easy conseqnences are 


III.c.10. Fact. III.C.2 holds with “quasi-minimal” replaced by “quasi-Galois’ 


Proof. By III.b.7 we can, withont loss of generality snppose that qi is Galois, so if we choose 
a complete repetition free list : ui G 7ri(2lut(g'i))} of 1-ceIIs of qi lifting the 

eqnivalence classes 7ri(2lut(gi)), then the fibre prodnct relative to qi of all of the F*q does the 
job. □ 

III.c.11. Fact. Let q = qip be the factorisation of a quasi-Galois 0-cell in Et2(l2r) into a 
representable map and a locally constant gerbe, then for any 1-cell G : ri —>■ with ri Galois 
and representable, G*q is quasi-Galois. 


Proof. For any antomorphism Pli : ri 


(III.23) 


ri we have by III.b.8 (b) a 2-commntative fibre sqnare 

ri - > ri 


Hi 


G 


G 


Qi 


Fi 


qi 


for some antomorphism Fi of qi, so we conclnde from the obvions 2-commntative cnbe. □ 

If, fnrthermore, we combine the notions of qnasi-Galois and qnasi-minimal then 

III.C.12. Fact. \nn y^/io/ds with “quasi-minimal” replaced by “quasi-minimal and quasi-Galois”. 


Proof. By III.c.2| (or better its proof). III.c.10 and III.c.11 we can snppose that q is qnasi-Galois 
and admits a representable map q' ^ q from a qnasi-minimal cell where both q, q’ are locally 
constant gerbes over (some necessarily Galois) qi. Now let Fi : qi ^ qi be an antomorphism, 
then since q is qnasi-Galois, pnlling back along Fi yields a representable map {Fi)*q' —)• q, and 
we can form a 2-commntative fibre sqnare 


{F,rq’ <- 


(III.24) 


q 


in which every map is representable. Gonseqnently by III.b.7 and the definition of minimal, 
III.c.l, there is a representable Galois covering G : ri —?■ gi snch that if we form the 2- 
commntative diagram of fibred sqnares 


ri G 


(III.25) 


qi ^ 


r' G 


q' ^ 


then every connected component, r'f, k G K, oi r" is, via the right top horizontal arrow, 
isomorphic to r'. Gonseqnently if we look at the base change of (111.24), i.e. the fibre sqnare 


G*{Fi)*q' G 


u 


k£K ‘ 


(III.26) 


r 
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then we get many representable maps from r' to G*(Fi)*q', and since both of these are quasi- 
minimal locally constant gerbes over ri under the same Bp' they’re all isomorphisms by |III.c.5 
By the simple expedient of taking G : ri —?• gi sufficiently large we can suppose that this holds 
for a complete repetition free list of automorphisms Fi representing the elements of 7ri(2lut(qi)), 
while for every in 7ri(2lut(ri)) there is a Fi such that (III.23) is a 2-commutative fibre square, 
and whence any {F[i)*r' is isomorphic to some G*{Fi)*q' for general nonsense reasons. □ 


This affords some strengthening of |III.c.8|by way of an exercise in the definitions, i.e. 


in 


III.c.13. Fact. (cf. (II. 101) et seq.) Let everything (so in particular trivial stabiliser) be as 


III.C.8 then if in addition q is quasi-Galois then (111.21) extends on the right to a short 


sequence. Furthermore, the wholly general action o/7ri(2tut^^^^^^(g)) on 7r2(2tut^^^^^^(g)) is, 
in fact, afforded by an action of 7ri(2tutg^^^_g^^(gi)) on the same which on choosing a point 
pi ^ can be written via the isomorphism of III.c.6 as 


(III.27) 


r = stabg./^(=i=') ^ stab^/^(/a;(*')) T : 7 ^ /^(y) 


for any 1-cell {fuj,T]uj) lifting uj € 7ri(2lutg^^(^)(gi)). 

Nevertheless this is still short of our final definition, i.e. 

III.c. 14. Definition. A quasi-minimal and quasi-Galois 0-cell q with trivialisable (relative to 
stabiliser is said to be 2-Galois if the sequence ( III.21[ ) extended to a short exact sequence 
is split exact, or, equivalently if qip is its factorisation as a locally constant gerbe over a 
representable Galois cover then for some (whence any) complete repetition free list {iT; : 
gi —)> gi} of 1-cells representing the elements uj G 7ri(2lut(gi)) there exists, for every pair 
T,uj £ 7ri(2lut(gi)), a 2-commutative diagram in which every square is fibred 


(III.28) 



The advantage of the formulation (III.28) is that it evidences 


III.c.15. Fact. III.C.2 holds with “quasi-minimal” replaced by “2-Galois”. 


Proof. By [III.c.^ and III.c.12 we can suppose that the cell is quasi-Galois and quasi-minimal 
with trivialisable relative stabiliser. As such there are liftings, F,, of the 1-cells in the bottom 
face of (III.28). Thus, by definition, there are 2-cells, (/>, : pF, F,p, but a 2 cell filling the 
top fac e of op. cit. need not exist. Nevertheless, if is the 2-cell on the bottom face, there is, 

g such that pZ^^^j = p, along with a 2-cell a- 


III.C.7 


a 1 cell Z. 


T,u; 


g 


F^F, 


and since gi has no relative stabiliser, cf. (III.49), we have a commutative diagram 


Zt,lo ) 


(III.29) 


pFrFu; 


{Fr)4M{Fu,n<t>P 




FtFi^P => 

(p) 
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Now let Gi : ri —)• qi be a Galois cover, so identifying r, w with elements of 7ri(^) we have 
1-cells F!j.^ : n ^ ri; 2-cells (j)'^ : GiF^ F^jCi] and we can form 2 commutative diagrams 


(III.30) 



ri 


qi 


for any oj G 7ri(=^*), by applying the universal property, (A.3)-(A.5|, to the 2-cell 
(III.31) 


T7 (l)u j jp ^ /(.p) 771/ / 

pF^G^F^pG F^Gip ^ GiF^p 


On the other hand, is given by IILc.7 so for any G sufficiently large independently 

of T or OJ, there are 2-cells : G Zp^^G, while ri is Galois, so there are also 2-cells 
: FpF^ F^^, and a small diagram chase reveals that if we take (rcj) in (III.30) then 
FpF^ satisfies the universal property with 


(III.32) 


V^(raj) 


h™) 


GFLF'}^^^ FMF'}^^^ FpF^g"^*^ 




G ( CJ ) * C ' 7 ') ^ T —1 

<= -Tri^Lr 


n' F' F' F'n' F' F' F' F' F 

P^T^UJ ^T^ioP ^TUjP 


The elements t,oj ^ 7ri(^^) were, however, arbitrary, so r is 2-Galois. 
Similarly, for much the same, and in fact easier cf. |III.e.4[ reason 


□ 


III.c.16. Fact. III.c.11 holds with “quasi-Galois” replaced by “2-Galois”. 

As such, let us close this section with the first of many 

III.C.17. Warning. While 2-Galois will prove (and in any case it’s manifestly the best that one 
can do) to be the right generalisation of Galois, the 2-Galois cells are not Galois in the sense 
of ( III.12[ ). Indeed for q 2-Galois, expressed as ever via a factorisation qip of a locally constant 
gerbe in Br’s and a representable map, we can take any Galois cover Gi : q" —)• qi, look at the 
pull-back G : q” := [GiYq —)• G, and take F '■ q” ^ q in (III. 12) to be the composition of G 
with any automorphism of q” in the kernel (modulo notation, i.e. q replaced by q") of (III.21). 
There is, however, no way that this can be completed to the 2-commutative triangle (III. 12) 
unless (in the obvious notation) 

(111.33) (Gi)* : YY{<3Ii,T) ,T) 

is surjective, which, in turn, is very often false. Indeed, the only generally true way to guarantee 
this is if T is trivial, but then q = qi'is representable and Galois. 

Ill.d. 7^2 and its Galois module structure. If qi is a representable 1-cell, then the definition 
of Et 2 (.^) is such that any lifting of the natural surjection 

(111.34) ^ 

and write 


I.e.5 


Tt2(.r) ^ 

defines an action of 7ri(21utg^^^^^(gi)) on qi. Indeed, if we adapt the notation of 

= (/(j, iu)) -. qi ^ qi for 1-cells lifting oj on the right of (III.34) then if : F^F^^ ^ -^(™) is 
any 2-cell, ( I.66[ ) must hold, and since qi is representable this both determines aT,ui and forces it 
to be a 7ri(2lutg^^^^^(gi)) 2-co-cycle, which is exactly, cf. op. cit., the condition for an action. 
In the particular case that qi is Galois therefore 
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Ill.d.l. Fact. Let qi : ^ ^ be a representable Galois 1-cell in Et 2 (.^) then, in the above 

notation, the action yields a fibre square in Cham ps 


(III.35) 




fu, 




trivial 
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which is equally, 

Ill.b.l 

by 3^1) all of 

I.e.L 

holds. 


interpretable as a fibre square in Et 2 (.^?^), and (modulo replacing 


holds, so, in particular, III.b.8 (b), we have a faithful action in Et 2 (.^). 


Proof. As observed, we have an action, and since 7ri(2lutgj.^^^^(gi)) = it’s nec¬ 

essarily faithful by III.b.8 (b). Consequently, the only thing to note is that the square (III.35) 


is fibred, but since this maps to an actual fibre square in which everything is a representable 
etale cover, we’re done by the simple expedient of observing that the fibres of say the leftmost 
vertical have the same cardinality as the rightmost vertical. □ 

The situation for non-represent able maps is, however, far more subtle. To fix ideas suppose 
that q : is quasi-Galois with a factorisation qip into a locally constant gerbe in Bp’s 

followed by a representable map, then the fibre q~^{*) can be identified with the groupoid 

and we have (essentially the same argument as the proof of Ill.d.l) an 

isomorphism 

(III.36) <3/ ^ 3^xq-^{*) 

whose existence is basically the quasi-Galois condition. Nevertheless, this does not, in general, 
translate into the action of a 2-group. In fact, quasi-Galois doesn’t even imply T abelian, so 
there may be no 2-group structures on q~^{*), and indeed 

III.d.2. Fact. Notation as above for q ■. 3^ ^ quasi-Galois and quasi-minimal with trivial 
stabiliser then there is a 2-commutative fibre square 


(III.37) 


q ^{*)^3^ 


A 




trivial 




<?i 
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lifting (III.36) to the action of a 2-group 8fi^q —>■ q, cf. Il.d.l iff q is 2-Galois. 


Proof. If there is such a 2-group, then we must have maps 

(III.38) 7ri(fp) ^ ^ 

whose composition is an isomorphism, i.e. by definition, |III.c.i^ q is 2-Galois. Conversely, by 
hypothesis there exist 1-cells : g —)• g in Et 2 (.^) for each w G 7ri(2lut(gi)) along with 2-cells 
FtF^ F(tuj)- ths other hand 21ut(g) is a strictly associative 2-category so D{a) as 




defined in (II.lll) is an element of the stabiliser in 2lut(g') of for any a,T,uj € 7ri(21ut(gi)). 

The stabiliser of any (weak) automorphism is naturally isomorphic to TT2(2lui{q)) so (following 
the convention of II.d.3) K‘i{a) := —D{a ) de fines a 3 co-cycle for the action. III.c.13 of 
7ri(2lut(qi)) on 7r2(2lut((?)). By definition, (II.2) & II.a.2 if, therefore, we give (?“^(*) the 2- 
group structure defined by the above K^{a) then, cf. II.d.3, (III.37) together with the 2-cells 
ar,uj is a 2-group action. □ 
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At which point its time for another 


III.d.3. Warning. There are many non-equivalent 2-types, let alone 2-group actions satisfying 
EH .d.2[ i.e. a 2-Galois cell, q need not have a well defined Postnikov class in 

(III. 39) h3 (tti (2lut(gi)), TTS (2lut(g))) 


II.d.3 


but the argument for dealing with a 
is a little different, to wit: 


III.d.2 


The effect of equivalences in Et 2 (^) is covered by 
different to the 2-cells a,-,a; encountered in the proof of 

uj stabilises the automorphic 1-cell whence it defines an element of 7r2(2lut(g)), 

so that the difference between K^{a') and K^{a) is a 7ri(2lut(gi)) co-boundary with values in 
7r2(2lut(q)). In neither case therefore can such effects change the class in (III.39) afforded by 
III.d.2| via a choice of section of the rightmost arrow in (111.21), but rather to the fact that 
without a universal cover there is a kernel in (III.21), so that, even modulo equivalnce, the 
functors appearing in III.d.2 are very far from unique. As such, since equivalence is not the 
cause of the problem, it can be conveniently summarised modulo the same, i.e. in co-homology. 


To this end, pro tempore, denote the groups in (III.39) by tti, respectively 7r2, and observe that 
the Leray spectral sequence for p : '3^ ^ and the definition of minimal yield a (canonical) 
element 

(111.40) Homgrps(7r2,7r2) 9 1 i-)- Leray^’^l) G H^(i^,7r2) 

Now if in addition q is quasi-Galois then we have the action |III.c.l3| and 7r2 defines a locally 
constant sheaf on ^ (albeit, strictly speaking, at this stage one has to either prove this or 
suppose that Eti(=^) with the fibre functor satisfies the axioms [SGA-I, V.4]) and we have the 
Hoschild-Serre spectral sequence 

(111.41) hs: ff(7ri,ff (^i,7r2)) ^ ff+^(jr,7r2) 

In particular, the obstruction to the vanishing of the composite 


(111.42) hsf(Lerayr(l))GE^;;^, 

is exactly the obstruction to being 2-Galois. Gonsequently, if q is 2-Galois we get something 
that looks like the Postnikov class, cf. |II.h.2t 

(111.43) hs3’^(Leray2’^(l)) G eJ°^ 

Nevertheless, since 3/\ is very likely not simply connected the E^’^ will, in general, change 
between the 2nd and 3rd sheets, i.e. we have an exact sequence 


0 , 1 / 


^ 2,1 


(III.44) 


Hi(7ri,HHiri,7r2)) H3(7ri,7r2) ^ E 


:.3,0 

'3,hs 


0 


in which one recognises the left hand group as the isomorphism classes of splittings of the (short 


exact because q is 2-Galois) sequence (III.21), and the translates under the image of this group 


in (III.39) of the class K^{a) occurring in the proof of III.d.2 describes the possible 2-types of 


2-groups which can (and do) satisfy op. cit. 


On the other hand the above difference, (III.44) between any two possible Postnikov classes 


dies after a representable etale cover, so to get something well defined is only a question of 
being careful about limits. To this end observe 

III.d.4. Remark. Eor any representable 0-cell, gi, in Et 2 (,^), 

(111.45) 7ri(2lutE^^(^)(^i)) ^ AutEt^(^)(gi), and TT 2 {%ui^^^^^^{qi)) = 0 

while for any map Gi : ri —)• qi of representable Galois 0-cells, given an automorphism Hi : 
ri ri the Fi affording the fibre square ( III.23| ) is unique up to equivalence and defines 

(111.46) (Gi)* : 7ri(2lutE^^(^)(ri)) ^ 7ri(2tutg^^(^)(gi)) 
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so, slightly more intrinsically, for the poset of III.b.8 (a) 

(III.47) 




or, perhaps better, idem but for /' rather than where the former is as per III.b.6 but with the 


1-cehs Qi Galois, i.e. avoid the specihc choice of a point in the hbre of III.b.8 (a). Nevertheless, 
although I' may appear more functorial than of III.b.8 (a) they are actually mutually co- 
hnal, since, as the notation suggests, by (III.46) the dependence on the point whether in (III.47) 
or III.b.8 (c) comes from the existence of the partially ordered set itself, and not from the 


transition maps. Of course, one could aim to take a limit over something more general than a 
po-set to avoid such dependence, but that would create a swings and round-abouts issue since 
a more “general limit” would fail to be uniquely unique. 

Next let us consider a 2-Galois cell q factorised as qip into a representable Galois cell and 
a locally constant gerbe in Bp’s. Independently of any choice of points, we have, EH 


canonical action of 7ri(2lut^^^^^^((7i)) on 7r2(2lut^j.^^^^(q)), which, inter aha, does not depend on 
the equivalence class of the 1-cell p. As such, consider a, not necessarily hbred, 2-commutative 
square 

q <- 


G 


(III.48) 


Qi ^ 


Gi 


n 


where the 1-cells in the top row are 2-Galois, the verticals locally constant gerbes in Bp’s 
respectively Bp/’s, and, whence, the lower cells are representable Galois. Now quite generahy- 
i.e. any 2-category- we have maps 


(III.49) 


stab(G) TT 2 {^ui^^^^^^{q)) 


where G* is injective if G is essentially surjective on objects, and, if moreover G is a surjection 
on Hom-sets then G* is surjective, so that by III.c.5| 

III.d.5. Fact. Under the hypothesis of l[III.48 ), G* of (111.4^ is an isomorphism affording, 

(III.50) G2 = : 7r2(2tut^,^(^)(r)) ^ 7r2(2lut^,^(^)((?)) 

Better still. 


III.d.6. Fact. G 2 of (III. 50) does not depend on the equivalence class of the 1-cell G in Et 2 (.^) 


and yields a map of Galois modules, i.e. for Gi = (Gi)* of (III. 46 ) 

(III.51) 


G2(5-) = G2(5)«i(-), 5 G 7r2(2lut^,^(^)(r)), cu G 


Proof. A diagram chase (using (III.49) b.t.w.) reveals that G*(S'“’) is up to con¬ 

jugation by an element of stab(G), which, as we’ve observed is abelian because G* is an iso¬ 
morphism, whence the identity ([m .49[ ), and (same argument with w = 1) independence of G 2 
from equivalences in Et 2 (.^)- □ 

Putting all of which together, we obtain 

III.d.7. Fact/Definition. For each isomorphism class of 2-Galois cells, choose one, and a point 
in the h bre of the same, so as to get, cf. III.b.8|(a), a set, /*, of triples {qi, *i, 4>i) (alternatively. 


III.d.4 


take the moduli of the hbre {*) so as to make less choices) which we partially 


order according to (III.9). The resulting factorisation of the q^ into locally constant gerbes and 
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representable maps implies that the above directed {i.e. partially ordered and right co-filtering) 


set, /*, is mutually co-final with that of III.b.8 (a), while by III.d.6 
(111-52) := Iim 7r2(2lut^,„(,r)(gi)) 

i 

is a continuous 7ri(,;^)-module. Equivalently, if we (uniquely) identify ((;»)) with 

a sub-group Fj of the stabiliser of *i via the isomorphism III.c.6| then whenever i > j there is 
a unique map Fj —)• Fj afforded by (III.9), but independent of Qi in op. cit., and 


(III.53) 


■= limFj 


with continuous-TTi () action given by (III.27). 


IlI.e. The Postnikov class. We turn to defining the Postnikov class, and, in particular, the 


problem, III.d.3 posed by the lack of the uniqueness in III.d.2 To this end let us make 


IlI.e.l. Definition. Let / be a (not necessarily co-final nor right co-filtering nor full) sub¬ 
category of the directed set, /*, of |III.d.7 viewed as a category, then by a Postnikov sequence, 
or /-Postnikov sequence if there is a danger of confusion, is to be understood the following data 

(a) For each ui G '7ri(.i^*) and each i G / a weak automorphism w* : —)• Qi in Et2(l2f) of the 

2-Galois cell Qi whose action on the moduli of the fibre, |9i~^(*)|, is that of oj implied by (III.16) 
and III.c.l, with the further proviso that w* is trivial should this action be trivial. 

(b) For each f > j G /, a (unique) 1-cell Fji := {fji,Cji) ■ Qi qj in satisfying the base 


point condition (III.9), along with 2-cells (jr^J : FjiUi^ eo^Fji in Et 2 (-^), w G 7ri(.^), with all 


of Fji, cjyl] identities if f = j. 

(c) For all i G / and t,uj G 7ri(=^*) 2-cells a\ 
the following diagram commutes 


: (rw)* such that whenever i > j £ I 


(III.54) 


FjiPu^ 




{Fji)ta 


=>Fji{TUjy 


T^UJ^F. 


J* 


^ {TuiyFj 


J* 


(d) For every i > j > k £ I there is a 2-cell 'jkji ■ F^i =► FkjFji such that for all oj G 7ri(.^*) 
the following diagram 2-commutes 


(III.55) 



wherein the implied rectangular cells are given by (c) so, equivalently, the following commutes 


(III.56) 


Fkiio^=^io’^Fki^ui^FkjF, 


'ykji 


V 

FkjFjiUj'^ 


{FkptpJ 


J* 

ilkji 




Fkjio^Fji 
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(e) For 


(III.57) 


i^j^k>l€l the following diagram 2 commutes 



or, again, since the triangles are given by (d) the following commutes 


(III.58) 


FljPji 


(Pji) llkj 


PlkPkjPji ^ 


llji 




Fli 


'yiki 




FlkFki 


In order to see where this leads, some commentary is in order by way of 


III.e.2. Remark. Exactly as in II.d.3 should we have a Postnikov sequence in the sense of IlI.e.l 
with I co-final, then for each i € F there is a 3 co-cycle, 

(III.59) Kl = -D{a^) : 7ri((2tut((70)^ ^ 7r2(2lut(gi)) 

or, slightly more correctly, if D is defined as in ( II.111[ ) then we should really employ the 
isomorphism (III.49) in order to write —D{a^) = (crra;)* (iF^). However, in the presence of 
the compatability condition (III.54), D{a^)- cf., modulo the 

change of notation, the proof of II.d.3 post (II.113)-whence, under the unique map Pj —)• P 


III.d.7 


of 


iP| I—7- iPg. Consequently, a Postnikov sequence affords a continuous 3 co-cycle, 

iPs : 7ri(jr*)^ —> vr2(c^*) 


(III.60) 

which, as the notation suggests, will lead to the definition of the pro-finite Postnikov class, so 
what we need to do is prove (appropriate) existence and uniqueness of Postnikov sequences. 


This much only requires III.e.l[ a)-(c), and where we need (d)-(e) is to get good behaviour of 
Postnikov sequences under base change, which, if nothing else, is a strain on notation, so we 
spell out in detail our 

III.e.3. Set Up. Let i,j,k,l £ /*, not just I, be given, i.e. our cells are fairly arbitrary, with 
i > j, k > j, and suppose 


(a) For each of i,j, k but not I, the condition IlI.e.l (a) is given. 


(b) For the pairs, ji, and jk the conditions IlI.e.l (b)-(c) are given. 

(c) There is given in a 2-commutative fibre square in which the compatability condition, 

(|m on base points is supposed 

(III.61) 


Qi 


Qk 


Qi 


Qj 


pjk 
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With such a set up, we have, for each uj G 7ri(i2Ci,), a diagram of 2-cells, 


(III.62) 


Fjiu'^Fii 


■ uj FjiFil V oj FjkFki \ FjkOJ Fj 


* 


kl 


SO by the universal property, (A.3), of fibre squares: (III.62) affords a 2-commutative diagram 


(III.63) 



qi 


qj 


Now, in principle, there are many such diagrams, equivalently, many ways to choose ui, 
and (f)^. Nevertheless, on choosing one 

III.e.4. Fact. For every t,uj G 7ri(.^) there are unique 2-cells, a\.^ : t^oj^ (rcu)* such that 
both the diagrams obtained on replacing {i,j) by {l,i), respectively {l,k) in (III.54) commute. 


Proof. Get a large piece of paper, and apply the uniqueness of 2 cells in (A.3)-(A.5). 


□ 


We also need a related unicity statement for the diagrams (III.62) and (III.63) themselves, 
which we 

III.e.5. Set Up. as follows: five 2-GaIois cells Qi, qj, qk, qo, q' are given in F, with all subsequent 
1-cells respecting the base point condition (III.9). Moreover, 


(a) The condition III.e.l[ (a) is given for all five cells qi, qj, qk, qo, q'■ 

(b) The condition |III.e.l (b) is given only for the pairs (i,j), (i,0), (j, 0), (A:,0), and (',0). 

(c) For L G {i,j, k}, there is given a 2-commutative fibre square 

(III.64) q[ --- ^q' 


Pl 


qi 


A 

Fo 


qo 


(d) The condition IlI.e.l (d) is given for all possible triples in {i,j,k,t)}. 


(e) The condition IlI.e.l (e) is given, for the quadruple i > j > k > 0. 

Now, in the presence of III.e.5 we can, modulo notation {i.e. qk = qi, q' = qi, (3 = f3ji : PjFh => 
FjiPi) suppose that the square (III.61) fits with the squares (III.64) into a 2-commutative 
diagram 


(III.65) 


Ki ^ qi — 

^ pT 

F' 

Oj 

Pj 

' 

F- 

JFnz 




where in the bottom face is 7oji, so naturally we similarly denote the top most 2-cell in (III.65) 
by ioji ■ n => rjFji, and 


no 


































III.e. 6 . Fact. There is a unique natural transformation 7 ^^^ : such that both of 

the following diagrams commute 


(III. 66 ) 






'T'Ofei 


TTf rpf "^okj 

^Ok^kj^ji '' ~ 


Ki 





(III.67) 


PkF'ki 

iPk)*Tkji 


a '' ' FkiPi , FkjFjiPi 
Pki Pi'lkji 


(^kj)*^j 


(F'.)*l3k. 

PkKjF'^i " > 


Proof. Apply the definition of fibre prodncts, A.i.l and III.e.5 (e). 


□ 


Now for L G {i,j, k}, form the diagram (III.63), bnt with the sqnare of op. cit. replaced by the 
sqnare(s) ([m .64[ ), and change the notation as follows 

III.e.7. New Notation. Denote the lower, and npper, triangnlar cells by 9^, respectively 
and the lifting of a; G 7 ri(.^) to a weak antomorphism of q[, with uj' : q' ^ q'. 

As snch another exercise in A.i.l[ where now the salient condition is III.e.5 (d), implies 
III.e. 8 . Fact. Notation as in III.e.7. then for each oj G there is a unique 2 cell in 

Et 2 m, 


( 111 . 68 ) 


F'j.Gl 


GijFk, such that both of the following diagrams commute 


7 ?' 7 ?' ni ^ 








Fl^^GlF'^, 






i’i 








(III.69) 


p^f'^^g: 




{Girha 


> FjiPiGl 










FjiU^Pi 

{piTPid 

' 

uj^FjiPi 


To which it’s worth adding a clarifying 

III.e.9. Remark. In the particnlar case that j = 0 we can, and do, snppose that gg = q' exactly, 
so that everything collapses, and whence ifl, = by (III. 68 ). 

Which is not withont relevance to the statement of 

III.e.10. Fact. Let a Postnikov sequence, I, with final object 0 be given along with a 1-cell 
p : q' ^ qo satisfying III.e.l\ (a)-(c); form the fibre squares (111.64), and suppose that each q[ 
therein is quasi-minimal with trivialisable stabiliser, then the following base change data defines 
an F Postnikov sequence for some appropriate subset of F in 1-to-l correspondence with I, 


(a) The weak automorphisms of IlI.e.l (a) for the new ql are defined as in III.e.7. 

(b) For i > j ^ I, we take F'-- : q[ —)• q'- the 1-cell in Et 2 (.^) defined by 


2 cell the <f>F. 


IlI.e.c 


with transition 
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replaced by (III.64). 


(c) The two cells of IlI.e.l (b) are defined using III.e.4 albeit with the square (III.61) 


(d) The two cells 7 L^ of 


IlI.e.l 


(d) are defined in 


III.e.6 


Proof. By hypothesis each g- is quasi-minimal with trivialisable stabiliser, so by (a) and (b) 
above, they’re equally 2-Galois. It thus remains to check the various commutativity conditions 
ofjTTLe Each of which is an exercise in |A.i.l[ and the salient points are 


(c)' The resulting (III.54) commutes by III.e.4 and III.e .8 


(d)' The commutativity of the new (III.56) follows from III.e .6 and III.e .8 


(e)' The tetrahedron condition (III.55) follows from III.e .6 


□ 


Before proceeding to a conclusion an observation is in order, i.e. 


III.e.11. Remark. If we take Ii to be the sub-category of I* to be the representable Galois cells, 
then it forms a Postnikov sequence. Indeed, by III.b .8 if the Fji are any 1-ceIls respecting the 
base point condition, (III.9), then by III.b.5 there certainly exi st 7 ^^ : F^i Fkj Fjj, and 
everything else, i.e. the commutativity of (III.54), (III.56), and (III.58), is trivial by (III.49) 


since representable cells have no stabiliser in Fit 2 {IIF). Indeed, had we wished to, we could even 


suppose in 7i that the diagrams (III.55) and (III.57) were strictly, and not just 2-commutative. 
Similarly, the io\ (fY: and in (III.63) are to all intents and purposes unambiguous if Fjj^ is 
in Ii. More precisely, as soon as one has the 2 triangular cells in op. cit. then the universal 


property determined by (III.62) is automatically satisfied since qj has no stabiliser. 


These consideration lead us to make one final 

III.e.12. Definition. A Postnikov sequence I is stable under representable base change if, 

(a) For qi a 2-Galois cell, i € I, there is an arrow in I corresponding to the map qi —>■ qi of the 
factorisation of qi as a locally constant gerbe over a representable Galois cell. 

(b) For every (representable by definition) Galois cover Gi : ri —?• g,, there is an arrow in I 
between the class of {Gi)*qi and q^. 

(c) The natural transformation between the sides of a fibre square implied by the above (a) 
and (b), and IlI.e.l (d) has the universal property, (A.3)-(A.5), of a fibre square. 


To apply all of this put an ordering, I < F, on Postnikov sequences by insisting in the first 
instance that we have an inclusion of sub-categories of /*, and in the second instance that all of 
the extra data III.e.lKa)-(d) for I' restricts identically {i.e. no extra equivalences whatsoever) to 
that for I. As such, by choice and III.e.ll| a Postnikov sequence which is maximal amongst those 
which are right co-filtering, stable under representable base change, and contain certainly 
exists. Better still, 

III.e.13. Fact. If I is such a Postnikov sequence, then for every 2-Galois cell q' in 'Et 2 {l^), 
there is an i € I such that the corresponding 2-Galois cell qi admits a map qi —)• q' in Et2(i2r) 


respecting the base point condition (III.9). In particular, as a partially ordered subset of F, I 
is co-final, and right co-filtering. 


Proof. Suppose there is no such map. There are, however, cells in I under g', e.g. q', for q' —)• q' 
it’s factorisation as a locally constant gerbe over a representable Galois cell, and we first reduce 
to the case that there is a cell under q' with some further pleasing properties 

III.e.14. Claim. Without loss of generality 30 € I whose class in F is less than q' such that, 

(a) For every i > 0 € I, the base change F*Qq' is quasi-minimal with trivialisable stabiliser. 
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(b) There is a map, as ever satisfying the base point condition (III.9), p : q' ^ qq, together with 
a choice of weak automorphisms, to' : q' ^ q', and natural transformations 9^) '■ pu:' u^p; 


a'r,uj ■ t'u:' 


(to;)' such that (for Fji = p etc.) (|m .54[ ) commutes. 

Sub-proof. Consider, quite generally, maps of 2-Galois cells 
(III.70) Qa ^ Q ^ Qb 


satisfying the base point condition (III.9), with T^, Tf, the stabilisers of the base points of qa, 


qb so the stabiliser of the base point, *, of their fibre product is Tq x Tb, and- proof of III.c.2- 


there’s a quasi minimal cell r which is Galois over the connected component of * such that 

(111.71) A := 7r2(2tut]5^^(^)(r)) ^TaXTb 

On the other hand a representable Galois cover of q maps to r, so we must have a factorisation 

(111.72) 7r2(2lutE,^(^)((7))^A 


Ta X Tb 

so, as far as the stabilisers of the base points of 2-GaIois cells are concerned. A, is the fibre prod¬ 


uct of Tq and Tb. To identify it more precisely, observe that by III.c.5 we have a commutative 
diagram {Ka, Kb, T" defined therein) with exact rows and columns, 

0 0 


Ka - Ka 

(111.73) 0 -^ Kb -^ A -> Tfe -^ 0 

0 -> Kb -> Fa -^ T" -> 0 

0 0 

so ^ —). Ta Xp// Tb. To apply this to the case in point let Tj be the stabilisers of the base points 
of the qi, i G I, r' that of q', and forms much the same sort of diagram, i.e. 

0 0 0 

0 -^ K'nK -^ K' -^ K" -^ 0 

(111.74) 0 -^ K -> 7r2(^*) -> ^ 0 

0 -^ K -^ T' -> r" -^ 0 

0 0 0 
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In which everything is continuous, so there is a 0 G I such that Fq -» F" under the natural 


vertical in the rightmost column of (III.74), so by the universal property of A in (III.72) the 
definitions of F" in (III.73) and (III.74) coincide for qa = q', Qb = Qi, i > 0 G I in (III.70). In 


particular, therefore, by the stability of I under representable base change, we can suppose that 
there is a 2-Galois cell, q, mapping to q' and go such that g and go are both locally constant 
gerbes over the same Galois cell, go, and the stabiliser of the base point of g is (canonically) 
isomorphic to Fo Xp// F'. Now for i > 0 € I, the stabiliser of the base point of g* Xgj, g is 
certainly trivialisable, and canonically isomorphic to 


(III.75) 


bi xpo (Fo xp" F') —>• Fj Xp// F' 


which is equally the stabiliser of the base point of the smallest (pointed) 2-Galois cell mapping 
to qi Xgg g, and since g, go are both locally constant gerbes over the same Galois cover, the said 
fibre product is connected. Gonsequently, on replacing q' by g, [III. e.14 (a) holds. 

As to item (b), with q' = g, go as above, we certainly have that the 1-cells ui', and 2-cells 
exist since q' is 2-Galois. The 6 co however may not, since a priori it’s only the case that 
puj' is equivalent to some copZf^ for some 1-cell, 

all the Zi^ become trivial after any sufficiently large Galois covering G : f 
forms the 2-commutative diagram (III.65) albeit with go, go, q' in the bottom triangle, and 
say f, ro, r' on the top. As such by (III.e.4) applied to the unique fibre squares in such a 

G® of oj', respectively along with the 


described by III.c.7 On the other hand 


go = g , so one 


diagram with r as a vertex, there are liftings G( 

^T,UJ 

cheaply, cf. 


respectively Now the definition, (III.63), of these liftings is such that one gets rather 


IlI.e.ll 


th at the pu sh forward of the Gf^’s are equivalent to the pull-backs of the 
G°. Similarly, again by IlI.e.ll the G[(, may harmlessly be confused with any existing liftings 
to ro defined by the Postnikov sequence structure on I, so the 9i_o of III.e. 14 (b) exist. Now 
while such a confusion with the pre-defined a,-a; on tq isn’t legitimate, it’s nevertheless true 


that the only remaining problem is that (III.54) understood for r' — )• ro may fail to commute. 


Should this occur, however, one just changes the definition of the on r' by way of (III.49) 
and the surjectivity of F' —)• Fo. As such, replacing go by ro, and q' by r' we get item (b). □ 


Now we apply this to the proof of III.e.13 in the obvious way, i.e. Iq ■= {i > 0} is naturally 
a sub Postnikov sequence of I, and we can form the base change Iq of III.e.10 along q' —)• go. 


As such we require to splice Iq and I together to a new Postnikov sequence /pig- Plainly the 
objects of the latter are / U Iq C /*, which is, in fact, a disjoint union by hypothesis, and we 
dispose of the maps Pi : g( —t qi of (III.64). Gonfusing cells with their classes in /big we add 


new arrows beyond those already existing in I or Iq according to the rule 
(III.76) g'>g,iffi>j G/ 

which not only defines a right co-filtered structure on /big as a sub-category of /*, but also 
satisfies conditions III.e. 12 (a)-(b) for stability under representable base change. The additional 


items implied by (III.76) are 


(b) The 1-cell in question is FjiPi and for oj G 7ri(,^) the transition 2-cells are, cf. III.e.7 
the composition of 


are 


(III.77) 


J-I jp i PjZfL j _ 

FjiPiCr^ y FjiOj Pi yuj FjiPi 


(d) The two cells, jabc^ say, of III.e.l| (d) are according to the cases, 

a = qi,b = qj, c = qk- 


(III.78) 


Fkm^'Fk, FjiPi 


_ / 7 / _ . JP Pj'ykj i JP JP „ „/ 

® — Qii b — qj, c — qk ■ FkiPi y FkjFjjpj \ FkjPjFj, 
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So, by construction, we certainly get the outstanding item. III.e. 12 (c), of stability under rep¬ 
resentable base change. As such, it only remains to check the various commutativity conditions 


of IlI.e.l for these additional cells. Amongst which the commutativity of (III.54) for (III.77) 


just comes out in the wash in doing (c)’ of the proof of III.e. 10 and while there are several 

or 


cases of III.56 and III.58 to do, they’re all immediate from either the definitions; III.e.6 


III.e.8 in combination with the zig-zag axiom for 2-categories. 


□ 


This establishes the existence part of III.e.2 so there remains uniqueness, i.e. 


III.e.15. Fact. Let I, I' he Postnikov sequenees whieh are maximal amongst those whieh are 
right eo-filtering and stable under base change, with K, respectively K' the continuous 


valued 3 co-cycles they define according to the prescription of (III.59), then there is a 
valued continuous 2 co-chain, z, whose boundary is K — K'. 


Proof. By choice and III.e. 13 there is an increasing map a : I ^ J such that a{i) > i G /*, for 
all i £ P In particular, therefore, there are projections, pi : q[ := Qa^i) —)• Qi satisfying the base 
point condition (III.9). In order to lighten the notation we’ll confuse I, and J with appropriate 
CO- final systems defining 7 r 2 (i^), equivalently take the consequences of stability under base 
change for granted. Thus, just as in the proof of item (b) in III.e. 14 we can assert that for all 
i,j £ I there are 2-commutative diagrams 


(III.79) 


Pi 

Qi 



Pi 


and similarly for every u £ 7ri(<^), i £ I another 2-commutative square 


(III.80) 


Pi 

Qi 



OJi 


Pi 

Qi 


where, given the obvious strain on notation, we try to keep the notation of IlI.e.l for I, while 


indicating the same for I' by '. In any case, the problem is that (III.79) and (III.80) may fail 


to be compatible with the commutativity conditions (III.56) and (III.58) in the definition of 
Postnikov sequences. In the first place, therefore, for i > j > k £ I, define, using (III.49), an 
element Zkji of the stabiliser, T^, of the base point of Qk by the diagram 


(III.81) 


FkiPi 

i^kiPi) ^kji 


FkiPi 


Piikji 


Cki 


Fkj FjiPi 


■■PkFL< 


{Pk)*'ykji 


FkjPjFj. 


J* 


PkF'kjF'.. 

The function Zkji is, therefore, a 2 co-cycle in the Cech description, [Jen72, pg. 4], of the derived 
inverse limits of the Tj of the directed system I. The groups Tj in question are, however, finite, 
so [Jen72, Theoreme 7.1], all the higher direct limits vanish, and Zkji is a co-boundary. As 
such by adjusting the ^,’s appropriately, we can suppose that Zkji in (III.81) is the identity. 
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Similarly if <l>i* are the transition 2-cells of IlI.e.l (b) for I', we can define zi* G Fj by 


(III.82) 


i T^/ / 771/ 771/ / / 


{uj^PjF^^rzr 






LO^FjiPi 


p* 4 >l 


(Fjihei 
Fjitd^Pi 


which by IlI.e.l (d) is a 1 co-cycle for the directed system of the Fj’s as soon as Zkji in (III.81) 
is the identity, so, it’s a co-boundary, and adjusting the 0*’s appropriately, we can suppose that 
Zu is the identity. Finally, therefore, if we define z* ^ G Fj by the commutativity of 


(III.83) 






[Tujypi > {Tojypi < 


■piT'uj'i 


riei{u:'y,*e\ 


-■ T^iO^Pi 


then since z^ is the identity in (III.82), the Postnikov condition (III.54) for I and I' implies 


F, of 


III.d.7 


Better still, this holds for all 


that I—7- Zr,ijj under the natural map Fj 

i > j such that the 2-co mmutative squares ( III.79[ ) and ( |IIIi^ ) exist, so by stability under 
base change, cf. III.e.11 z* : 7ri(,^)^ —>• Tr 2 {^*) is continuous, while by (III.59) and (III.83) 
its differential \s K — K'. □ 


Finally therefore we can make, 

III.e.16. Definition. The pro-2-type of Et 2 (.^) is the triple (vri(,!^*), 7r2(.^), fca) consisting 
of the pro-finite fundamental group, III.b.8| the pro-finite continuous 7ri(.^)-module, '7r2(=^*), 
H .d.7[ and the unique continuous co-cycle. 


(III.84) 


^3 £ ^cts (7ri( jr*),7r2( JT*)) 


defined as in III.e.2 by way of III.e.13 (existence) and |III.e.l5 (uniqueness). Similarly the pro- 
finite fundamental 2-group 112 ( 1 ^*) is (up to equivalence of continuous 2-groups) defined exactly 


as in (II.l)-(II.3), up to the simple further proviso of insisting that the associator, (II.2), is a 


continuous co-cycle lifting (III.84)- by construction/definition III.d.7, the group law (II.l) is 


already continuous. In particular, is a continuous 2-group in the obvious internalisation 

of the term. 


Notice that as an immediate consequence of the definitions we have 

III.e.17. Corollary. (“Whitehead Theorem”) Let F : TF —>■ 2L' be a (pointed) map of eonnected 
ehamps then : n 2 (.^) —>■ Li 2 {^l) is an equivalence of 2-groups iff F^: is an isomorphism on 
homotopy groups Tiq, ^ = 1 or 2. 


Proof. Necessity is obvious, and sufficiency almost as obvious since it implies that the pull back 
under T of a maximal right co-filtering stable under base change Postnikov sequence on is 
again such a Postnikov sequence over , but. III.e.15 these are unique. □ 


Ill.f. The fibre functor revisited. The functors F*^ of (III. 10) and the natural transforma¬ 
tion enclosed by the triangle of op. cit. do not a priori patch to a map from lin^ . Hom^^^^^^ (qi, q) 
to (;“^(=i=). By the universal property, (A.8)-(A.9), of direct limits of categories, the required 
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condition for achieving this is that for i > j > k we have a commutative diagram of isomor¬ 
phisms of base points, which at this juncture are most conveniently understood as functors 
from the trivial category pt, i.e. 


(III.85) 


*k 


Cfci 


Fkii*i) 


Ckj 




^kj (Cji) 

' 

FkjFji{*-i) 


where 'ykji is as per item (d) of the definition, IlI.e.l of a Postnikov sequence. On the other 
hand, if this diagram doesn’t commute then following it round, say clockwise, defines not only 


an element Zkji in the stabiliser, Pfc, of but as immediately post (III.81) a 2 co-cycle in the 
Cech description, of the derived inverse limits of the Pfc, so again by [Jen72, Theoreme 7.1] this 
vanishes. Thus, without loss of generality we may suppose that (III.85) commutes, and whence 
we obtain a functor 


(III.86) 


lim Hom^ 




Consequently on introducing only the the 'jkji satisfying IlI.e.l (e) and the condition, (III.57), 
therein we have 

Ill.f.l. Fact. The fibre 2-functor, \III.b.^ is pro-representable, i.e. for T the partially ordered 


set of III.b. 6 but with the qi not just connected but 2-Galois the functor (III. 86) is an equivalence 


of categories. 


Proof. Essential surjectivity is III.b.6 and III.c.15, while by III.c.4 it’s fully faithful. 


□ 


This eq uivalence of categories notwithstanding, the fibre functor in Et 2 (.^)- unlike that, cf. 
in Eti(.^)- when restricted to a 2-Galois cell, qi, yields a map 


III.b.8 


(III.87) 


Horn 




which by (III.21) is potentially very far from an equivalence of categories. In particular there¬ 


fore, on the one hand, cf. III.d.3 the right hand side of (III.87) does not trivially inherit a 
2-group structure from the left, while, on the other: the natural restrictions —>■ qj^{*) 

on the right do not afford a series of similarly compatible functors on the left. Similarly, even 


given a Postnikov sequence, it’s not even true that the right hand side of (III.86) has a unique 


112 action. More precisely according to the definition of the same, A.ii.2 directed limits of 
categories only make sense- cf. |A.i.2- up to equivalence, so there’s no reason for a 112 action 


whether on the left or right of (III.86) to exhibit any further uniqueness. On the other hand if 


the functors and natural transformations 


(III.88) Ui: Jifi:= q) ^ Jif := lin^ q), Uij : Uj => UiFi, i > j 


define the direct limit in the sense of A.ii.2 then for each ui G 7ri(.^) we have, for a Postnikov 


sequence, a further sequence of functors and natural transformations 

(111.89) UiU* := [UjOjft^U,Flojf^^U,u:*Fl) 

which by III.e.l| (b) and (d) satisfy the requisite conditions of A.ii.2 to yield a functor, 

(111.90) oj : ^ —>■ and natural transformations, 0^ : UiU* ojUi 

according to the prescriptions of the universal property of op. cit.. Finally by III.e.l| (c), and 
a moderate diagram chase, the endomorphisms ujt and (rw) of 2^ solve the same universal 
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problem so by (A.9) there is a unique natural transformation between them such that the 
diagram 


(III.91) 


Uiinuji) 


^ UjUiT* 


■ LorUj 


(Ui),a\ 



ir:rei 




0 * 




Ui{TU:)l 


commutes for all i, where is as per item (c) of 


{TUj)Ui 


IlI.e.l 


Consequently the definition, (III.59), 


of the pro-finite Postnikov class combines with the uniqueness of to yield 


III.f.2. Fact. The solution of the universal problem (III.88) implied by (III.86) affords (tauto- 


logieally) on either side of (III. 86 ) a action (unique up to unique equivalence given a 


Postnikov sequence) such that the equivalence Ill.f.l is II 2 equivariant. 


The discussion becomes more satisfactory still if we introduce 

III.f.3. Definition. Let Et 2 (i^) be the (big unless one supposes the existence of a universe, or 
places some limiting cardinality on the indexing sets, I, which follow, such as the cardinality 
of something small and weak equivalent to Et 2 (.^) ) pro- 2 -category associated to Et 2 (=^), i-e. 
0-cells are 2-functors from some co-filtered partially ordered set I (albeit that directed, i.e. 
right co-filtered and partially ordered are all one needs, and arguably should, suppose in the 


current pro-finite, rather than pro-discrete Ill.i context) viewed as a category in the usual way, 
so, specifically, (A. 6 ), sequences q = {qi, Fji,^kji) for i > j > k £ I belonging to a co-filtering 
partially ordered set (depending on q) satisfying the prescriptions (a)-(c) of op. cit., and whose 
1 / 2 -cells are given by understanding the bi-limit 


(III.92) 


Rom^{q,q') := ])mli^Rom<^{qi,qJ 


in the (strict) 2-category of groupoids. In particular, there is something here to check (a.k.a. a 
diagram chase for the reader), i.e. that for a fixed the obvious sequences of categories, functors, 
and natural transformations satisfy the requisite condition, A.ii.l for the direct limit in i to 


exist, and that it’s existence (up to unique equivalence) is sufficient for the resulting sequence 
in a to satisfy the dual condition for the existence of the inverse limit. 


By way of application one observes 

III.f.4. Fact. Let q be the 0-cell in Et 2 (<^) associated to a Postnikov sequence via 


IlI.e.l 


(d)-(e), 


then the fibre functor (III. 86 ) extends to an equivalence of categories 
(III.93) Homg^^(^)(g,g') ^ ^(g(,)“^(=t=) 


while the Yi 2 {^*)-o.c.tion of III.f.2 extends to a continuous action on (say the right) understood 
as a continuous (small) groupoid. 


Proof. That this is an equivalence of categories is automatic from |III.f.l| and the definition 

mZs 


and, similarly, if the 112 action exists then it’s certainly continuous because III.f.2 


IS. 

Otherwise, the existence of an action is an exercise in the universal properties of direct and 
inverse limits of categories. More precisely if q' = {q'^, Pqg, Pap-f), for 7 > /3 > a in some 
directed set A, then denoting the defining Hom-categories in (III.92) by and their limits 
in i by we have on adding the superscript a in (III .88 )-( |III.91 ), a set of solutions to a set 
of universal problems indexed by a. Similarly a small (but non-empty, since one must respect 

118 

































the conditions in A.ii.l) diagram chase shows that the universal property of direct limits affords 


a 2-commutative square 
(III.94) 






UP 


U? 






where is understood in the obvious way. To all of which one can apply the unicity, (A.9|, 
of natural transformations of functors from to obtain for each a; G unique natural 

transformations such that the following diagram commutes 


(III.95) 


/ 3 , ,/3 






K) “i 


Q 

ap 


u^rutPa0 

A 


V 






/9 


for all i. Now the unicity (and some diagram chasing) does the rest, i.e. the categories =^";the 
functors Paj 3 , and natural transformations n PaP'y satisfy (modulo the change from 

right to left) the same diagrams as found in the definition III.e.l| (a)-(e) of a Postnikov sequence, 
which by the same/dual argument to (III.88)-(III.91) are exactly the required conditions for 
defining a n 2 -action on (im^ □ 

From which we deduce the conceptually satisfactory 

III.f.5. Corollary. Again let q be the O-cell in defined by a Postnikov sequence, then 

the fibre functor affords an equivalence of 2-groups 

(III.96) n2(..^) < (g) (= (q, q)) 


Proof. Let fp be the 2-group on the right, then, in the notation of the proof of III.f.4 its identity 
can be identified with the functors Fd G Jifff of |III.e.l| (b) and (when taking the inverse limit) 
the natural transformations q-y/ja of op. cit. (dp In particular it maps under (III.96) to an 
object equivalent to the object * in lim q^^i*) defined by the square (III.85)- cf. (A.8)-(A.9). 


Similarly the objects uJaFai (which are equivalent to the sequence of objects FaiOJi by 


IlI.e.l 


(b) 


& (d) ) map to an object isomorphic to the object u}{*) obtained by applying uo on the left to 
the said diagram (III.85). By III.f.4 this is all the objects in Homg^^^^^(g, q) up to equivalence. 


so every endomorphism of q is a (weak) automorphism, and whence by III.b.8| 
(III.97) 7ri(<p) ^7ri(.r*) 


Similarly, III.f.4 and (III.53) yields a group automorphism 
(III.98) 7T2m A 7r2{S',) 

in which both sides are 7ri(ip) (respectively 7ri(.^)) modules in a compatible way thanks to 
the equivariant part of III.f.4[ Fin ally the definition of their respective Postnikov classes is the 
same by construction, i.e. |III.e~ (c) and (III.59). □ 


Finally, let’s tie things up with the actions encountered in |III.d.2|lII.d.3| by way of 

III.f.6. Remark. We have of course the possibility to identify the fibre over the base point of any 


0-cell with a unique (if not quite uniquely unique) skeletal groupoid, cf. II.a In the particular 
case that the cell is 2-GaIois, or even just connected with abelian stabiliser, this is sufficient to 
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get a unique fibre functor in (III.86) given (III.85), and similarly on taking inverse limits of the 


same. There is therefore little, or no, ambiguity for the vertices in the action diagram (III.37). 


The top horizontal arrow of op. cit. is, however, another matter, III.c.7 Nevertheless, all of the 
problems that it threatens to cause, .d.3| result from the lack of an honest universal cover, 
which not only, as one might expect, disappear in the limit, III.e| by virtue of the existence 
of a Postnikov sequence, but even the said existence itself admits the conceptually pleasing 


description (III.96)- cf. [SGA-I, V.4.g] for tti- which parallels the topological case, II.e.6 


as 


closely as is possible. 


Ill.g. The pro-2-Galois correspondence. The pro-finite structure of 112 := natu¬ 

rally affords it the structure of a continuous 2-group, and, similarly, one defines a continuous 


groupoid with continuous n 2 -action by the simple expedient of supposing that arrows in II.a 
are, where appropriate, continuous, and amongst all such we may distinguish 

Ill.g.l. Definition. The 2-category Grpdf.^g(n 2 ) is the full {i.e. the same 1 and 2 cells) sub 
2 -category of continuous 112 equivariant groupoids in which the zero cells ^ are groupoids 
satisfying 

(a) The topology of the space of arrows, Fl(.^) is compact separated and totally discon¬ 
nected, or, equivalently, given compact separated, totally separated, cf. Ill.i.l and 


(III.181). 


(b) The identity map, Ob(.^) ^ Fl(.^) x Fl(.^) is a closed embedding. 
An alternative description of the above conditions is therefore 


III.g.2. Fact. The 2-category of topological groupoids ^ satisfying Ill.g.l (a)-(h) is equivalent 
to the (pro) 2-category of pro-finite groupoids, i.e. Et 2 (pt) in the sense of III.f.3 


fS“(V) 


Proof. There is, (III.181), a functor 

(III.99) Xe^TT^ 

from topological spaces to pro-finite sets, which is an equivalence when restricted to the full 
subcategory of topological spaces satisfying Ill.g.l (a). As such the space of arrows of a groupoid 
(s, t) : R ^ X satisfying (a) is a pro-finite set, while if it also satisfies (b) then X is a pro-finite 
set too. Gonsequently 72 ^ X is equivalent to a pro-finite groupoid object, so by [AM69, A.3.3] 
it’s a 0-cell in pro-finite groupoids of a particularly simple form, i.e. 

(a) There are strict surjections 7? —t- 72* to finite quotient groupoids 72*, i £ I. 

(Ill 100) induced inverse system Fji : Ri —>■ Rj of functors satisfies Fki = F^jFji. 

(c) The set map 72 —)• ^im 72* implied by (b) is a strict isomorphism of groupoids. 

i 

Such simplicity notwithstanding, we therefore have a 2-functor 


(III.lOl) 


Groupoids satisfying Ill.g.l (a)-(b) —)■ Et 2 (pt) : [72 =1 X] i—)■ [72* =1 X*]*g/ 


for 7 (depending on 72) the co-filtered directed set of (III. 100). In principle there could be 
many more 0-cells in Et 2 (pt), but ( |III.101| ) is actually essentially surjective. Indeed a 0-cell, 
(72* =1 Xi, Fji,'ykji), i,j,k G 7 of Et 2 (pt) as described by (A.6), may by the fact that (III.99) 
is an equivalenc e of ca tegories under the hypothesis Ill.g.l (a), be identified with the inverse 
limit, 72 


X of 


A.ii.4 


albeit with the proviso that arrows and objects are understood to have 
the obvious topology. Supposing, as we may, that 72* ^ X* is skeletal, we may, without loss of 


generality, further suppose, (A.15), that if x = (x*) G lim . X* then there are automorphisms 

(III.102) G Aut(xj), Xj = Fji{xi), such that 4*(x) = f,kjFkj{iji)lkji{x) 
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Consequently if we define functors by the rule 
(III.103) 




then the F'-^ satisfy the strict commutativity condition ( III.100[ ).(b), while for a € I fixed, with 


i > a, the functors F'- : Rj —?■ R„ and natural transformations 


(III.104) 




F' F - 


define an isomorphism in Et 2 (pt) between our given 0-cell and that defined by {Ri ^ Xj, F'^-, 1 ). 
In particular, therefore, to each object x G lim. Xi there is associated a pro-finite group. 


(III.105) 




Sx := ^im [HomR,(xi,Xj) - }iomR.{xj,Xj)] 


which (by definition) glue together to a continuous lim.Xj-group S := DxSx- Nevertheless, 


there could still be, (A.151, many more objects in X than jim. Xj, but in the presence of the 


strict commutativity condition ([III.IC 


.(b) and (III. 102) (with 7 = 1) every object as described 
by (A. 151 is isomorphic to one in ^m . Xi by [Jen72, Theoreme 7.1] (or more accurately the non- 
commutative variant for H^). As such, if we further replace the object sets Xj by the image of 


lim.Xj, and the arrows by the image of S defined by (III. 105) then we not only deduce that 


the 2-functor (III.101) is essentially surjective on 0-cells, but that we can add to (III.100) the 
further property 

(III. 106) (d). Whether i? ^ X, or the Ri ^ Xj are skeletal groupoids. 


This said, in order to prove that (III. 101) is essentially surjective on 1-cells, i.e. the general 


prescription (III.92) may be reduced to that of a net of functors Ai : R'^ ^ R'- forming strictly 


commutating diagrams 


(III.107) 


R- 


R'' 


R', 


F'. 


-> if; 


wherein a priori the implied 0-cells only satisfy (III. 100).(a)-(c), but a postiori also satisfy 
( |III.106[ ).(d), so essential surjectivity again reduces to the non-commutative (for H^) variant 
of [Jen72, Theoreme 7.1]. Similarly the last thing we have to check, [Lei04, 1.5.13], i.e. maps 
between 1-cells are a family of faithful functors is again a non-commutative variant of ]Jen72 , 
Theoreme 7.1], albeit, on this occasion, for □ 

To characterise the action of 112 in pro-finite terms is similar, to wit: 

III.g.3. Fact. Let Grpdgjj(n 2 ) C Grpdj.ts(n 2 ) he the sub 2-category of finite groupoids with 
continuous Il 2 -action then there is an equivalence of 2-categories, 


(III.108) 


Grpdcts(n 2 ) ^ pro - Grpdfin(n 2 ) 


where, following III.f.3 the 0-cells, ^, of the latter are equivalent to sequences (indexed by a 
co-filtered directed set I in the sense of A.ii.l in an arbitrary 2-category) {^i, fji,f,kji) ofO, 1, 
and 2-cells in Grpdgjj(n 2 ), with 1 and 2-cells given by the bi-limit of categories 

(III.109) 

understood in the sense of\A .ii.2\ 


lim lim Homnj 
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Proof. By III.g.2 we need only check that the mutually inverse 2-functors implicit in ( III.101[ ) 
may be taken to be n 2 -equivariant. On the one hand, if we start with a 112 equivariant groupoid 
on the left hand side of (III. 108), then since (by definition [III. e. 16 ) 112 itself satisfies Ill.g.l (a) 
we can again appeal to the fact that (III.99) is an equivalence between pro-finite sets and 


topological spaces satisfying Ill.g.l (a) so [AM69, A.3.3] applies once more, and whence, in the 
equivariant case, we can adjoin to (III.100).(a)-(c) and (|III.106 ).(d). 


(III. 110) (e). The action may be expressed as the limit of finite actions Ii 2 ^Ri 


R,. 


for a possibly different co-filtering directed set I. Conversely, if one writes out what the sequence 


condition, A.ii.l means in Grpdg„(n 2 ) by way of (11.39)-(11.40) then (modulo notation) one 


finds the conditions (a)-(e) of the definition, IlI.e.l of a Postnikov sequence together with the 


proviso that the differential of the natural transformations of item (c) of op. cit should be 
the image of the Postnikov class of 112. As such, exactly the same arguments via the universal 

imply that the inverse limit, lim. in the sense of 


property of limits employed in 


III.f.4 


of a 0-cell on the right of (III. 108) admits a unique, up to equivalence, n 2 -action. 


\AAL2 


Given this is the sum total of what we’ll need to know about continuous actions it’s appropriate 
to emphasise a couple of points, i.e. 


III.g.4. Remark. Since all of ( III.100| ).(a)-(c), ( III.106| ).(d), (III.llO).(e) may be supposed to 


hold simultaneously, the structure of pro-Grpdfln(n 2 ) is a lot simpler than that of an arbitrary 
(defined in the the obvious way suggested by III.f.3, (III.92) & ( III.109| )) pro-2-category. We 
will, however, always eschew (unless it’s logically impossible) any appeal to such simplifications 
which are not available in the general pro-discrete case of limi 


III.g.5. Remark. Evidently most of II.a just extends to the continuous case by the simple 


expedient of insisting that all maps occurring therein are continuous. The one point where 
one should exercise caution is that it’s not always possible to reduce to the transitive case 


since ttq of a pro-finite set/equivalently a space satisfying Ill.g.l (a) is naturally topologised. 


III.i.l[ III.i.2, III.i.ll| If, however, one does have a transitive action then II.a.6 and the resulting 
description II.a.l4| of Grpd(n 2 ) in terms of group co-homology are equally valid for Grpd(.ts(n 2 ) 
with exactly the same statements albeit understood in continuous group co-homology. 

With this in mind we have 

III.g.6. Proposition. Let q be the 0-cell in defined by a Postnikov sequence, then the 

2-functor (cf. II. e. 1) 


(III.lll) 


• Et2(^) ^ Grpdrts(n2) 


affords an equivalence of 2-categories, wherein the Il 2 -groupoid Hom^^^^^^(g, g') is, III.f.4 
equally described by the fibre functor (III.86). 


An immediate simplification can be obtained by observing 
III.g.7. Lemma. Let everything be as above, then \IILg. 6| holds iff 
(III.112) i3omg^^(^)(g,_) : Et2(.^) ^ Grpdfi„(n2) 

affords an equivalence of 2-categories, wherein t/ie n 2 - 5 rotipozd Hom^^^^^j(g, g') is described by 


the fibre functor (III.86) and Ill.f.l IILf.2 


Proof. Necessity is obvious, and otherwise, if (III. 112) is an equivalence, then it affords an 


equivalence between pro-Et 2 (.^) and pro-Grpdg„(n 2 ) which are the left hand side of (III.lll) 
by definition, III.f.3, respectively the right hand side by |III.g.3 □ 
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Following the schema of the topological proof, |II.e the step corresponding to II.e.4 has already, 

is 


|III.f.l[ been done while the appropriate variant of II.e.7 


III.g.8. Fact. The 2-functor (III.112) restricted to 1-cells is a family of fully faithful functors. 


Proof. Let F, G be a pair of 2-cells as in II.e.7 but with source a 2-Galois q. By III.a.6 


the diagram (11.122) is valid and. III.a.3, all the maps are proper even if isn’t separated. 


Consequently, in the notation of (11.122) the support (on 'S^i) of the sheaf of sets 

(111.113) = 

is closed. It is manifestly also open, and by construction every stalk has at most one element, 
so it’s the trivial sheaf since it’s non-empty at the base point. The related sheaf 

(111.114) C-f^g, q{C)i = r} 

is therefore a locally constant sheaf on with fibres isomorphic to the stabiliser of /(*). In 
principle, on a given 2-Galois cell, it could be non-trivial, but on replacing g by a Galois cover 


Qj we can suppose that (III. 113) is generated by global sections, which are isomorphic in a 
unique way to the stabiliser of fi*j), so on passing to the limit q all such isomorphisms are 
compatible. □ 

It therefore remains to prove 


III.g.9. Fact. The 2-functor (III.112) is essentially surjective on 0 and 1-cells. 


Now, as it happens, we still haven’t proved this at the level of Eti(.^), and while we could have 
recourse to |Noo 04], it’s not only appropriate to give a proof in order to set up our notation and 


exhibit the similarity with I.e, but also to clear up a certain amount of misconception about 
the axioms in [SGA-I, Expose V.4] a number of which become (even in an arbitrary site with 
enough points) superfluous on working with champs. In particular, as the proof of the following 
will demonstrate the conditions on the existence of quotients by finite groups of automorphisms 
can be dropped. 


III.g.10. Fact. At the level o/Eti(.^) the 2-functor (III.112) defines an essentially surjective 
functor to finite 'Ki{^^)-sets. 

Proof. We immediately reduce to the case where the action is transitive, so what has to be 
shown is that if is a representable etale Galois cover with group G, then for any 

finite sub-group K there is an etale cover q[ : '3/^' —)• with fibre GjK^ which, of course, one 
exhibits as a quotient of q in Eti(i?r). 


To this end, profiting from III.b.2 (with / the identity) we can, as in (11.70), represent qi by 
an embedding of groupoids 

(III.115) qi : Ri ^ Rq 

with etale actions on the same atlas U, while, similarly an element, lo, of G can be identified 
with a 2 commutative diagram 

iT 


(III.116) 


Ri 


Ri 



Furthermore the definition of Eti(.^) implies, just as in (1.66), that the natural transformations 
Ot,uj ■ Ft-Fi^ —7- Fruj of the G action are, in fact, given by. 


(III.117) 


a. 


r,a; 


= i- 


TLO ^(jj 
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Now, cf. (1.63), consider the fibre square 

Ri 

(III.118) 


Ri 


s=source 


u 


-> u 


where, unlike (1.63), t^) need not be an embedding. Nevertheless we still have an isomorphism 
(III. 119) ^ CRq : (/, x) 

which also serves as a definition of the image Rq. On the other hand, the fibre of qi over 
a point X £ U can be identified with arrows in Rq with source x modulo the relation that 


there difference belongs to Ri, and by (III. 15) the are a complete repetition free list of 

represent 

(III.120) 


representatives of such equivalence classes. Consequently, cf. I.e.3, as a set 

^0 = U 


LOGO 

or, what is slightly better that the groupoid Ri,uj of which an element (/, x)u} has source x 
and sink that of /, with multiplication defined by 

(III.121) Ri^rt Xs Rl,uj -t Ri,tuj ■ {g, z)r X (/, x)^ (gRrif) ^T,UJ1 x)tu 

is strictly isomorphic to i?o- D 

All of which can usefully considered as a lemma in the main business, i.e. 


proof of Ill.g.^ We follow the proof of the topological case, II.e.8[ with minor modifications. 
In the case of 0-cells by III.g.lO| we can, again, without loss of generality, suppose that the 
representation has values in Bp for some finite group B. Consequently there is a 2-Galois 
cell q, factoring as a locally constant gerbe g —>• qi in B^Cs and a representable Galois cover 
—>■ with group such that the action may be identified with normalised co-chains 

A : vr^ — )• Aut(r), : (vr^)^ —)• B, and a map of 7 r[ modules, A 2 : vr^ —)• Z. with values in the 
centre of B satisfying exactly the relations detailed in |II.e.8[ In particular, we can identify qi 
with the embedding of groupoids (III. 115) and q with a groupoid R 2 —)■ Ri which is equally an 
etale rr^-torsor. By III.g.lO| (applied to Ri, and without, by the way way, having to suppose 
that quotients by finite groups exist in the ambient big site, cf. [SGA-I, Expose XI.5]) there is, 
cf. ( II.123| )-(II.124), a left right B torsor 

(111.122) R 2 := R 2 X B/((/,7) ~ (/5,7^2(5)), 5 G vr' 

which equally defines a groupoid with action factoring as R '2 ^ Ri ^ U, along with functors 
F^, u £ G, and natural transformations => RtRL exactly as in op. cit.. 


Now consider adding a further fibre square in (III. 118), to wit 

R'o,.. -1 R^.u, -1 U 


'2,CJ 


(III.123) 


R^ 


-£ Ri 


s=source 


> u 


and which equally serves as the definition of the term in the top left. In particular therefore we 
can write elements of R := W^^R' 2 u: pairs (/, x)^; indexed by a; G with f £ R '2 enjoying 


source wx, so that exactly as in (11.126) 

x,« R<', 


(III.124) 


R. 


2,t t 


'‘2.U1 


R2.TUJ ■ {g,z)r X (/,X)^ {gFr{f)a'.,^^,x)ru 

Rq ^ U where the B-torsor structure of 


defines a groupoid structure which factors as R 
R —)■ Rq is equally the quotient by the relative stabiliser thanks to (III.121). Furthermore, 
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since all co-chains are normalised, identities in R '2 are the identities in R!^ while the inverse of 
(/, x)u, is given by 


(in-125) 

As such an explicit lifting of the natural transformation (|III.116) is 


(III.126) 


:U ^R' 


X 




which by (III. 125) satisfies (11.128), so by exactly the same diagram chase, (11.129)-(II. 131), 
the 0-cell \U/R'\ in Et 2 (^) affords the n 2 -action on Br that we started with. 

As to the essential surjectivity on 1-cells, modulo replacing the universal widget R 2 —)• Ri 
in the topological proof, by groupoids R 2 ^ Ri ^ U corresponding to the factorisation of a 
(sufficiently large) 2-Galois cell into a locally constant gerbe followed by a representable map as 
above, everything is, otherwise, formally the same as the topological case, (11.132)-(II.135). □ 


Ill.h. Relation with abelian and non-abelian co-homology. The lack of an universal 
cover in the pro-hnite theory notwithstanding, the relation of 'Et 2 {^) with co-homology re¬ 
mains essentially the same as the topological class, i.e. II.h.2 To the end of describing this let 
us introduce 

Ill.h.l. Definition. Let Z he a locally constant sheaf of abelian groups on ^ then the set of 
locally constant gerbes q : ^ with relative stabiliser (which always descends to a sheaf 

on whenever it’s abelian) Sig/jx —^ (f^L (implicitly with an isomorphism of the stabiliser 
of a base point with a hxed abelian group Z to avoid the problem posed by ( II.54| )) modulo 
equivalences in Et 2 (=^) will be written ^. On representing g, respectively q' by 

groupoids i?, R' over Rq a la (11.70) which are torsors under Z; this set admits a natural abelian 


group structure, [Gir71, IV.3.3.2], by way of Giraud’s contracted product 

(III.127) q q' := R Xr^ R! jZ 


Now while we’ve only dehned this for what is largely our context, i.e. locally constant sheaves, 
it continues to have sense for arbitrary sheaves, and to any short exact sequence of sheaves. 


(111.128) 

one has, [Gir71, IV.3.4.1], III.h. 15 a tautological connecting homomorphism 

(111.129) Z') 4 


which sends a Z^torsor to the gerbe whose objects are its possible liftings as a Z torsor. 
Unsurprisingly, c/. op. czh, this affords a (5-functor in degrees < 2, and whence a natural map, 
or better a natural transformation of functors 


(III.130) 


77Z :H2(.r,Z) 


H 


Giraud 
2 


(jr,z) 


and one can certainly show, [Gir71, IV.3.4.3], that vanishes on injectives, and, whence, 

that (III. 130) is an isomorphism. In our current considerations, however, it better illustrates the 
connection with [AM69J to proceed via Gech co-homology, c/. [Gir71, IV.3.5]. The principle 
complication here comes from the fact that in degrees > 2 the Gech co-homology need not 
compute co-homology in an arbitrary site- indeed this can already occur for the etale site of 
schemes over an algebraically closed held which aren’t quasi-projective. Nevertheless, we always 
have 


III.h.2. Notation. Let ?7 —be an etale atlas, and Z a sheaf of abelian groups then Er’'^(17, Z) 
(=> HP'’''?(iZ’, Z)) will be the Gech spectral sequence for the cover U, and the directed limit 
(spectral sequence) of such over all open covers U will be written Er’'^('^,Z) or, possibly, in 
the special case that q = 0, r = 2, Z). 
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In particular therefore we have an exact sequence 

^1,1 

(III.131) 0 ^ h 2( jr, z) ^ h 2(^, z) ^ EP(jr,z) ^ r^{^,z) 

whose manifestation in can be constructed rather explicitly. As ever we choose a 

sufficiently fine atlas f7 —)• iZ" so that both ^ and the class oi q : '3^ ^ can be represented 
by groupoids R Rq ^ U, with q a Z-torsor. Consequently if we have a normalised {i.e. 
vanishing on identities) Cech co-cycle, C : Rq ^ s^Z, (which is, in fact, isomorphic to the 
constant sheaf Z for U sufficiently fine) then we can define another groupoid R' on changing 
the multiplication rule in R by way of. 


(III.132) 


{g-f)new = {g ■ f ■ Cig,f))o\d 


which is associative because C is a co-cycle. On the other hand by (11.70) to give a map between 


q = [U/R] and q' = [U/R'] in Et 2 (^) is, on refining U sufficiently, equivalent to giving a functor 
F : R ^ R' along with a natural transformation q q'F. As a map from U to Rq, however, 
any natural transformation can, on refining U as necessary, be lifted to a map from U to R', 
so without loss of generality q = q'F, and the functor has the form / i—)• fz{f) for z{f) in the 
stalk Ks{f)- III particular, therefore, C rnust be the differential of z, and whence 


III.h.3. Fact. The change of multiplication rule (III.132) makes Z) a , ^)-set 

with faithful action, which applied to the trivial class yields a commutative square 


(III.133) 


H2(.r,Z) 




(III.132|| 




(|III.131| 


| |III.130| | 


H2(jr,z) 


Proof. We’ve done everything except the commutativity, which by the naturality of (III. 130)- 
(III. 131) amounts to checking that the composite of the bottom row with the right vertical is 
what one gets from the tautological (5-functor (III. 129) applied to the Cech complex, which, by 
the way, is a slightly different line of reasoning to the same assertion in [Gir71, IV.3.5.1.6]. □ 


Maintaining the same notation, and bearing in mind that s*Z is the constant sheaf Z, we 
equally have the intervention of hyper-coverings via the composition: 


(III.134) Z) —;■ }1^{Rq,Z) —>• E^ : q = \U/R\ —)■ [class of R/Rq as a Z-torsor] 


whose kernel is the orbit of the trivial class under ( III.132[ ). Better still, as in the proof of |III.h.3| 
since Hoiraud is a (5-functor in degrees < 2, one can apply it directly to the Cech complex to 
get an exact sequence 


(III.135) 


0^H2(jr,Z) 


(|III.132|| 




||III.134|| 


>eI’\^,Z) 


which commutes with (III.131)- in the obvious way akin to (III.133)- by the naturality of 


(III.130). On the other hand (III.130) is always injective for general nonsense reasons, so it’s 


an isomorphism iff of (III.131) vanishes on the image of (III.134). On replacing R in 
by that of (III. 134) this is formally the same as the proof of 


II.h.2 


a Z torsor; Y/X by a Z x Z torsor and 7ri(A) by Z x Z in (11.209)-(11.210); and, of course, P 


replace U/S in (11.208) by 


Il.h.l 


by a sufficiently fine atlas U. In particular, since one no longer has the lack of associativity in 


item.(c) of Il.h.l there is no transgression, and whence 


III.h.4. Fact. The natural map (III.130) is an isomorphism, and, better still, the exact sequence 
( III.131D (which is not a trivial isomorphism between and iff hyper-coverings intervene 


in a non-trivial way) is simply the extension of (III.135) on the right by ^2 
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This established we change notation accordingly, i.e. 


III.h.5. New Notation. We no longer distinguish from regardless of whether it be 

in the abelian or non-abelian case. The latter is dehned as follows: by T is to be understood 
a locally constant (finite) link, i.e. a hnite group T together with a representation of 
in Out(r), [Gir71, IV.1.1.7.3], if this lifts to a representation in Aut(r) then we have a locally 
constant sheaf which will be written T, and in either case the centre always dehnes a locally 
constant sheaf, Z, of abelian groups. As ever, H^(.^,r) is the set of T-torsors modulo isomor¬ 
phism in Eti(l?f), while, following Giraud, H^(j2r,r) is the set of equivalence classes of 0 cells 
q : —7- in of locally constant gerbes in Bp’s such that the locally constant sheaf 

■5^1^!SC (again, implicitly with an isomorphism of the stabiliser of a base point with a hxed 
abelian group T to avoid the problem posed by (II.54|)) affords the outer representation T. 


These groups are easily described by the 2-Galois correspondence, i.e. 

III.h.6. Fact. The 1-eategory of (finite) loeally eonstant sheaves is equivalent to the eategory of 
finite groups with eontinuous tti = action, and we have the Huerwicz isomorphism 


(III.136) 


Hi(jr,r)^HL(vri,r) 


Similarly the 2-Category of loeally eonstant gerbes (in finite groups) over SS is equivalent to 
eontinuous actions ofIl 2 {.^*) on groupoids with one (up to isomorphism) objeet while H^(.^,r) 
is formally (i.e. may be empty) a faithful ^-set and we have an exact sequence of sets 


(III.137) 0^HL(7ri,Z)^H2(.r,r) 


Hom-4 


(71-2,^) 




> (HL(7i'i,^),obs) 


where obs is the pull-back to tti of the obstruction class ofirrd so exactness on the right is to 
be understood as image equals pre-image of obs and elsewhere as the fibring of the aetion over 
the orbits, so, in particular, 9 iff the pre-image of the obstruetion elass is non¬ 

empty. Better still, ifV is abelian then (III.137) is an exact sequence of groups, andH^(.^,r) 
is formally a principal homogeneous spaee under via Giraud’s eoneatenated produet. 


(III.138) 


H2(jr,Z) X H2(jr,r) ^ -.qxq'e^qA^q 


Proof. 


III. 1361 is an immediate tautology of 1-Galois theory, [SGA-I, Expose XI.5], while 


m .137| ) is a similar tautology for 2-Galois theory prohting from the explicit description, 
II.a.l4[ of actions of 2-groups on groupoids with 1 object. It then follows from (III.137) that if 
r) 0 then it is a principal homogeneous space under as soon as the action 

( |III.138[ ) is faithful. As such suppose there are q G and q' G H^(.^,r) such that 

qA—q' = q'. Now the restriction of the stabiliser to any sufficiently hne open cover is always the 
constant sheaf, so identifying q, q', etc. with groupoids R, R' we trivially have the non-abelian 
variant of ( III.134[ ), 


I.e. 


(III.139) 


H^(i? 0 )r) : q' -A [class of R'/Rq as a T-torsor] 


which in turn factors through the abelianisation of the fundamental group of every component 


of Rq by (III.122). Gonsequently by (III.136) applied to Rq, the image of q under (III.134) is 


trivial, so it’s a Gech class. Modulo notation, the action of Gech classes is given by (III. 132), 


and it’s always non-trivial if q is non-trivial for the same reason as discussed post op. cit.. □ 


Plainly (III. 137) is crying out to be dualised and/or take values in linearly topologised sheaves, 
so let us make a brief 
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III.h.7. Scholion. Continuous etale homology and continuous Giraud co-homology Suppose for 
the sake of argument we simply define 


(III.140) 


Hf (jr,Z) := Homcts(H5(=r,Q/Z),Q/Z), 

Hf (7ri,Z) := Homcts(H^ts(7ri,Q/Z),Q/Z) 


where even though the co-homology groups being dualised on the right are discrete, we write 
Hornets to emphasise that the dual is to be understood as a pro-finite group, i.e. the topological 
dual of the direct limit over finite sub-groups. As such, (III. 137), affords an exact sequence of 
topological groups 


(III.141) 


0 


H ets 
2 


(7ri,Z) 


H ets 
2 


(=^,Z) 


TT. 


.cts 




jjcts 


(7ri,Z) 


Of which the easiest term to understand is the topological co-invariants of 7r2, i.e. the maximal 
invariant topological quotient, or equivalently the quotient by the smallest closed sub-module 
containing (the closed set) S‘^ — S, for S G 7r2, and a; G vri. As such the topological co¬ 
invariants are potentially smaller than the co-invariants, albeit everything is profinite so by 
[Jen72, Theoreme 7.1] topological co-invariants have the right behaviour, i.e. 

(111.142) Trf =^7r*(jr)^, 

i 

for i ranging over the finite quotients of 7r2(,^). Similarly the continuous group homology 
term will invariably differ from the usual group homology. Specifically, one computes con¬ 
tinuous group co-homology with values in a pro-finite vri-module A by applying the functor 
Homg®g(—, A) to the continuous complex of sets 

(111.143) pt 1= TTl^Vri X TTi • • • 


On the other hand, the notion of group ring, a.k.a. adjoint to the forgetful functor to Ens, 
continues to have perfect sense, i.e. 


III.h.8. Claim. Let F = ^m ^^^ Fi be a compact separated totally disconnected space in Top, 
i.e. Fi finite with the limit taken in Top, or, respectively and more generally a prodiscrete set 
Ejg/ in pro — Ens, then there is a (uniquely unique) pair consisting of a profinite group C{F), 
respectively a protorsion group Cj^j, and a continuous map c : F ^ C!{F), respectively a map 
in pro — Ens, such that if / ; E —)• A = ^m ^ Aq, is any other continuous map to a pro-torsion 
abelian group, respectively a map to a pro-group A^gi-^, then there is a unique continuous group 
homomorphism (j)f : C{F) —>■ A, respectively pro-homomorphism, such that f = (j)fC. 

Proof. Partially order the set / x N by (z, m) > (j, n) iff z > j and m > n, which is right 
co-filtering, respectively co-filtering, if I is, then 

(III.144) C{F) := ^ Z/n Z[Ei] 

(i,n) 

for Z[—] the free abelian group on a set, respectively the implied pro-object, does the job. □ 


Applying this to the complex ([m .143[ ) yields a complex of pro-finite abelian groups 

(111.145) Z = Co := C(pt) 1= Cl := C(7ri)^C2 := C(7ri x tti) • • • 

which for a finite group is just Z®^— applied to the standard homology complex, but, otherwise 
may be a lot more complicated. Irrespectively, the complex (III. 145) shares the following 
pleasing features with the standard homology complex 

(a) If A is a pro-torsion module, there is an identity of complexes 

(111.146) Hom|^^,(7r*, A) = Homlt(a, A) 
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which is the right widget for continuous group co-homology if A is discrete or pro-finite. 

(b) In the particular case of A = Q/Z Pontryagin duality implies that Hg''®(7ri, Z) is the homol 


ogy of the complex (III. 145). 

Now there are 2, and to some extent 3, ways in which this rather satisfactory discussion starts 
to break down. In the first place, one cannot find a compact complex of compact totally 
disconnected spaces such as (III. 143), e.g. already for vri a discrete group this is an issue. 


IV.C.5 


and pro-discrete is much worse, albeit this isn’t really an algebraic problem since under very 
reasonable hypothesis (e.g. Noetherian in characteristic zero, champs whose moduli are quasi- 
projective over affine- use the descent spectral sequence of [Del74, 5.3.5] as in IV.c.4 or 
to reduce to corresponding statement for schemes) the inverse limit 

(III.147) Fo(.r) =]^7ro(U) ^ Fi(jr) =]^7ro(Ux^U)^F2(Jr) = ^7ro(Ux^UxjrU) 

u u u 

over finite coverings does the job. Nevertheless it can fail, and it isn’t so easily remedied in pro- 
Top rather than the more complicated pro-homotopy category, and in either case, one looses 
the very useful freedom of working with right co-filtered rather than co-filtered partially ordered 
sets that one has in the pro-finite case, equivalently compactness allows one to pass from right 
co-filtered to co-filtered. In a similar vein is the issue of hypercoverings, but since we’re only 


concerned with gerbes and torsors it’s intervention, (III.134), is very limited, and we could just 


change (III. 147) to the complex of pro-finite sets associated to the obvious double complex of 


such suggested by (III. 135) et seq. for the general Noetherian algebraic case. Consequently, the 


more serious way in which the discussion begins to break down is when one tries to generalise 
from pro-finite groups to pro-group. In order to see what’s involved let’s put ourselves in a 


good situation such as pro-finite group cohomology or algebraic varieties where (III. 147) is the 
right widget and use EH .h.8| to define the “continuous Cech homology complex” 

(111.148) Co(3F) ;= C(Fo( JT)) ^ Ci(^) := C(Fi( jr))^C2(^) := C(F2{^)) ■ ■ ■ 

From the simple expedient of applying the definitions, we have for A = ^im ^ Aa a locally 
constant sheaf of pro-finite abelian groups, 

(111.149) C^J^,A) := Hom^j^UCg(.r),A) = Hom^^^,(Fg, A) = A^) 

a U 

and this sort of behaviour can be replicated in pro-Sheaf, but what can’t be replicated is 


III.h.9. Claim. If (III. 147) is a complex of compact totally disconnected spaces, and A = 


lim^ Aa is a sheaf of locally constant profinite groups then 
(III.150) = 0,Vp > 0 


u 


Proof. The good description is the final term in (III. 149), since as far as the right co-filtered and 
partially ordered set a is concerned the sheaves Homg®g(F’,, ^4) are weakly flasque in the sense 
of [Jen72, Theoreme 1.9] because a topological surjection of pro-finite groups has a section- 
[Ser97, I.Proposition 1]. □ 


Consequently, under such hypothesis the co-homology, of the complex (III. 149) exhibits 
exactly the same good features of continuous group co-homology, e.g. turns short exact se¬ 
quences of locally constant pro-finite sheaves into long exact sequences, and is the abutment of 
a spectral sequence 

(III.151) jr, Aa) => , A) 

a 

and there are two distinct points to note, i.e. 
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III.h.10. Remark. The relation between homology and co-homology is a tautology, which is 
best evidenced by a systematic use of Pontryagin duality, rather than the so called ‘universal 
coefficient theorem’, which in the above situation takes the form of a spectral sequence 


(III.152) 


ExtL(H^4(^,Z),A) 


^p-q 

^cts 


i^,A) 


for the homology of the complex (III. 148) and A either a pro-finite group or indeed a 
discrete discrete group, where in the latter case just reduces to ordinary co-homology. 
In particular, therefore Z) is the topological dual of the discrete group 

as proposed in the definition (III. 140) 

[AM69 

only ever be unique up to homotopy, all sensible definitions yield (III. 140) tautologically, i.e. 
duality between homology and co-homology should not be confused with an actual theorem, 
viz: duality between co-homology and co-homology with supports. 


As such, while it’s true that in absolute generality, 
2], one cannot make such a simplistic definition, and the ‘homology complex’ will 


III.h.11. Remark/Definition. Consequently homology is nothing more than notation, whereas 
it’s preferable to have a definition of which is beyond ambiguity. This can be done as fol¬ 
lows: in Pro-sheaf (or perhaps better pro-^, i.e. indexing sets of cardinality as most some fixed 
accessible ordinal) a short exact sequence 

(III.153) 0 ^ ^ ^ 0 


can be identified with a net of exact sequences of sheaves of abelian groups 
(III. 154) 0 ^ ^ ^ ^ 0 

with implied transition functions for the same filtering I, [AM69, A.3.2-4.6]. Thus in the first 
place there are enough injectives- same reasoning as [Jen72 , §1]- and in the second place the 
derived functors of 


(111.155) : proSheaf —)• proGroup : ^ := —)• 

are just the pro-groups H'?(i^, ^j)jg/. while those of 

(111.156) proGroup —)■ Group : Ajg/ —)• ^im Aj 

i 


are ^im /^^Aj. From which, if we define ., ^) to be the derived functors of := 

^im . ^j) then we get a spectral sequence 

(III.157) Wp)H''( J", A„) ^ H(;+'^( JT, A) 


So by (III. 151) this more generally valid definition coincides with the previously envisioned 
good cases. 


Concentrating, therefore, on continuous co-homology we can, and should, extend the Cech 
discussion to a non-abelian locally constant sheaf P = lim^ P^ of pro-finite groups. Indeed, is 
always Cech, and we just define T), or for that matter (tti, T), which is the same. 


to be continuous Cech 1 co-cycles modulo continuous Cech boundaries exactly as in (III. 149), 


albeit via the final identity over all possible covers should there be need for covers with infinitely 
many connected components. This said, supposing further that the hypothesis of [III. h.9 


are 


valid, it’s equally true in the non-abelian case, whence the spectral sequence ( |III.151[ ) holds as 
stated, up to an appropriate change in the definition of the a la ( IV.55[ ). In particular, 
therefore, since the spectral sequences are the same it’s a formal consequence (in the presence of 
a sane definition of 7ro(=l2i’), cf. III.i.3) that the Huerwicz isomorphism, (III.136), self generalises 
to 


(III.158) 


H, 


U^,r) ^ ^H'(S-,rj ^ ^Hit,(7ri,rj HL(vri,r) 
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for arbitrary pro-finite T thanks to the ubiquitous [Jen72, Theoreme 7.1]. Consequently, the 
continuous co-homology classes in degree 1 are represented by nets qi where g* : (fj —^ is a 
Tj-torsor along with 1 -cells Fji ■ Qi ^ Qj, i > j, which are equivalences on quotienting (oi by 
the kernel, F;!, of Fj —)• F^ such that there is a 2 commutative diagram in Et 2 (.^) 


Qj 


(III.159) 




Qi 


Qk 


whenever i > j > k, or, equivalently a strictly commutative diagram in Eti(<^), a.k.a. drop 
the ^kji- Now while we supposed F pro-finite to arrive at this conclusion, it is in fact always 
valid, i.e. 

III.h. 12. Remark. Even for a general pro-sheaf of groups, F = Fjg/- say locally constant to 
fix ideas, but this isn’t important- commutative diagrams in Eti(j 2 r) of torsors of the form 
(III.1591 modulo equivalence, i.e. commuting squares 


Bi 


qi 


(III.160) 


F'. 

J1- 


Qj 


where the Ai are isomorphisms of torsors represent exactly co-homology classes in 

defined, for example, via (III.155)-(III.157) in the abelian case, and otherwise by anything 


satisfying the non-abelian spectral sequence, cf. (IV.55). 


Proof. By the spectral sequence (III.157), or it’s non-abelian variant, it suffices to show that 
if all the Qi, q[ are trivial in (III. 160), then the resulting diagrams modulo isomorphisms of 
the trivial torsor {i.e. Bi multiplication by 7 * G H^(<^,Fj) and Fji the projections, a.k.a. 
^im . Fj) ) are F,). On the one hand, given the diagram there is a unique 

global section 7 ^^ of Fj such that FjiBi is BjFk followed by multiplication by 'jji, i.e. a class in 
the Cech description of lim^^\ while, conversely given such a class we can take the right hand 


vertical in (III.160) to be the trivial projection followed by multiplication by it, and everything 
else trivial. □ 


Similarly restricting ourselves momentarily to the profinite abelian case, the spectral sequence 


(III.157) implies- III.c.7 for the term- that classes in H^^g are themselves 2 commutative 

triangles of the form (III. 159), but now with qi : S’i ^ a locally constant gerbe for which 
^Si/X —^ Ei) where again Fji are equivalences modulo F^, and these triangles themselves form 
a 2 -commutative tetrahedron 


(III.161) 



131 






























as already encountered in the condition III.e.l| (e) of Postnikov sequences, which, cf. III.e. 11 is 
always true if qi is a torsor rather than a gerbe. Again, however, the situation is more general 
than pro-finite, i.e. 

III.h.13. Remark. Even for a general pro-sheaf of groups, P = Pjg/, say abelian for the moment 


triangles, (III.159), of Pj gerbes forming a 2-commutative diagram, (III.161) modulo equiva¬ 
lences, i.e. 2-commutative diagrams (III. 160) with ; BjFk 


FjiBi such that 


(III.162) 


FL ^ Q i _ J 




Fi 



2 -commutes represent exactly the classes in 

Proof. Again, from what we’ve already said it suffices to look at triangles {^i, Fji,f^kji) with 
the first 2 entries trivial, so f^kji is the Cech co-cycle in ]4m.^H^(,^, Pj), and conversely, of 

_ _is a quotient by 

^im .H^(.^,P;). As such the ri 
the effect of changing the Bfs. 


(II 

[.157|), 

is 

III.C.7 


I.e. 


its exactly 

□ 


Manifestly this description of in terms of gerbes is independent of whether the P* are 


abelian or not and whence EH .h. 5 1 extends continuously to 


III.h.l4. Remark/Definition. Denote by P = ^m ^ P. a locally constant profinite link, i.e. a 
profinite group, P, together with a continuous representation of in Out(P) using the 


equivalence of categories (III.99) in the presence of Ill.g.l (a) and [AM69, A.3.3] if necessary 


to replace / by a co-final subset, or, more generally, a pro-link, i.e. a pro-object in the category 
of links, [Gir71, IV. 1.1. 6 ], over albeit the most complicated example we have in mind is a 
representation of a d iscrete g roup in the pro-outer automorphisms of a pro-group, we define 
Hcts(£) exactly as in III.h. 13 In particular for Z (locally constant sheaf of pro-finite abelian 


groups) the centre of a prohnite link P, (III. 137) and (IIP 138) hold (same proof) on replacing the 


co-homology groups ,T) and H^^g(l 2 r,Z) with values in finite groups by their pro-finite 

analogues Hp^g(^,r) and H^(,g(.^,Z). 

The highly conceptual nature of Giraud co-homology equally implies that the essentially tau¬ 
tological connecting morphisms extend to the pro setting. Specifically say, 

(III.163) 0 ^ P' P P" ^ 0 

a topologically exact sequence of sheaves for pro-finite groups, or pro-exact otherwise, so in 
either case we can describe the sequence as a net of short exact sequences 


(III.164) 


O^P' 


0 


over the same right co-filtered set, respectively co-filtered partially ordered set, I- in the for¬ 


mer case because a is closed, and b has the quotient topology, and (IIP 154) for the latter. 
Gonsequently if 7 '' = {'j'-') is a global section of then, 

(in.l65) U ^ E,{U) := {ji G R(V) | 7^ ^ 7" |f;} 


defines a net of P(-torsors satisfying (IIP 159), whose triviality in the sense of III.h.l2 
and sufficient to lift 7 " to a global section of P. Similarly, if q" = {q'f, F',[,f'Ff) is a net of P! 


IS necessary 
n 


torsors satisfying the continuity condition (IIP 159), then for each i ^ I 'we can define a gerbe 
S’{q”) whose objects over an open set U are pairs {q^, Qi) consisting of a Pjf/ torsor qi : Ei ^ 
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and a 1-cell Qi ■ qi ^ which is an equivalence modulo F', while arrows are maps of Fjc/- 
torsors satisfying the obvious commutativity conditions. As such there are functors and natural 
transformation 


(III.166) 


■ 






ki 


FkjF^^■.{quQi)^QUkji 


satisfying the tetrahedron condition (III.161) because, as we’ve said, it’s always true for torsors 
and each (gf) is a (fibred) category of torsors. By construction, therefore, the pro-torsor 
can be lifted to a pro-torsor q = {qi,Gji,r]kji) iff the pro-gerbe 52{q") '■= {^{q'D^Fji^^kji) is 
trivial in the sense of |III.h.I^ Nevertheless, the usual non-abelian subtlety merits 


III.h. 15. Warning. Already for i fixed, it is by no means the case that the stabilisers 
are isomorphic to r(, but only to some locally constant sheaf whose stalks are isomorphic to the 
same finite group F'. Nor need it even be true that defines a sheaf rather than a link 

F^ on ^. Consequently the conditions for the annihilation of the connecting homomorphism 
^ 2 {q") are twofold: the continuous link F = ^m ^ r(. lifts to a (necessarily locally isomorphic to 
F^) continuous sheaf, whence H^^g(<^,r) has a distinguished trivial class and S 2 {q”) must be 
equal to it. As such, irrespective of continuity, the only general hypothesis where one can write 

(III.167) Hit,(jr,r')^HL(=^,r") 

is if F' is central in F. 


111.1. Pro-discrete homotopy. To begin with let be a topological champ- so, no hypoth¬ 

esis beyond being the classifying champ [U/R] for (s,t) : R ^ U an etale groupoid in 
separated spaces. Now the set of sub-champs F ^ ^ which are open and closed, define 
subsets A, respectively B, of the set of open and closed subsets of C/, respectively R. On the 
other hand if a G A, it’s complement is in A, so a: ~ y iff Va, x G a ^ y G a, is an equivalence 
relation on [/, and similarly on R. Better, for all a G A, = t~^a G B, and every element 

of B is of this form, so R U x U factors through ~ and we make 

111.1.1. Remark/Definition. The topological quotient, U/ ^ is the maximal totally separated 

(z.e. open and closed sets separate points) of ^ and will be written 7 rg*®(^), so, for example 
if T = ^im ^ Fj is a pro-finite set then is the space F itself, while for a non-compact 

(separated) totally disconnected space F —)• ttq^^{F) need not even be a set isomorphism. 

Alternatively, one can do a similar thing in pro-topological spaces, i.e. 

(a) Any (continuous) surjective map A A to a discrete space is a set quotient, so it’s also 
a topological quotient since no topology is finer than the discrete topology. 

(b) Any map to a discrete space factors through a unique surjective map, a.k.a. the image 
which is also the image of U. 

(c) Such quotients form a co-filtered directed set. Indeed if A A, A R, then the image 
A (7 of a X 6 does the job. 

(d) Any such quotient is a fortiori a quotient of U, so up to isomorphism there are only a sets 
worth, N, of such quotients. 

So as a result we we can make 

111.1.2. Remark/Definition. Define 7 rg™(i?r) to be the universal map from to a pro¬ 
discrete space, i.e. the pro-topological space A := Aag^j equivalently the opposite of the 
functor lin^^gj^ Hom(A, —) : Top —)• Ens. Thus, ttq*® —>■ tTq™, while, for example, if E = Ejg/ is 
a pro-object in discrete sets; F = lim . Ej the limit in Top; and A a discrete space 

(III.168) Hompro(E, A) Homcta(E, A) 
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with equality if F is pro-finite, or A is finite. 


In a similar vein |III.i.l| and |III.i.2 do the same thing in slightly different ways 


III.i.3. Fact. (Huerwicz-0) Let K he a discrete space then 

(III.169) A) := Homcts(=^,A) = HornetsA) = Homp^^^C^),A) 

and ^ is connected iff both and 7rQ^°(i^} are reduced to points. Furthermore, the 

following are equivalent 

(a) admits a universal map po : ^ Xo to the category of discrete spaces. 

(b) 7rQ*®(i?r), respectively is, respectively is representable by, a discrete space. 

(c) ^ is continuously, resp. pro, semi-locally 0-connected, i.e. every point has an etale neigh¬ 
bourhood V such that the image of TT^^fV) —>• resp. 7rQ™(l/) —)• 7rQ™(.^); is a point. 


Proof. Everything prior to the equivalence of (a)-(c) is just the definitions, as is (b)=i>(a). For 
(a)^(c), and x a point take F to be p^^ipoix)), so any etale neighbourhood V ^ F of x does 
the job. Finally (c) for implies that the equivalence classes in Ill.i.l 

^ F 1 T ^ n F /“I 1 "P J 


are open, z.e. ttq 


,cts 


discrete, while in the respective case the image of trivial implies the same for ttq*® 


IS 

□ 


Now while Ill.i.l is wholly in Top, and whence appears more satisfactory than III.i.2 
it is the latter rather than the former which has the good Galois analogue, i.e. 


a prion 


III.i.4. Remark/Definition. If = vrj is a pro-discrete group, then we’ll write for 
its limit in Top. Plainly the topology of the latter has a basis which are translations of open and 
closed normal sub-groups, nevertheless the map vrf*® —)• has much worse behaviour than 

the map —)• (tF), indeed all transitions vrj —>■ Trf can be non-trivial surjections, yet 

vrf" = 1. 


This said we can extend Ull.i. 31 to the next level via 


III.i.5. Fact. (Huerwicz-1) Suppose FL is connected and everywhere locally connected (i.e. every 
point has a co-final system of connected neighbourhoods) then for * : pt ^ tF any point and 
T the co-filtered directed class of (III.Ql- flll.lO ) restricted to Galois objects, the category is 
equivalent to a small category, and there is a pro-discrete group = vrj such that 

the fibre functor ([m .11[ ) affords an equivalence of categories between Eti(.^) and pro-discrete 
sets with 7rY°(tF^) action (which may seem a convoluted statement but it implies a non-trivial 
relation between base points), so, in particular a locally constant sheaf T_ of discrete groups is 
equivalent to a discrete group F with action, while 

(III.170) Hi(J",r) AV l^Hi(7rj,r) 


and the following are equivalent 

(a) tF admits a universal representable etale covering pi : jF\ —)> jF. 

(b) 'KY°{tFFj is representable by a discrete group. 

(c) !F is semi-locally 1-connected, i.e. every point, x : pt —)■ tF, has an etale neighbourhood 

such that the image o/ 7 r^™( 14 ) —?• is trivial. 

(d) Every point, x : pt —)■ iF, has an etale neighbourhood, V, such that any etale cover of tF 
can be trivialised over V. 


Proof. By III.b.7 every representable 0-cell q' 
sentable Galois cell, i.e. 


‘W F vn is covered by a repre- 

■. W ^ F under a discrete group, say, T at 


a connected torsor q 

the risk of minor notational confusion. As such everything prior to the equivalence of (a)-(d) 
follows exactly as in the pro-finite case provided we know that the Galois coverings form a 
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set. Now to give a T torsor is subordinate to giving an atlas U ^ ^ over which it trivialises, 
and a 1 co-cycle, which for (s,t) : R = U x U ^ C/ is, in turn, subordinate to giving a 
map tto{R) —)• r. If, however, the torsor is connected then tto^R) must generate F, so, up to 
isomorphism, Galois coverings are a set. As to the second part, (a) iff (b) is the definitions; 
(a)=^>(d) by taking V ^ ^ a neighbourhood over which pi trivialises; and (d) iff (c) is again 
the definitions modulo the pro-Galois correspondence of the pre-amble. As such suppose (d), 
choose a base point * : pt —then we have a net qi : S’i ^ ^, i ^ R, oi connected Tr\- 
identified with q~^{*)- torsors, along with transition functions Fji, commuting as in (III. 159). 


Without loss of generality we can identify the (oi with locally constant sheaves, equivalently 
make a legitimate but simplifying a priori choices, of the pull-back of S’i to any V —)■ in the 
small etale site of 1 ^, and, similarly, not only identify any point, x, with a point on an etale 
neighbourhood of the same, but also R with R as co-filtered directed sets. There are, however, 
by the pro-Galois correspondence, a (not necessarily unique, albeit it’s implicitly rigidified by 
the points *i, and Xi, i € R but we don’t need this) equivalences of fibre functors 

(III.171) ai(x) : 4Hom^i(Q'“^(=t=),g“^(x)), ai{*) = 1 

as X varies over a sets worth of points covering ^. On the other hand by the hypothesis of 
(d) each x has a connected etale neighbourhood Ux 3 x over which S’i trivialises, so there is a 
unique net of trivialisations of torsors such that 


(III.172) 


Ai : U{:=Y[Ux) X ^ Si\u, Ai{x) = ai{x) 


Thus, for (s,t) : R := U X ^ U ^ U, we not only get a 7 r|-valued co-cycle 
(III.173) Ci := {t*Ai)-h*Ai : 7ro{R) ^ < 

but Cj = FjiCi for all i > j. As such, c := ^m . Cj, defines a map from ttq{R) to vr)’*®, whose 
image generates a discrete group vri, while the induced map c : tto{R) —>■ tti is a co-cycle. 
Gonsequently, c defines a connected tti torsor, pi : !X\ —)> and since each Si is connected, 

the map induced from tti —)> 7 r| by c* is surjective, so vri = ttJ*® = vr)’™, with pi the desired 
universal widget. □ 

Unsurprisingly, albeit bear ing in m ind that in this generality fibration may be an empty notion 

via local trivialisation and, of course, continuing to employ 


Ill.a.l 


so the definition of Et 2 is, 
the notation ITTlIgI we move to 

III.i.6. Fact. (Huerwicz-2) Suppose is connected and everywhere locally simply connected 
(i.e. every point has a co-final system of simply connected neighbourhoods) then for * : pt — 
any point and R the co-filtered directed class of (III.9)-(III.10) restricted to the 2-Galois objects 


over the universal, III.i.5.(a), cover, ^i, the category R is equivalent to a small category, and 


there is a pro-discrete 2-group such that the fibre functor, (III. 86 ) & (III.93), affords 

an equivalence of categories between Et 2 {tR) and pro-discrete groupoids with action. 

Better still: the 2-type is the discrete group a pro-a belian se cond homotopy group 

7r2™(i^*) = '^ 2 ieif ® Postnikov class, G H(!^g( 7 ri, vr^™), III.h.11. representable by a 3 
co-cycle, K^, in Homg®g( 7 ri, vr^*®); the Huerwicz theorem holds, i.e. for a locally constant sheaf 
Z of abelian groups on 

(III.174) h2(.^i,Z) ^ lir^Hom( 7 r^,Z) 


so, the pro-discrete analogue of \III.h.6{ can be read directly from the Hoschild-Serre spectral 
sequence, II.h. 2: and the following are equivalent 

(a) admits a universal etale 2-covering p 2 : ^ 

(b) is representable by a discrete group. 
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(c) ^ is semi-locally 2-connected, i.e. every point, x : pt —)■ , has an etale neighbourhood 

such that the image of 'k^°[Vx) —)• is trivial. 

(d) Every point, x : pt —>■ has an etale neighbourhood, V, such that any locally constant 

gerbe on can be trivialised over V. 


As a synopsis and generalisation of the entire chapter, it seems appropriate to break into pieces 


the pro-2-Galois pre-amble, of III.i.5 beginning with 


III.i.7. Defining 
struction. 


By 


III.i.5 


everything in Et 2 (l 2 r) has a universal cover, so in the con- 

of quasi-minimal cells by 


Ill.d of 7r2 we can replace the starting point, III.c.l 


the easier condition of simply connected cells. The definitions III.c.9 III.c.14 and proofs of 


existence. III.c.12, III.c.15 stand as given, but, with the simplification that simply connected 
2-Galois cells can be expressed as locally constant gerbes, q : ^ ^ in B^’s for some 
discrete abelian group, Z, while the relative stabiliser, is exactly the constant sheaf Z 

rather than something locally isomorphic to it. Now, let’s examine these for a given Z: up 
to isomorphism etale atlases of tZ" are a set, and for a sufficiently fine one, U —>■ tZ", q\u has 
sections everywhere, so this cover factors as U ^ ^ —>■ <^i, and whence, (11.70), q is equiv¬ 
alent to a map R ^ Ri ^ U of groupoids, which exhibits the former as a Z-torsor over the 


latter. Better still, by III.c.6 any sub-group of Z is (up to the choice of a point) naturally a 
normal sub-groupoid of R, so there is a maximal intermediary i? —)• 72' —)• with the property 
that the latter map has a section, and the possibilities for R' are subordinate to the universal 
covers of the components of i2i, which are independent of Z. Gonsequently, to prove that the 
2-Galois cells form a set, we can suppose that R' = Ri, and q is subordinate to a 2 co-cycle 
7ro(72it XgRi) —)• Z. Such a co-cycle must, however, generate Z- otherwise ^ wouldn’t be sim¬ 
ply connected- so, in totality, the equivalence classes of 2-Galois cells are a set. Gonsequently, 
the definition, .d.7| of 7r2 holds up to limiting I of op. cit. to simply connected 2-Galois cells, 
and checking that this is co-filtering. As such suppose a pair, q' : '3^' —>■ q” : W —)> 
of simply connected 2-Galois cells are given, form (over iZi) their fibre product, qi, then any 
other connected 2-Galois cell must factor through the universal cover of the quasi-Galois cell 
constructed in the proof of |III.c.lO| which by the functoriality of universal covering is itself 
2-Galois, so I is indeed co-filtering. 


III.i.8. Definition and existence of p ointed Postnikov sequences. Most of the conditions, IlI.e.l 


(a)-(d), in the definition of a Postnikov sequence have no sense for pointed maps. The condition 
IlI.e.l (e) not only has a pointed sense, but is even trivial when everything is pointed and 
connected. In general a ‘point’ is really the pair, of (III.9), i.e. a point of the fibre 


cf. |II.e.4| which in turn is best thought of as being a pointed 0-cell in the obvious variation 
of Cham ps /^ wherein one takes diagrams exactly as in (11.117). Irrespectively, a pointed 
map, is a pair := (FjiXji) as in (III.9), equivalently the triple ifji,f,ji,Cji) of op. cit., 
with the commutativity condition therein. Gonsequently, given i > j > k in the implied 
CO- filtered directed set, along with pointed maps etc., as soon as qk is 2-Galois there is 
(up to representable base change should the universal cover not exist) a unique 2-cell '^kji ■ 
Fj^i => Ff^jFji compatible with the pointing, i.e. (III.85) holds, and the tetrahedron condition. 


IlI.e.l (e) trivially follows. Therefore, an alternative to the definition of Postnikov sequence 
is to replace IlI.e.l (e) by the a priori condition that all maps are pointed, say Fj^, but the 
conditions II 


.e.l 


'(a)-(d) should be understood in an un-pointed way modulo the 2-cell ’’jkji 
being afforded by the pointing. In the pro-finite case, (III.85), this is equivalent to the non- 
pointed definition, but otherwise there is a difference as soon as I is large enough that lim.^^^ 


may be non-zero. Irrespectively, i.e. without changing the definition, the proof, III.e.3 III.e.8 


of the existence of Postnikov sequences is valid as stated, but since the pointed 2-category also 


has fibre products, III.e.6 holds in a pointed way, so one deduces the slightly stronger statement 
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that there exist co-final pointed Postnikov sequences, equivalently III.e.l|(a)-(e) and (III.85) 
hold. 

III.i.9. Uniqueness of pointed and un-pointed Postnikov sequences. A co-final Postnikov sequence 


defines, (III.59), a 3 cocycle, it's, in HomEns(7ri j but it needn’t be unique in the simple way, 
III.e. 15 which one encounters in the pro-finite case. Let us first consider the image of 2 such 


co-cycles, K, K' in 


(vTi, 7r2™) by way of the filtration, F^, afforded by the spectral sequence 
(III.157). To this end let 5 be the differential in the Cech description of the higher lims, D the 
group differential, and otherwise notation as in the proof of III.e. 15 Plainly K — K' is zero in 
F^, and it’s image in F^ is 6{z'. 

(III.82)- and the image in F 


r2 


- (III.83). This vanishes, however, because = D{zff)- 

Now if we’re in a 


is 5{zzj), which in turn is D{zkji)- (III.81). 
pointed situation, then we can choose the of ( III.79[ ) in a unique way compatible with the 
pointing, Zkji = 0, and we stop. Otherwise, the image in F^ is S{zkji), and this is zero by 
III.e.l[(e). Identifying the co-cycles K, K' with nets of 2-Groups, iPj, Oj, and functors, this 
can, |II.a~ be usefully visualised as 


(III.175) 



The vanishing in F^ says that the arrows Bi exist; the vanishing in F^ says that the horizontal 
faces are transforms; the vanishing in that the interior of the diagram is a modification, 
[Lei04, 1.5.12]; and the vanishing in F^ that this is all coherent in the way a pro-bicategory 
should be. A priori this is perfectly sensible, but it means that (III. 175) is a 3-commutative 


diagram and we’re in pro-2-Cat, whereas if we point the modification is trivial, (III.175) becomes 
a 2-commutative diagram, and we can shoehorn the thing into pro-Cat, cf. (11.54) in II.a.14 In 


either case the Whitehead theorem. III.e.17, which is just the uniqueness of Postnikov sequences 
in other clothes, holds as stated. 

III.i.10. The pro-2-Galois correspondence. Since the pointing allows us to work in pro-Cat, 
rather than pro-2-Cat, hold, actually with some simplification because there is a 

universal cover, up to the expedient of replacing cts by pro where appropriate. 


This dealt with we can move to 


proof of equivalence of (a)-(d) in Ill.i.f^ (a) iff (b) and (c) iff (d) are tautologies modulo the 
2-Galois correspondence III.i. 10 while (a)=^(d) by taking V to be an etale neighbourhood over 


we 


which p2-trivialises. As such suppose (d), then for F the co-filtered directed set of III.i.6 
have simply connected gerbes, qi : S’i ^ with fibres B^Ps; 1-cells Fjf, 2-cells satisfying 


the commutativity conditions encountered in III.h. 14, and an etale neighbourhood Ux —t 3F\ 
of a covering set of points, x, such that each qi is trivialisable over Ux- Consequently, each 
qi has a section over U := Wx^^ '■= U U, each qi is, 

(11.70), representable by an etale functor, qi : Ed ^ Ri of groupoids, respectively the Fjfs, 

is a torsor under vr^, respectively the kernel of 

and 


which, rather canonically. 


III.C.6 


& 


III.d.5 


III.i.5 


7r2 —>■ TT^. By hypothesis each connected component of iii has a universal cover by 
F is co-filtering, so there is a unique etale groupoid B! — )• Ri through which each qi factors such 
that every q[-. Rd ^ R! has a section. Consequently on replacing d^i ^ \U/Ri] by [ 17 / 72 '], we 
can suppose that every qi has a section, or, equivalently, ( [III. 135 1 ), that it’s class in H^(^i,7r2) 
actually belongs to tt^). As such consider pairs (J, C) where J C I is a right co-filtered 
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sub-partially ordered set; 

(111.176) Cgj : Xs i?i)vr^ 

is a co-cycle describing the gerbe qj] and for every pair i > j in J 

(111.177) Fj,C = C 

Snch pairs may be partially ordered by < where 

(111.178) ( J, C)<{K, 6 iff ^ C K, = e, Vj G J 

and, by choice, there is at least one maximal pair, say (J, C). Conseqnently we get a co-cycle 

(111.179) C •= ^hnC'^ : T^oiRit Xs R) —t ^im ttI 

jeJ j&J 

whose image generates a discrete gronp, tt^, so the resnlting gerbe, p2 : t in B^/s is 

simply connected. Conseqnently, as the notation snggests, £ £ I, and, since every S’j is simply 
connected, the image of each generates so .£ > j for all j G J. As snch, the pair (J, C,) is 
simply the set J = {i \ i < £}, while = F^jC^- Now, as ever, there is some section of 
snch that 

(111.180) = T^gTfCgj 

for all compossible arrows f,g G Ri- If, however, I were not the max of / there wonld be an 
i > I snch that Fa : Ri ^ Ri is a trivial torsor, so there wonld be a section T* of qi snch 
that FiiT^ = T^, and whence a resnlting co-cycle C* contradicting the maximality of (J, C). D 


Now while the existence of the nniversal g-cover doesn’t imply everywhere locally g—1-connected 
there is a certain natnrality in snch hypothesis, and, as far as the proof is concerned, even a 
moral necessity. There is, however, no snch hypothesis in the passage from 1-Galois to 2-Galois 
in the pro-hnite case, wherein both were developed under the hypothesis of local connectedness. 
Nevertheless this is a 0-connectedness hypothesis, which is in fact logically nn-necessary since 
it is possible to make 


III.i.11. Unconditional pro-finite theory. Since locally Noetherian implies locally connected in 
the algebraic flavonr, let ns stick to champs, in separated topological spaces for the pnrposes 
of the exposition, even thongh the discnssion is manifestly valid on fairly arbitrary sites. As 
snch the starting point is to realise that there is always a nniversal map. 


(III.181) 




_fin 

^0 




to compact seprated totally dis-connected spaces, i.e. exactly as in III.i.2 bnt nse hnite sets 
instead of discrete ones, and proht from the fact that pro-hnite widgets are representable in Top. 
Or, perhaps logically better, as in Ill.i.l since the key point in the represent ability theorem 
is that a compact separated space is totally dis-connected iff it’s totally separated. Now, 
in an intended notational confnsion, a hbre, of po need be neither connected nor locally 
connected, bnt it has all the necessary properties for doing pro-hnite Galois theory. Specihcally, 
let q : be a locally hnite etale cover, i.e. locally a product with a (possibly empty) 

hnite discrete gronpoid, then for every m G N the fnnction. 


(III.182) 


—)■ {0,1,... , n} : X I—>• min{m, \q ^(x)|} 


is continnons, so, taking m 0 the fnnction, 

(III.183) n{q, *) : —)> N : x i—)• |(7“^(x)| 

mnst be a constant. Qnite possibly n{q,*) = 0, eqnivalently the hbre is empty, bnt this is 
the only difference with the connected case, i.e. 
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III.i.12. Fact. For every locally finite etale cover q : ^ ^ with n{q,*) 0 there exists a 

unique decomposition of the fibre 

(III.184) r* := ^ 

i 

where 7^ 0 zs the fibre of an open and closed subset of Wi which itself is a * minimal coverin g, 
qi : ^ , i.e. if ^ C is open and closed then either = 'Wi^ or is empty. 


Proof Let ^ then for m G N if ^ is open, respectively closed, points where the 

moduli of the fibre x : pt —>■ has cardinality at least m are open, respectively closed. 

Consequently if ^ is both open and closed, so are the points where the fibres have cardinality at 
least m, and whence the function x 1—)• \^x \ is continuous. Arguing as in (III.182), the restriction 
of this function to is, therefore, a constant, say n(^, *). Now proceed in the obvious way: 
if —7- is a ^-minimal covering, stop, otherwise ^ where each —)• is open 

and closed with a non-empty fibre so each ^ is a locally finite etale covering, and n( —, *) 

decreases strictly. This proves the existence of the decomposition (111.184), which in turn is 
unique since an intersection of finitely many open and closed sets is again open and closed. □ 


Better still it follows from the proof that 


III.i. 13. Corollary. Every —>■ occurring in the (III. 184) is an etale covering with exactly 

the constant *) points in the moduli of every fibre. 


This is plainly enough to do 1-Galois theory, i.e. there is a pro-finite group 7ri(.^) such that 
the image of the functor 

(III.185) Eti(jr) ^ Eti(j;) 

is, via the fibre functor on choosing a base point * : pt —)• equivalent to the category of 

pro-finite sets with continuous 7ri(.)^*)-action. It’s not quite enough to do 2-Galois theory, but 
going through the same rigmoral with the cardinality of the relative stabiliser rather than the 
cardinality of the fibre, then the isomorphism class of the stabiliser amongst (the finitely many) 
groups of the same finite cardinality, it’s also true that 


III.i. 14. Corollary. Every —)• occurring in the (III. 184) admits a factorisation —)■ 

where the latter is a representable etale covering with exactly the constant 
points in the moduli of every fibre, and the former a locally constant gerbe in Br^ ’s for some 
finite group Ej depending only on i. 


So that we get the un-conditional statement: there is a pro-finite 2-group n2(.^) such that 
the image of the functor 

(III.186) Et2(^) ^ Et2(.^*) 

is, via the fibre functor on choosing a base point * : pt —)> equivalent to the category of 

pro-finite groupoids with continuous n2(.^)-action. 
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IV. Algebraic champs 


IV.a. GAGA and specialisation. In the first place we wish to consider the relation between 
the topological theory of §j^or, more generally, Ill.i and the pro-finite (in the algebraic cat¬ 


egory) theory of 
type over C, which 
veloped in 


III Our concern is, therefore, algebraic Deligne-Mumford champs of finite 


III 


in principle need not even be separated if we employ the theory as de- 
albeit if one wants to do calculations, equivalently a description in terms of 
loops and spheres, then this requires the separation hypothesis of §j^ A further a priori issue 
with the sphere theory of §j^is that it doesn’t allow for nilpotent structure, i.e. it’s only been 
defined for reduced holomorphic champs, whereas the pro-finite, or indeed pro-dicrete, Ill.i 
theory does. In reality, however, this is a non-issue since 

IV.a.1. Fact. Let X be a holomorphic, respectively algebraic, space and Et'(A) the category 
of holomorphic, respectively algebraic, spaces which are etale (but, not fibrations in the holo¬ 
morphic case, respectively not proper in the algebraic case) with morphisms understood to be X 
morphisms, then there is an equivalence of categories 


(IV. 1) 


Et'(X) ^ Et'(Ared) : (y 4 A) ^ (V^ed ^ A^ed) 


Proof. The case of schemes is [SGA-I, Expose 1.8.3], 
whether for holomorphic or algebraic spaces. 

From which we have the following 


and the proof goes through verbatim 

□ 


IV.a.2. Corollary. Let everything be as above, but now with Et 2 ('^) 2-category of etale 
(again neither fibrations nor proper) champs over a holomorphic, respectively algebraic champs. 


SP with cells diagrams of the form (11.117), then there is an equivalence of 2-Categories 
(IV.2) 


Hm ^ Hi^red) ■ (iT 4 JT) 


I-)- 


{?Ked ^ ^red) 


SO that in particular the full sub-categories Et2(=^) (which in the case that hasn’t been defined, 
i.e. non-reduced holomorphic spaces, one takes the 0-cells to be locally of the form Ufor ^ 


a discrete groupoid) and Et2(^ed) equivalent under the restriction of (IV.2). 


Proof. By (11.70) every diagram of the form (11.117) on the left hand side of (IV.2) can be 


represented by functors and natural transformations of groupoids acting on the same etale 
cover U ^ IX, so the fact that (IV.2) on 1 and 2 cells is a family of fully faithful functors 


follows on applying IV.a. 1 with X = U over all such Lf . To show essential surjectivity on 0-cells 
observe that if an atlas U ^ IX and a 0-cell g'red • ^ed •^ed are given, then there is an 
etale atlas l^ed ^ed factoring through [/red which by IV.a.1 defines a unique etale V/U with 


reduced structure Ked/t^red- In particular, therefore, V —is a cover, and IX, respectively 
i^ed) ^red Can be identified with groupoid(s) acting on V, respectively Vj-ed, so we conclude by 
applying [IV.a.l again, but now with X = V. □ 


Now there is an evident 2-functor IX i—?• IX^°^ which associates to any algebraic (of finite type 
over C) champ the corresponding champ in holomorphic spaces. By definition, II.e.2, all etale 
fibrations over IX^°^ are 0-cells in 'Pt 2 {IX^°^), and so we introduce 

IV.a. 3. Definition. The 2-category Et2(.^^°^)prop is the full sub 2-category of Et 2 {lXhoi) in 
which the 0-cells are proper over By |IV.a.2| and II.e.3 it is equivalent to the 2-category 
of finite groupoids with 112°^ := L\. 2 {^^) action, which is equally the 2-category of finite 
groupoids with continuous action under the pro-finite completion 112°', which could either be 

in the sense of ] 


defined as the fundamental pro-2-group of Et2(,^ol) 


prop 


III.e.16 


or, equivalently, 

but more usefully, by II.e.3, as the unique (up to equivalence) pro-2-group obtained on rendering 
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the topological 2-type, (tti, 7r2, k^), profinite, i.e. replace each vTj by it’s completion, vrj, in finite 
index (normal) sub-groups, and by the resulting class k^ G H^^-g(7ri, 7r2). 

With this notation we assert 


IV.a.4. Proposition. Let ^ be a separated algebraic Deligne-Mumford champs of finite type 
over C then the natural 2-functor 

(IV.3) Et2(.^) ^ Et2(.r^°')prop 

is an equivalence of 2-categories affording a continuous equivalence of (topological) 2-groups 
(IV.4) Li2{3L) ^ 

To this end observe the following reductions 


IV.a.5. Lemma. It’s sufficient to prove that (IV.3) is essentially surjective on 2-Galois cells 


Proof By III.b.8 and III.d.7 this certainly implies that the 7ri(S') and the iti, i = 1 or 2, are 


isomorphic. In addition, as in the Whitehead theorem III.e.l7[ Postnikov sequences are unique 


(and as it happens exist trivially in the holomorphic case by 
coincide too. 


II.e.3 


so ks{I^) and ks would 
□ 


IV.a.6. Lemma. A 0-cell in Et2(.^ 


hop 


;prop 


is algebraic iff it’s covered by an element of 


Proof Necessity is obvious, and suppose conversely that a holomorphic 0-cell q : ^ is 


covered by some algebraic space V in Et2(=^). Consequently by (11.70) we can represent q as 
a functor between groupoids 

(IV.5) Ro^V 

where Rq is an algebraic space. Now consider first the case that q is representable, then. 


by (III. 120), R is a sum of connected components of Rq so it’s algebraic. As such by the 


factorisation, ELI ^ of g into a locally constant gerbe and a representable map, we can, without 
loss of generality, suppose that q in (IV.5) is a proper etale map, so we’re done by the Riemann 
existence theorem. □ 


At which point it’s easy to give 


proof of IV. a.4- By IV.a.6 showing that the condition of IV.a.5 holds is local on HP, so it will 


suffice to prove that a proper etale map q \ 'SI ^ V from a holomorphic champ with finite 
abelian stabiliser Z to a (reduced) algebraic variety is algebraic. Factoring q into a locally 
constant gerbe and a representable map, the Riemann existence theorem reduces us to the case 
that Z is a constant sheaf, and g is a locally constant gerbe in B^’s. The set of all such gerbes 
modulo equivalence is, by |lll.h.4 isomorphic to H^(V, Z) in the classical topology, which is 
equally H|(V, Z) by [SGA-IV, Expose XVI.4.1]. □ 

It plainly, therefore, follows that whatever we know about homotopy groups of algebraic vari¬ 
eties over C can simply be imported over any algebraically closed field of characteristic zero, 
e.g. example II.h.3 immediately implies by |IV.a.4 an exhaustive description of all smooth 
1-dimensional algebraic champs of finite type over a field of characteristic zero, and one might, 
irrespectively of the dimension, be tempted to think following [SGA-I, Expose X] that in char¬ 
acteristic p the prime to p part of 112 will be exactly as in characteristic zero. Gertainly such a 
supposition is reinforced by the fact that this holds in co-homology, [SGA-IV, Expose XVI.2.2]. 
Nevertheless, it’s well wide of the mark in homotopy, which is surprising enough to merit 
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IV.a.7. Scholion. Specialisation ofIl 2 in mixed characteristic. The set up is as follows: ^/S \s 
a proper smooth geometrically connected champs over a complete DVR, S = Spec(R), of mixed 
characteristic, so, say i : s ^ S the closed point of characteristic p, and j : U = Spec{K) ^ S 
the generic point of characteristic 0. As such is wholly described by IV.a.4 or some 

minor variant thereof if K isn’t algebraically closed, and we have maps 

(IV.6) U2{^u) ^ n2(^) U2iXs) 

amongst which is an isomorphism by |IV.d.4| so that having supposed geometrically con¬ 
nected fibres to lighten the notation and remove any problems with base points, we get the 
specialisation map 

(u)"D* 


(IV.7) 


a : U2i^u) 




Of course, already for curves specialisation on vri fails to be an isomorphism, but what is true- 


either by the non-abelian case of smooth base change, IV.c.5 or [SGA-I, Expose X.3.8] which 
is a priori only for spaces but is equally valid for champs with the same proof, op. cit. 3.7, 
given [TV.c.Gf is that we have an isomorphism 

(IV.8) a': 7T[i^u) ^ 

where ' denotes the maximal prime to p quotient. Now irrespective of how we may wish to 
define the ‘maximal prime to p quotient’ of a 2-group it’s beyond doubt that it coincides with 


TT^ for K(7ri, l)’s, while 7r2 is, IV.d.3 unchanged by separably closed extensions of the field of 
definition. Consequently if Ac is a K(7ri, 1), then the only possible sense of is 

and, in particular Ti2{3yu) = 0. On the other hand 

IV.a.8. Fact. Let X/S be a p-adic model (with good reduction) of a smooth bi-disc quotient 
which isn’t a product of curves then for p belonging to a set of primes of density 1 /2, 

Ai^s) D llZiil) 

e^p 


(IV.9) 


Proof. By (III. 137) the right hand side of (IV.9) is tt^ 
however, / : —)• Xk is a rational curve on a projective variety over k then- again by (III. 137) 


for k any field of characteristic p. If, 


/* is injective on tt^, so it suffices to exhibit rational curves on the reduction of X modulo p, 
which is the content of |McQ14, III.5]. □ 

As such, the good hypothesis appear to be of Huerwicz type, to wit 


IV.a.9. Fact. Suppose the specialisation map, ai, (IV.7) is an isomorphism on all of tti (and 
not just the prime to p part Tr[) then there is an induced isomorphism 

(IV.IO) 4 : tt'(JT t;) ^ tt'(S;) 

on the maximal prime to p quotient of 112 ■ 

Proof. Quite generally let (o A be the factorisation of a champs proper and etale 

over ^ into a representable cover and a locally constant ge rbe in Bp’s for F a sheaf of groups 
on of some 2-cell q in Et2(.^). The construction of r, II.b.2 is by the simple expedient 
of moding out by the relative stabiliser S^jg^ after expressing S and jX as etale groupoids 
acting on the same atlas. As such the same construction works for any other normal sub-sheaf 
of the locally constant sheaf Sgj^. The stalks, however, of this sheaf are isomorphic to F so 
the kernel T'' of the maximal prime to p quotient T' sheafifies to define such a sheaf, S'^i^, 
and whence a further factorisation 


(IV.ll) 
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into locally a constant gerbe, g", in Br"’s followed by the maximal prime to p gerbe, 5 ', in 
Br'’s. Now since the pull-back of connected representable covers along gerbes are connected 
representable covers, we always have surjections 


(IV.12) 


VTl ((f* j^TTl ( JTl* 


and the quasi-minimality, III.c.l condition for the 0-cell, q is that the composite in (IV.12) is 


injective, so a fortiori we’ve proved 

IV.a.10. Lemma. Any quasi-minimal (respectively quasi-Galois, respectively 2-Galois) cell q : 
S’ ^ ^ in Et 2 (.^) admits a factorisation 


(IV.13) 




■c)/ 9 , 




such that the relative stabiliser Sgijg^ is not only prime to p but it’s restriction to the base 
point * is the maximal prime to p-quotient 0 / B = Sgj^{S), and q’ is itself quasi-minimal 
(respectively quasi-Galois, respectively 2-Galois). 


Proof. We’ve just done the quasi-minimal case, and the procedure, |III.c.9i|ITLc .15| of going 
from this to quasi-Galois, respectively 2 Galois, has no effect on the described property of the 
stabiliser oi q'. □ 


Gonsequently by IV.d.4- cf. the proof of IV.d.l - to prove (IV. 10) is surjective, it will suffice to 

show that a 2-Galois cells q’, which factors S' Sh) (S as a prime to p-gerbe followed 

by a representable map is again 2-Galois on restricting to the generic fibre. We have, however, 
a commutative square of surjective maps 


(IV. 14) 


Tri{S') i - 

3 * 


i 



- 7ri(=^i,;7 


3 * 


Now suppose that the right vertical isn’t an isomorphism then there is a Galois cover —)■ S'jj 

which isn’t the pull back of a cover of It has, however, a factorisation ^\j —?• —)■ 

into a locally constant gerbe followed by a representable cover, while, by hypothesis Eti(.^) —)• 
Eti(.^f/) is an equivalence of categories, so W\j extends to a unique cover W —)■ Better 

still, by the functoriality of factorisation into representable maps and locally constant gerbes, 
—>• is Galois, so taking fibre products with W we can, without loss of generality, suppose 

that ^ As such, S(j \s a Galois cover whose fibre over a geometric point * may 

be canonically identified- cf. proof of III.c.2- with a quotient group of Sgijggi*). In particular 
therefore it is prime to p, so (IV. 8 ) applies to afford an extension ' of over all of 


S. Given which- cf. proofs of IV.d.4 & IV.d .6 • we certainly have the surjectivity of IV. 10 and 


injectivity follows if for Z the sheaf of functions of a prime to p finite abelian group Z, 


(IV.15) 


r :H2(jri,5,Z)^H2(.ri,c7,Z) 


for any representable cover ^. In the particular case that is a scheme this is 

[SGA-IV, Expose XVI.2.2], and while, op. cit. XVI.2.3, there are more intelligent ways of 


going about it, it’s equally, [Mil80, VI.4.2], a formal consequence of proper base change, IV.c.4 
and smooth base change, |IV.c.5[ □ 


Notice that en passant we’ve proved 
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IV.a.11. Corollary. Quite generally, let Et^ he the sub-2-category o/Et 2 whose 0-cells are the 
champs of IV.a.lC\ with prime to p -for any given prime p, or even infinite set thereof- relative 
stabiliser then Et 2 *-5 equivalent to the 2-category of groupoids with prime to p-stabilisers on 
which a 2-group Il^-acts, and the natural inclusion Et 2 ^ Et 2 induces maps 

(IV. 16) 7ri(n2) ^ 7ri(n'2); vr'(Hs) ^ 7r2(n'2); A:'(n 2 ) ^ A:3(n2) 

where vr^ is the maximal prime to p quotient of tt 2 , and k'^ the image of the Postnikov class in 
712. particular, under the (extremely strong) hypothesis on ai of IV.a. ^ specialisation affords 
an equivalence of 2-Categories 

(IV.17) : Et'2{^k) ^ 


Proof. Just apply the 2-Galois correspondence, III.g. 6 [ and the Whitehead theorem, a.k.a. 
unicity of Postnikov sequences. III.e.17 □ 


It therefore follows that we can’t just jump from the holomorphic II.h.3 to a description of 


IV.a.12. Example. The 2-category Et 2 (.^) whenever is connected etale and proper over a 
positive characteristic orbifold G, i.e. a smooth 1-dimensional (separated) tame champs G over 
a separably closed field k of characteristic p > 0. A tame orbifold can always be lifted to the 
spectrum, S, of the Witt vectors of k- [SGA-I, Expose III.7.4], [KM97, 1.1], and the fact that 


there are no obstructions to lifting points. As such by 


IV.d.4 


we can identify Et 2 of G with 


that of its lifting, and similarly for the sub-2-category Et 2 (.^). Gonsequently, rather than 
supposing things are defined over k, we may as well a priori suppose everything defined over S 


and proceed with our initial/immediately proceeding notation, IV.a.7, in the obvious way. 
This said, a simple inspection of cases shows that if 


> 0 then 7ri{Gu) is prime to p, so 
by (IV. 8 ), such an G satisfies the hypothesis of IV.a.9 and, otherwise the said hypothesis are 


hopelessly false. On the bright side however, 
IV.a.13. Lemma. 7 r 2 (.^) ^ 


Proof. By III.g .6 772{I^) is always a sub-group of 'K 2 {G)- in fact, II.f.4 the kernel of the corre¬ 
sponding pointed stabiliser representation- so it’ll suffice to prove the lemma for = G. To 
this end let 1 ^/A: be a tame champ, V a locally constant sheaf of finite dimensional Fp-vector 
spaces on the same; with V := V ( 8 )^ the corresponding locally free sheaf; and 




V^V 


0 


(IV. 18) 

the resulting Artin-Schreier sequence. Now since is tame, the cohomology, of any 
coherent sheaf vanishes for g > 2 , so we get an exact sequence 


(IV. 19) 




where is surjective by ]Mil80, III.4.13], and whence V) = 0. On the other hand 

for any finite locally constant sheaf, Z with torsion a power of p, the p-torsion elements form 
a constant sub-sheaf of Fp vector spaces, so by induction on the maximal order of torsion 

g‘ 


vanishes. If, however. S' S' 


is the prime to p-factorisation. 


IV.a.lO 


a 2-Galois cell then S' is tame while g" is a locally constant gerbe in B^’s for some abe’ 
p-group Z. Gonsequently g" is trivial, and Z =\. 


: of 
fan 
□ 


Which in turn implies that even though may not be tame 

IV.a.14. Fact. The conditions of IV.a.9 are satisfied if x{I^) > 0; better still there are 
equivalences of 2-categories 

(IV.20) mm mixf,) 


i*(**)- 


Ei'2m) 
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In particular, therefore, Et 2 (^) is wholly described by the holomorphic result, II.h.3 


Proof. Let —>■ X\ - 

by a representable cover. By III.g.6 and II.f.4 (which although a priori topological is just some 


be the factorisation into a locally constant gerbe in B^’s followed 


general nonsense about how to read 112 of the sub-2-category Et 2 (<^) associated to a 0-cell 
from the representation), 7ri(^), respectively 7ri(i^[/) is an extension of 7ri(=^i) = '7ri(^if/) 
by quotients L', respectively of F by some central sub-groups Z, respectively Zjj. These 
groups themselves are quotients of vr2(=;^i), respectively 'JT2{^iu) so by IV.a.13 Zu Z \s 
surjective, whence it’s an isomorphism. Consequently the conditions of |IV.a.9| are satisfied and 
IV.a.11 applies to give the second isomorphism in (IV.20), while the first isomorphism follows 
from |IV.a.l3|and the 2-Galois correspondence [lll.g)^ □ 


Otherwise, by [IV.a.^ we have to calculate 1^2 by hand, beginning with 

IV.a.15. Fact. Suppose, x{^) ^ 0 ^^6 orbifold G is actually a curve then tt 2 {^) = 0. 


Proof. Again TT 2 {t^) is a sub-group of 7r2(^), so by IV.a.13 we just need to do 7 ^ 2 ( 0 ) for C/k 
a smooth curve of non-positive Euler characteristic over a separably closed field. As such let 
S’ Cl ^ C he the factorisation of a 2-Galois cell into a representable cover and a locally 
constant gerbe in B^’s for some prime to p abelian group Z. Base changing by representable 
covers as necessary, we can suppose that C = Ci, and the stabiliser S,g-/c is the trivial sheaf Z. 
If Z = 1 w e’re done, so otherwise choose a (non-trivial) cyclic quotient Z and argue as 

91, 


m 


IV.a.10 


in order to factor g as S —> Si C where gi is a locally constant 2-Galois gerbe 
in Bg/^’s. Gonsequently, without loss of generality, g = gi, and the isomorphism class of the 
gerbe g belongs to H^(C,Z/£). As such, there is a trivial sub-case where C is affine, according 
to which the said group vanishes, i.e. g has a section, so it can never be 2-Galois. Slightly (but 
not much) less trivially, C/k is proper, and up to a non-canonical identification of Z/£ with 
Z/^(l), H^(C', Z/^) is generated by the class, 6c, of a A:-point c ^ C. If, however, / : C —)> C is 
an etale cover of order i- e.g. as afforded by the Jacobian- then f*6c vanishes in H^(C',Z/.^), 
i.e. S Xc C has a section, and, again, S isn’t 2-Galois. □ 


Plainly this can be extended in the obvious way, i.e. 

IV.a.16. Fact. Suppose more generally that xi^) ^ 0 orbifold G admits an etale cover 

by a curve, for example the moduli is affine or satisfies x(|^|) < 0, then TT 2 {tZ') = 0. 


Proof. Again, 7r2(.^) is a sub-group of tt 2 {G), which in turn is unchanged by etale covers, so 
IV.a.15 or its proof reduces us to proving the non-affine part of the “for example”. As such 


denote the moduli (over a separably closed field k) by C, with Cj, 1 <i <n the finitely many 
non-scheme like A;-points of G. By the tameness hypothesis, IV.a. 12, the fibres of G over c* are 
B 


Ut;,k 


’s for some integers £i prime to p. In particular there are maps 


(IV.21) 


Pu{k) ^ 7ri(B/,,^ J ^ vri 


which by (IV.8) (or the theory of generalised Jacobians if one wants to proceed purely alge¬ 


braically) generate, for i the l.c.m. of the £i, a quotient group 


(IV.22) 0 —)• -7- ]J/i£i(fc) —)• (5 —)• 0 

i 

of the maximal abelian quotient of 7rj(^). Notation established, we proceed by induction on 
^max := maxi^j to show that G is covered by a curve. Plainly t'max = 1 is trivial, and otherwise 
let J be the set of i’s such that li = fmaxj and 1 < m < n its cardinality. In the event that 
m > 2, the quotient Q' of Q by the image of j gti (k) has the property that for every j & J 
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the induced map —)• Q' is injective. Consequently if we take the Galois cover G ^ G 

dehned by Q', the moduli of G is everywhere scheme like over the pre-image of every Cj, j G J, 
and £max decreases strictly. Otherwise m = 1 , and we use the hypothesis that x(C) < 0 to hnd 
a non-trivial (again abelian is hne) etale cover (7 —>• C, so the pre-image of the unique point Cj 
in C* Xc ^ has cardinality > 1, and we reduce to the previous case. □ 


This leaves us with the notoriously thorny case that the moduli of G is where 

IV.a.17. Lemma. The following are equivalent for tame orbifolds, G, with x{^) < 0 moduli 
over a separably closed field k of characteristic p, 

(a) Every such G admits an etale cover by a curve. 

(b) Every p rime h w pbolic trian gle, i.e. the orbifold, with signature i = o-t 0,1, oo G 

P^ for p,ii 4 distinct primes and 1 /^* < 1 ; (admits an etale cover by a curve. 

(c) Eor every prime hyperbolic triangle, TiifiTg) 1. 

(d) Eor every prime hyperbolic triangle, 7r2(T£) = 0. 


Proof. Trivially (a)=>(b)=>(c ), while (b)=^(d) by IV.a.15, and (d)^(c) by (III.137). Otherwise 
observe that in the proof of |lV.a.i^ the only placed that we used that the moduli wasn’t P^ 
was in order to start the induction at ima.x = Ij and at the last stage in order to ensure that m 
of op. cit. was greater than 1. In respect of the start of the induction this either has to start 
at ^max = 2, for p 2, or .^max = 3 in characteristic 2. In either case, all the weights at all 


the non-scheme like points are the same, so the cover dehned by Q of (IV.22) does the job. As 
to the end of the induction, if some not necessarily maximal weight, ik, occurs at least twice, 
then the cover dehned by the quotient 

(IV.23) fj,£^ —)• Q —?■ Qk —t 0 

not only increases m, but ensures that on the resulting cover the number of points with a given 
weight are at least 2. This latter property is preserved under coverings, so we’ve already proved 

G is etale covered by a curve if the same weight, ik, occurs more than 
once, or, more generally a pair of weights have a common factor. 


(IV.24) 


which by inspection covers all cases with x(^) = 0- Similarly if for some prime hyperbolic 
triangle, we have a non-trivial Galois covering .G" its moduli is either P^ and (IV.24) is 

satished, or it’s non-rational and IV.a.16 applies. As such not only does (c)=^(b), but it implies 


that for every V G N, every hyperbolic triangle has a Galois cover such that the hbre of every 
geometric point has cardinality at least N. Gonsequently in the hnal stage of the proof of 
we can raise m of op. cit. by way an etale cover of the form G' Xt^ ^ t ^ 

however, G has at least 


IV.a.l 6 

G admits a map to a hyperbolic triangle T^. By (IV.24) 


’ whenever 
3 pairwise 

relatively prime weights, so the only scenario in which this can’t be done is if there are exactly 
3 non-scheme like points with weights powers of 2,3, and 5 respectively. As we’ve already 
observed, however, the prime but parabolic triangle T 2 , 3,5 has fundamental group A 5 of order 
60 in characteristic 0, whence, by hypothesis, prime to p, so we can use (IV. 8 ) instead. □ 


Now, IV.a. 17 (c) may look simple enough but it’s already a pain in characteristic 0, and in 
characteristic p the situation is much worse since one is a priori limited to (IV. 8 ), while 


IV.a.18. Fact. If Te is a prime hyperbolic triangle in characteristics distinct from 2 or 3, its 
prime to p fundamental group tt[{T£) 1. In particular, therefore, ifp 2 or3, andx{GI) < 0, 

112 (=^) can be identified with its ( certainly more complicated than in characteristic zero, but 
still topologically finitely generated) fundamental group and Et 2 (l^) is equivalent to 
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II.f. 2 up to the evident addition of residual finiteness in the 


Et 2 (B^^) as described in 
latter’s definition. 


Il.f.l 


Proof. Let A be a large prime to be specified, then by a theorem of Macbeath, [M ac 69], the 
finite simple group PSL(2, A) is a quotient of the characteristic zero fundamental group TTiifTi^u) 
whenever it contains elements of order 1 < i < 3. The said group had order (A —l)A(A+l)/2, 
so we’re done a fortiori if we can find A such that 


(IV.25) A = 1, modii, 1 < f < 3, but A ilmodp 

Now for t = by Dirichlet’s theorems primes are equidistributed over the congruence 

classes ifLlpCfi^ ^ which in turn is canonically {’Ljp)’^ x so there are more primes than 

there are conditions in (IV.25) provided fi{p) >2. □ 


Given the rather unsatisfactory restriction on p in |IV.a.l8| let us make 

IV.a.19. Remark. The Feit-Thomson theorem trivially implies that for all prime hyperbolic 
triangles in characteristic 2, 7r((T£) = 1, so some intelligence (or, alternatively, tedious grind 
to force an ad hoc version of [SGA-I, Expose X.3.8] according to some specific facts about 
PSL(2,A) or, more likely, some other relevant group since given its relation to the modular 
group the failure of the proof of |IV.a.l8 for p = 2 or 3 doesn’t look like a coincidence) is 
required to show that IV.a.17 (c) holds. Similarly, the classification of finite simple groups 
doesn’t imply 7r((T£) = 1 for all prime hyperbolic triangles in characteristic 3, but a cursory 
glance at the tables does suggest that it happens very very often. 


IV.b. Lefschetz for ttq. By way of notation let us spell out our 

IV.b.l. Set Up/Revision. For SIjS ^ separated algebraic Deligne-Mumford champ of finite 
type over a locally Noetherian algebraic space S', there is [KM97, 1.1], a proper moduli map 
; SI —)■ \S\^ or just // : —)• V, or similar, if there is no danger of confusion, which 

is universal for maps to algebraic spaces. By an ample (relative to S) bundle, iL, is to be 
understood a line bundle on S such that for some n G N, nH is the pull-back of an ample 
divisor on X. Needless to say, if S is quasi-compact, there is a n G N such for any line bundle, 
L, on S^ nL is the pull-back of a bundle on X, but the existence of such an integer even for a 
single bundle is a non-void condition without quasi-compactness. In any case, by a hyperplane 
section, is to be understood the zero locus ^ S of a not necessarily regular section, h, of 
an ample line bundle, i.e. the local defining equation might be a divisor of zero, so the habitual 
exact sequence 

(IV.26) 4 ^ ^ 0 

may fail to be exact on the left. 


Before proceeding let us make a remark in the form of a 

IV.b.2. Warning. In so called wild situations where the order of the monodromy group of a 
geometric point x : pt ^ S' is not invertible in ^X,x, the moduli V —)■ X of an embedding 
S ^ S need not be an embedding. We are, however, only interested in the topological 
properties of hyper planes Sf —>■ S, so by IV. a. 1 there is (and we may well do so without 


comment) no loss of generality in replacing by as large a multiple as we wish. In particular 
therefore, we can suppose that H is an ample bundle on X, so by [KM97, 1.8.F], is locally 
defined by the pull-back of a function on X. As such, for H ^ X a hyperplane section there 
is a fibre square 

S < - 


(IV.27) 


Ux 


X e- 
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where although v still may not be the moduli map ^ —)■ |=^|, it is, nevertheless, the 

case, c/. [KM97, 1.9], that the induced map \^\ H is a universal homeomorphism. 

Now the plan is to reduce the Lefschetz theorem to 


IV.b.3. Fact. Let everything be as in IV.b.l- so, in particular 3L is locally connected and whence 
globally a disjoint union of connected components- with ^ jS proper enjoying for all s € S a 
fibre which is everywhere of dimension at least 1 then the inclusion of a hyperplane section 
yields a surjection 

(IV.28) vro(^) ^ 


Proof. What the statement means is that if ^ is connected then is non-empty. 
Concretely, therefore, the first stage of the plan is to bump this up to 


□ 


IV.b.4. Fact. Let everything be as in (IV.b.3) but suppose further that the dimension of every 


fibre is everywhere at least 2 then there is a Zariski open neighbourhood, ^ ^ SL, of such 
that the inclusion Jif ^ ^ affords an isomorphism 

(IV.29) 7ro(J^) ^ 7ro('^) 

Better still, there is a unique maximal Zariski open neighbourhood 


D JZ’ satisfying 


(IV.291; and for any intermediate Zariski open neighbourhood, V ^ C (IV.29) 


still holds. 


As we’ve observed immediately post (IV.27) this reduces to the purely schematic question for 


the hyperplane section H ^ X of op. cit.. As such, it’s basically the easy part of [SGA-II, 
Expose XII.3.5]. We have, however, substantially weakened the hypothesis, i.e. 


The hyperplane section is no longer regular, (IV.26). 
There is no hypothesis of flatness over S. 


This said let us proceed to 


proof of \IV.b.4\ Let Z, be the constant sheaf associated to the torsion abelian group Z; a the 
structure map to S of whatever; s € S fixed; and, for the moment, S Noetherian. By hypothesis 
iL is a a not necessarily regular {i.e. H vanishing on components of X is allowed) section of an 
ample bundle L. As such, for some large n, to be decided, consider the space P of hyperplanes 
in X- i.e. Pf Hom gfq-^L'^'^. ^s)) in EGA notation-with 

F -> P 

p 

(IV.30) 5 


A 

the universal family, so for n ^ 0, q is smooth. Now identify nHg with a A;(s)-point, 0, of 
P, then for D = q*H by (a double application of) proper etale base change there is an etale 
neighbourhood V —P of 0 such that 

(IV.31) 7ro(Py —DxpV)^^ tto{H) ^ 7ro(Py ■.= FxpV) 

Consequently if U is the (Zariski open) image of V in P, and (s,t) : V Xjj V ^ V, then we 
have a commutative diagram 

0 -> H0(P[;,Z) -^ H0(Py,Z) H0(Pyx^y,Z) 

S*—t* 

(IV.32) IT 

0 -> H0(Pc;,Z) -^ H0(Py,Z) H0(Pv’x^y,Z) 
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where the various subscripts, y, etc., denote the fibre over the same. By construction D is a 


hyperplane section of F/P all fibres of which have dimension at least 1, so IV.b.3 applies to 
yield that all the vertical maps are injective. On the other hand, by (IV.31) the middle vertical 
is an isomorphism, so the leftmost vertical is too. 

At which juncture, we switch attention to the (smooth) projection q : Fjj —)■ X whose image U' 
is a Zariski open neighbourhood of H, so that for (s, t) : FjjXxFu ^ X we have a commutative 
diagram 


(IV.33) 


0 


0 






R\Du,Z) 


S*—t 


^ R^{DuXhDu) 


-> ii^iFu,Z) 


s*-t* 


> B^{FuXxFu,Z) 


in which the middle vertical is an isomorphism. The necessary dimension condition to apply 


IV.b.3 is no longer valid for the rightmost vertical, but observe that if z is a locally constant 
function on H viewed as such on Fjj then s*z — t*z vanishes a fortiori on the fibre over 0x0. 
As such, by proper base change for F Xx F/P xs P, s*z — t*z vanishes on all the fibres of 
the same over a Zariski open neighbourhood W 9 0x0. This is, however, a classical topology 
so products of neighbourhoods are co-final, i.e. without loss of generality W = U Xs U, and 
whence the leftmost vertical is an isomorphism. 

This proves IV.b.4 locally on S, i.e. on replacing 5 by a Zariski open neighbourhood S" 9 s in 
op. cit.. If, however, U' 3 H Xs S', respectively U" D F[ xg S" are Zariski neighbourhoods 
satisfying (IV.291, for some Zariski opens S', S" C S then U' U U" also satisfies (IV.29)- argue 


exactly as in (IV.32) but with U' ]J U" instead of V while observing that one can can replace 
by a Zariski open, in IV.b.3 provided that D JF. Consequently, and irrespective 


of any Noetherian hypothesis, there is not only a Zariski open satisfying (IV.29) but even a 
unique maximal one, '^max- Finally: if F ^ C is intermediate, then the map on ttq is 

necessarily injective, but, as above, IV.b.3 is valid for every Zariski neighbourhood of Jf". □ 


To extract a more standard looking corollary requires 

IV.b.5. Definition. A champ S~/k of finite type over a field is said, cf. [SGA-II, Expose 
XIII.4.3], to have homotopy depth at least 2 in the Zariski sense if for X its moduli, at every 
closed (so quite possibly not geometric) point x € X and every sufficiently small (connected) 
Zariski open neighbourhood U 3 x 

(IV.34) MU\x) ^ MU), 

which, |IV.b.9 is the weakest local connectivity hypothesis possible. 


According to which we have 


IV.b.6. Corollary. Let everything be as in \IV.b.^ and suppose further that for every s € S the 
fibre SFg is everywhere of dimension, and homotopy depth in the Zariski sense, at least 2, then 
the inclusion of a hyperplane ^ tZ' affords an isomorphism 


(IV.35) 


M^) ^ 7ro(.^) 


Proof. Continuing in the notation of the proof of IV.b.4 we switch to the Nistnevich topology. 


Nis, where by IV.b.3 and proper base change for the same {i.e. idem for the etale topology 
plus Leray for etale —>■ Nistnevich) we already know that 


(IV.36) 


_Nis r7 
Z 


_Nis ry 
CT* Z ; 
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is injective. On the other hand by IV.b.4, applied at k{s), it’s a fortiori surjective at s G S' 
whenever every Zariski open neighbourhood Ug of Hg, affords an isomorphism 


(IV.37) 


T^oiUg) vro(Xs) 


The complement Xs\Ug has, however, dimension 0, so this is immediate by (IV.34). 


□ 


Before progressing let us observe 


IV.b.7. Remark. By the simple expedient of replacing P and F in (IV.30) by P™', m G N, and 


the (not necessarily flat) universal intersection of m hyperplanes, one gets at no extra cost 


IV. b.8. Fact. cf. [SGA-II, Expose XIII.2.3], Let everything be as in IV.b.l with 
not necessarily regular hyperplane sections, then there is a Zariski open neighbourhood 3 
n ... such that the inclusion affords an isomorphism 

(IV.38) 7ro(.^in...n^) ^7ro('^) 

In particular if for each s € S the moduli of the fibre SLg is everywhere of dimension at least m 


and, in the Zariski sense, everywhere locally connected in dimension m- IV. c. 8- then 
(IV.39) n ... n J^ni) —> 


Of which, ( |IV.39 ), equally follows immediately from IV.b.6[ i.e. the m = 1 case and (IV.66). 
If, however, one is prepared to assume (IV.66), then there are, at least over a field, other, e.g. 
[FoCV99, §3.1], ways to proceed. 

Finally let’s aim to clarify the “homotopy depth at least 2 hypothesis” by way of 


IV.b.9. Scholion. Plainly for any scheme, X, there are various senses in which (IV.34) can be 


understood at a point x € X, according to whether U 3 x is Zariski; Nistnevich or etale {i.e. 
in either of the latter cases U is etale, but in the etale case we replace x by its separable closure 
x). Equally plainly if F —)• F' is a surjective (in any reasonable sense) map of sites then E' 
disconnected implies F disconnected, so that we trivially have 

(IV.40) IIV.34l for etale IIV.34l for Nistnevich =4> IIV.34l for Zariski 

while all the reverse implications are trivially false, e.g. the latter fails for a nodal cubic over 
C, and the former for = 0 over Q whenever d G Q is not a square. Similarly in all 

cases they are equivalent to the vanishing of 


(IV.41) 


H^(t/, F) = 0, y = 0 or 1 


in the appropriate site for F a locally constant sheaf of abelian groups, wherein (IV.41) always 


holds for O' = 0 if the dimension at x is at least 1. Of course, we should also occupy ourselves 
about the difference between a champ and its moduli. Here, a priori, only the etale definition 
has sense, and locally around x ^ IZI the moduli is given by a quotient of a finite group G 
acting on some strictly Henselian neighbourhood W 3 x ol IX while fixing x, so IV\x connected 
certainly implies IV‘^\x connected, i.e. 


(IV.42) 


IV.34 etale locally on IX ^ IV.34 etale locally on \IX\ 


and, in any case, the nature of 0-connectivity in champs is such, cf. (1.42), that it’s equivalent 


to that of the moduli, so (IV.34) in the Zariski sense is the weakest possible when the moduli 
is a scheme. 


There is, however a somewhat more interesting ambiguity between (IV.34) for Henselian local 


rings. A, and their completion. A, in the maximal ideal. This in turn may be subordinated to 
a lemma of independent utility, viz: 
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IV.b.lO. Lemma. Let A be an excellent reduced Henselian local ring, then A is the set of x ^ A 
such that for some n£N, ai€ A, 0 <i<n 

(IV.43) aox"' + + ... = 0, oq not a zero divisor 

In particular A is integrally closed in A, and if A is a domain it’s algebraically closed. 


Proof. For A G B C A a finite A algebra to be determined consider the base change diagram 

A - B -.= B ®aA -^ A0aA 


(IV.44) 

A -^ B - > A 

wherein the diagonal A 0a A ^ A yields a retraction of the top left horizontal. This said we 
proceed by cases- throughout which K will be the total ring of quotients of A- starting with 

IV.b.ll. Claim. The lemma holds if A is normal, i.e. Ri + 82 . 


sub-proof. Observe that a normal local ring is a domain, while since A is excellent A is also 
normal, so, in particular a domain. Now let x G A satisfy (IV.43), then the field K{x) is a 
sub-field of the quotient field of A, whence the integral closure, B, of A in K{x) is naturally 
a sub-ring of A. Excellent implies universally Japanese, so 5 is a finite A-algebra. The latter 
is, however, Henselian so i? is a product of finite Henselian local H-algebras, and since B is a 
domain, it must, therefore, be a local ring. Furthermore it’s of finite type over A so it’s also 
excellent, and whence 13 is normal, so, in particular it’s a domain. On the other hand 


IV.b.l2. Sub-Lemma. If B/Ais a finite algebra with a retraction, and H is a domain, then 
A = B. 


sub-sub-proof. Let I be the kernel of the retraction (3, and for 6 G / let n > 1 be the degree of 
a minimal monic polynomial, 

(IV.45) fix) =X^ + ai + ... + a„ G H[X] 

such that fib) = 0, then applying /3 yields On = 0, so fib) = bgib) where g is monic of smaller 
degree, and since H is a domain 6 = 0. □ 


Applying the sub-lemma to A 
flat A = B. 


B, shows that they’re equal, and since completion is faithfully 
By (IV.43), however, oqx G B, so uqx = a G A, and whence we have an exact 


sequence 


(IV.46) 0 — >■ (oo, a) — >■ (oo) — )• Q —)■ 0 

of A-modules such that Q 0a A = 0 , so Q = 0 , i.e. oq | a in A, and x G A, since oq is not a 
divisor of zero. □ 


Unsurprisingly the next case is 

IV.b.l3. Claim. The lemma holds if A is a domain. 


sub-proof. As before since A is Japanese: the normalisation A' in K is finite over A, so it’s a 
local Henselian domain. As such by [EGA-IV.2, 7.6.2], the completion A has 1-minimal prime, 
so it’s a domain. Similarly if x G A is algebraic, then for some ai G A, H := A[aox] is finite 
over A (whence excellent) with quotient field iF(x). Now, again, the norm alisation B' in iF(x) 
is finite, thus B' is a Henselian local ring, so H is a domain and IV.b.l2 applies as before. □ 
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This leaves us with the general case, so -fC is a (hnite) product of fields Ki corresponding to 
minimal prime ideals/components pj of A. In particular the normalisation, A', is a product 
of normal domains Ai, whence these are all Henselian local rings, so- [EGA-IV.2, 7.6.2] again, 
and, as above each Ai is a domain- the minimal primes of A (which is reduced by [EGA-IV.2, 
7.6.1]) are exactly of the form pj ;= Apj. 


Now exactly as in (IV.46) it will suffice to prove that the (necessarily reduced and finite) sub¬ 
ring B := A[aox] C A is equal to A. Each qi := pi H S V pi is prime, whence since B/A is 
hnite, it is a minimal prime over 0 while 

(IV.47) Hi qi = Gipi G 5 = 0 

so these are all the minimal primes. Exactly as above, therefore, B is reduced with minimal 
primes q*. To conclude: observe that since the retraction /3 : B ^ A comes from the diagonal in 
(IV.441, it sends qi to pi, so for I the kernel of /I, IV.b.l2 implies I C q*, for all i, so I = 0. □ 


This may be applied to the question of “homotopy depth 2” as follows: for A as in IV.b.lO let 
U = Spec(A), and U = Spec(A), with x the closed point then 

IV.b.l4. Corollary. There is a natural isomorphism 

(IV.48) 7 ro{U\x) —)• 7 ro{U\x) 


Proof. We may, IV.a.l, suppose that everything is reduced, while by hypothesis everything is 
Noetherian, so either side is a hnite direct sum of connected components. The trivial direction 
is: any open and closed subset non-empty subset on the right pulls back to the same on the 


left since completion is faithfully hat, so (IV.48) is always surjective. Gonversely the connected 

£ r(u\x), 


components can be identihed with hnitely many indecomposable idempotents e, 
which, of course satisfy e? = 1, whence they’re integral over U\x, so we conclude by IV.b.lO 


□ 


The intervention of idempotents suggests making 


IV.b.15. Remark. Independent of any hypothesis of excellence: just as in the trivial implications 
(IV.40), (IV.48) is, as noted, always surjective, so the proof of IV.b. 14 equally shows that ( IV.34| ) 
holds as soon as H],((^j^) = 0, i.e. the (formal) algebraic depth is at least 2. While sufficient 
for homotopy depth 2 it is far from necessary, and, in many ways, cf. [SGA-II, Expose XIII.2], 
not particularly desirable due to its non-topological nature. 

IV.c. Lefschetz for vri. We continue with the inductive strategy for bumping up by way of 


IV.c.l. Corollary. Let everything be as in IV.b.6\ but with homotopy depth at least 2 in the 
etale sense, and suppose further that ^ is conneeted (whence a hyperplane section is connected 
by op. cit.) then the inclusion of a hyperplane section affords a fully faithful functor 


(IV.49) 


Eti(jr) 


Proof. Since either sides is equivalent to a category of hnite sets on which 7 ri(t^), respectively 


7ri{J^) acts, it’s sufficient (and in fact equivalent from the description (III.12) of Galois objects) 
to prove 


(IV.50) 




If, however, '3^ —)■ is a representable Galois cover under a hnite group G, then G certainly 
acts transitively on 3^' := 3^ Jf, so, III.b.8 (b), 3^' is Galois and (IV.50) holds iff 3^' 
is connected for all Galois 3L j SL , which, IV.b.6[ is indeed the case since 3L' is a hyper plane 


section of 3L, which certainly has homotopy depth 2 in the Zariski sense since does in the 
etale sense. □ 
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Of which a useful variant in the spirit of Grothendieck’s Lefschetz condition, IV.b.4 is 


IV.c.2. Corollary. Suppose the simpler hypothesis that everything is as the set up IV.b.l with 


jS proper enjoying for all s € S fibres, which are everywhere of dimension at least 2, 
and define a category Et^^ whose objects are representable covers of a Zariski neighbourhood 
of modulo isomorphism over such neighbourhoods then restriction affords a fully faithful 
functor 


(IV.51) 




Proof. Let * : pt —?• Jif be given, and observe that if is a finite pointed cover of a 

Zariski neighbourhood ^ D Jif 9 =t=, then as decreases the cardinality of the fibre of the 
connected component of eventually stabilises. As such, and irrespective of the hypothesis 


on fibre dimension, the proof, III.b.7, of the existence of Galois objects goes through verbatim 
to show that the full sub-category 


(IV.52) 




Zar 


whose objects are those every connected component of which has a non-empty fibre over =t= is 
equivalent to the category of finite sets on which some pro-finite group acts. Now by 

IV.b.4, Et^®^ is equally the direct sum of the categories as * runs through a set of 

base points in 1-1 correspondence with the connected components, say in a minor abuse 
of notation, of so, again what has to be proved is that if is connected for all 

sufficiently small ^ Zariski neighbourhoods of then the fibre, over is connected. 
Now everything is representable so, [LMBOO, 16.5], we can find some finite S ^ SS containing 
as a dense Zariski open, and indeed independently of ^ since ^ is basically just the integral 
closure of 0^ in Gg. As such by IV.b.4| there is a Zariski open neighbourhood l^ax of 
such that 


(IV.53) 

for all Zariski opens Y C 
and ^ sufficiently small. 


7ro(<C^r) ^ 7ro(':E) 

containing In particular, therefore, it holds for P = S’ 

□ 


In so much as we’re now concerned with vri rather than ttq we’ll require to pay more attention 
to the difference between a champ and its moduli, and will have need of 


IV.c.3. Lemma. Let everything be set up as in IV.b.l: Y ^ an effective descent morphism 


for the etale topology (e.g. a finite map [SGA-I, Expose IX.4.7]J from an algebraic space; 


(IV.54) 


... V(2) :=¥ x^Y := y y (= Rq)^Y^^'1 := Y 


the resulting simplicial space; and E a locally constant group (or more generally just a con- 
structible sheaf of groups) over , then there is an exact sequence of sets 

(IV.55) 1 ^ Hi(H°(y(i),r)) ^ H°(H^(y(°),r)) ^ i{^{r^{y^^\z)) 

where Z is the centre of E. 

Proof. Plainly this is just the non-abelian case of Deligne’s descent spectral sequence, [Del74, 
5.3.3], as already encountered in, say, (1.95). Eurthermore, since E —is an effective descent 
morphism for the etale topology we have a number of simplifications. Indeed, on identifying 
constructible sheaves with their espace etale, there is an identity between constructible sheaves 
on lY", and constructible sheaves on Y with a descent datum. In particular, the first term in 


(IV.551 is just a descent datum for the trivial E torsor over Y, which then maps to the resulting 


E torsor over which in turn goes to the class of the same over Y. The remaining terms 
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are a bit more interesting. Specifically given a F-torsor, E, over Y one constructs a groupoid, 
e : i? —)• Rq, with fibre F, whose objects are those of Y, but whose arrows are given by 


(IV.56) 


RomR{x,y) := }lomr{E^,Ey) 


The further condition that e has a section, r 
groupoids, is that E belongs to the pen-ultimate group in (IV.55). 


in spaces, but not necessarily a section of 
Now the stabiliser of 

R/Rq is canonically the automorphisms of E, which may well be different from F but it has 
the same centre, so the fact that one has a section implies (for more or less the same reason 
encountered in group extensions, i.e. Y = pt, otherwise there would be a hypercovering issue) 
that the equivalence classes of such extensions of R by Ro are classified by the final group in 


(IV.551- cf. (III.132) & [Gir71, IV.3.5]. The class of E in this final group is, therefore, trivial in 
this final group iff r can be taken to be a section of groupoids, a.k.a. defines a descent datum 
for E. □ 


In consequence we have 


IV.c.4. Corollary. Again, let everything he as in IV.b.l\ with Z a constructihle sheaf of sets 
(respectively groups, respectively abelian groups) then for any fibre square of S-champs 


3E e- 


(IV.57) 


/ 


^ e- 




f 


y’' 


with the left vertical proper there are isomorphisms of constructihle sheaves 

(IV.58) g*{R^f*^ ^ f*{g*for g = 0, respectively q = l, respectively q>2. 

Proof. We’ve already used the g = 0 case several times by reduction to the moduli The 

abelian case is [LMBOO, 18.5.1], and in our situation, i.e. Deligne-Mumford, is independent 
of the error, [Ols07j, in [LMBOO, 12.2]. Indeed, whether in the abelian or non-abelian case, the 
demonstration is the same: i.e. without loss of generality = S, SA' = S' are Noetherian 
and affine, take V —as in [LMBOO, 16.6], and reduce to usual proper base change theorem 
whether by the descent spectral sequence, ]Del74, 5.3.5] in the abelian case, or (IV.55) in the 
non-abelian case. □ 


Similarly, there is a smooth base change theorem 

IV.c.5. Corollary. Again, let everything be as in IV.b.l\ with Z a constructihle sheaf of sets 
(respectively groups, respectively abelian groups) then for any fibre square of S-champs 


^ e- 




(IV.59) 


/ 


^ e- 


/ 




with the bottom right horizontal smooth there are isomorphisms of constructihle sheaves 

(IV.60) g*{R^f*^ ^ R^f*ig*^), for g = 0, respectively q = 1, respectively q>2. 

provided that for q > 1 every element of every stalk of Z has order prime to the residue 
characteristics of the points of 5^. 


Proof. Exactly as above this reduces to smooth base change of schemes. 


□ 


Notice also the pertinent corollary to the corollary IV.c.4 
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IV.c.6. Corollary. Let ^ jV he a proper connected Deligne-Mumford champ over the spectrum 
of a Noetherian local ring, with Q the closed point, then the functor 

(IV.61) Eti(.r) ^ Eti(.ro) 

is fully faithful, and an equivalence of categories ifV is (not necessarily strictly) Henselian. 


Proof. Just as in |IV.c.l1 fully faithfulness follows from knowing that under the said hypothesis, 
is connected, which reduces to the same for the moduli in light of (IV.27), which in turn 
is [SGA-IV, XII.5.8]. Similarly, since both sides are equivalent to finite sets on which the 
respective fundamental groups act, essential surjectivity follows if every Galois cover of lifts 
to ^. Necessarily, however, a Galois cover is a torsor under some finite group E, so this is 


immediate from (IV.58) if V is strictly Henselian. To get the Henselian case from the strict 


one, (E, 0), say, observe that the proof of IV.c.3 equally gives an exact sequence, 

(IV.62) 1 ^ Hi(G,H°(jr^,r)) ^ Hi(.r,r) ^ H°(G',H^(jrp,r)) ^ h2(g,h°(Sv',z)) 

and similarly for where G is the Galois group of 0/0, and Z the centre of E. □ 

The final preliminary we need is 

IV.c.7. Definition. Let {U,x) be the spectrum of the (Zariski) local ring of a variety over a 
field k (respectively the Henselian local ring, respectively the strictly Henselian local ring) then 
we say that U has homotopy depth d (in practice at most 4) at x in the Zariski (respectively 
Nistnevich, respectively etale) sense if 

(IV.63) TTq{U\x) —;■ 'Kq{U), V (? + Trdeg^A:(a:) < d — 1 

A A:-scheme of finite type is said to have homotopy depth d in the respective sense according as 
all of its local rings do. A /c-champ, ^, whose moduli is a scheme, X, is said to have Zariski, 


respectively Nistnevich, respectively weakly etale, homotopy depth d at x G V if (IV.63) holds 


on replacing whether U, or U\x by their pre-image in tZ', while the depth is said to be d in 
the etale sense if (IV.63) holds in all the (by definition strictly Henselian) local rings of tZ'. 


Even without the plethora of respectives there’s plenty of possibility for confusion about the 
terminology, so it’s opportune to make 

IV.c. 8 . Remark. The definitions [SGA-II, Expose XHI.4.3], or op. cit. Expose XIV.1.2 are only 
designed to work in the etale, respectively Nistnevich, case. As we’ve already seen, however. 


IV.b.6 only requires homotopy depth 2 in the Zariski sense, and IV.b.9, this is weaker than the 


other senses of the term. Worse, even in the etale sense what we’ve called homotopy depth is 


called rectified homotopy depth in [SGA-II, Expose XHI.4.3.Definition 2]- cf. IV.c.17 for some 


examples/motivation for dropping the word ‘rectified’- while the condition (IV.63) for q = 0 is, 
op. cit. Expose XHI.2.1, called connected in dimension d — 1, where the role of the flavours 
has been covered in |IV.b.9[ A useful example for avoiding confusion is 

IV.c.9. Example. Let X/k be everywhere a local complete intersection of dimension at least d, 
then (modulo the practical difficulty that q<2m (IV.63)) the homotopy depth is everywhere 
etale locally at least d. 

Proof. The question is local, so, say (U, x) the strict Henselisation of some scheme point x with 
5{x) = Trdeg;i.A:(x). Gonsequently if J(x) < d — 2, then the local ring is S 2 , so U\x is connected- 
albeit cf. [IV.c.lO for a much better result. Similarly, if (5(x) < d — 3, then the local ring is a 
complete intersection of dimension at least 3, so this is [SGA-II, Expose X.3.4]. Finally consider 
the case 5{x) < d — 4, i.e. a l.c.i. local ring of dimension at least 4. Given the previous cases, 
it suffices, cf. IV.d.l IV.d.4 and IV.d.6 to prove that the local etale co-homology H^(f7, Z) 
vanishes for Z a finite constant sheaf of abelian groups. Plainly we can divide Z up into its 
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p = char(fc)-part and its prime to p-part. To do the former, observe that the local ring is 54, 
so this follows from the Artin-Schreier exact sequence, while the latter is [11103, 1.3], and one 
can usefully note that for the same reasons it holds quite generally that 

(IV.64) H|([/, Z) = 0, q<d- d{x) = dimffu,x 

for any torsion sheaf of abelian groups. □ 


Rather amusingly, therefore, IV.c.9 is still true for d = 1, provided that one interprets homotopy 


depth 1 to mean that (IV.63) is surjective for q = 5{x) = 0, so homotopy depth 1, and dimension 


1 coincide. In general, however, IV.c.7 is a dimension free definition, but at the same time it 
only behaves well if the ambient dimension is at least d as the case of g = 0 illustrates, i.e. 


IV.c.lO. Continuation of the Scholion. IV.b.9 The point in question is the behaviour of the 


condition connected in dimension d—1 for a local, according to all possible flavours, ring ([/, x) 
and a hypersurface V : f = 0 B x. The best that one could hope for is 


(IV.65) 


dinixU > d — 1 implies V connected in dimension d — 2 


since a smooth (indeed irreducible) variety of dimension d — 1 is equally connected in dimension 
d—1, while a node can be disconnected by a subvariety of dimension d — 3. Similarly, for stupid 


reasons, i.e. 2 — 3 = —1 a.k.a. (IV.63) becomes empty, nodal curves in surfaces are connected 


in dimension 0, so to use the hypothesis in (IV.65) in order to establish the same by induction. 


one has to start with the case of U of dimension 3 rather than the empty 2-dimensional case. 


Incredibly, however, the “proof”, [SGA-II, Expose XIII.2.1], of (IV.65) for complete local rings 
makes exactly this mistake and is completely wrong- the induction step is correct, but the initial 
case, which (because of a slightly different set up) is even false in op. cit. rather than just 
empty for surfaces, has to be done in dimension 3 rather than dimension 2. Fortunately this 
has been corrected (and it requires a non-trivial trick) in [FoCV99, 3.1.7], where irrespectively 
of whether we’re in the Zariski, Nistnevich, Henselian or complete flavours we have 


(IV.66) 


(IV.65) holds if U is embeddable in a Gorenstein, Noetherian scheme. 


even though the statement, rather then the proof, of op. cit. is only given in the complete 
case. Indeed even the Gorenstein embedding condition could be dropped if one knew 

(IV.67) {U, x) normal, dimension > 3 H^(t7, C’u) an ^u,x module of finite length. 


Irrespectively, in all cases where we’ll need it, we have from (IV.66) that 

(IV.68) dima,([/) and homotopy depth > 3 dim 3 ,(V) and it’s homotopy depth > 2, 


and, as it happens, we only need the much weaker condition that (IV.68) holds for a generic 


hypersurface / = 0- cf. IV.c.15 - with everything of finite type over a field, so, ironically, the 
correct part of [SGA-II, Expose XIII.2.1] would be good enough. 

Having thus gone through connected in dimension 2, the remaining condition in our immediate 
interest, i.e. homotopy depth 3, is 

(IV.69) TTl{U\x) —)• TTl{U) 

for every closed point x, which simplifies according to, 

IV.c.ll. Fact. Suppose that the homotopy depth is at least 2 in the etale sense then 
(IV.70) (IV.69) for etale (IV.69) for Nistnevich => (IV.69) for Zariski 


and similarly if is a champ with moduli the Zariski local ring U 


(IV.69) for etale 


(IV.69) for weakly etale => (IV.69) for Nistnevich 

156 


(IV.69) for Zariski 


























wherein for the last 3 implications one should understand (IV.69) with , and := ^ Xu 


U\x. In particular, etale homotopy depth at least 3 implies the same in all other possible senses 
whether for schemes or champs. 

Proof. All the implications are essentially the same. We do the etale => Zariski case for champs 
since it’s both the most difficult and most relevant. To this end let (V,x) be the strictly 
Henselian neighbourhood of ^ a representable Galois cover; and consider the fibre 

square 

< - E' 


(IV.71) 


^ f- 


V\x 


where, by hypothesis, E' —> tto{E') x V\x. As such S' extends locally across the puncture, and 
there is a myriad of ways to extend globally to an etale cover of ^, e.g. use |IV.aT2 to suppose 
everything reduced, take the integral closure in S', and use [EGA-IV.2, 6.14.4], or, better use 
that the above local extension is uniquely unique because the etale homotopy depth is at least 
2 to get a descent datum for the extension over some etale neighbourhood W ^ . The latter 

strategy is arguably better since it also gives the unicity of the extension. □ 

This pretty much covers everything one might want to know about homotopy depth 3 beyond 


IV.C.12. Remark. The relation between (IV.69) for U (not necessarily str ictly) H enselian and 
its completion, U, is plausibly more subtle than that encountered for ttq in IV.b.l4 For exactly 
the same reason as [IV.c.lH the implication 

(IV. 72) 


(IV.69) for U => (IV.69) for U 


always holds, but the other way round is a priori open in full generality, albeit [Art66j covers 
a lot of cases. 

All of this said we have, 


IV.C.13. Proposition. Let everything be as in the set up IV.b.l with SSjS proper enjoying 


for all s ^ S fibres, everywhere of dimension 3 and connected in dimension 2 in the etale 
then for i : 3^ ^ a hyperplane section there is an equivalence of categories 


sense, 


(IV. 73) 


TTj-Zar 


Eti(Jf’) 


Proof. We already know, IV.c.2 that the functor (IV. 73) is fully faithful, and we require to prove 
essential surjectivity, i.e. lift a T-torsor, S —)> to a T-torsor over a Zariski neighbourhood 

for any finite group T. To this end, we retake the notations of the proof of |IV.b.4] profiting 
from (IV.27) on replacing by a sufficiently large multiple, we add a further fibre square to 


the diagram (IV.30) to obtain 


(IV. 74) 


p : 3^ 


as 


^ E 


-> P 


Px 


qx 


ux 


> A 


As such if we again fix s G S' and identify with a A:(s)-point 0 of P; put & = write 

fibres of p as sub-scripts; and denote by N the strictly Henselian local neighbourhood of 0 G P, 


then a couple of applications of (IV.c.6) gives us isomorphisms 


(IV. 75) 


7ri(^Ar) 


vri(J^) 
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Consequently if ^ is a F-torsor for some finite group F, there is an etale neighbourhood 
V 3 0, and a F-torsor over together with an isomorphism 


(IV. 76) 


G : q*<^v 


in Eti(^y); where despite the ambiguous nature of fibre products in 2-categories every S- 
champ has a clivage by definition, so q*S' etc. are unambiguously defined, and even ^ 
since we’ve replaced ^ by a large multiple so we can use (IV.27). Now by (IV.68) the universal 
family ^/P satisfies (universally) the hypothesis of IV.c.l so if U is the Zariski image of V 
in P; (s,t) : R := V X[j V ^ V the resulting groupoid then there is a unique arrow. A, in 
Eti(^V'xj 7 y) such that 


\9v 




-3 t* 


(IV. 77) 


s*G 


\^v 


t*G 


S*q*^V - t*q*Sv 

commutes. In particular, therefore, since 7 ^ 7 “^, 7 G F also satisfies (IV.77), ^ is a map 
of F-torsors, and since [IV.c.l is equally valid over V Xp V Xp V, we may argue similarly to 
conclude that A satisfies the descent /1 co-cycle condition, 

(IV.78) pI,A = pl^Apl.A 

in Eti(^yxpV'xpy)) wherein the indices denote the various projections to If ^[7 were 

a space this concludes the discussion, i.e. there is a F-torsor —?■ whose restriction 

to is 1#. In general, however, one needs to be more careful about the lack of unicity in 
fibre products which can result in a non-trivial 2 co-cycle condition, cf. (III.57) or [Gir71, 
IV.3.5.1]. Fortunately, however, (11.117), a natural transformation in Cham ps which is a 2-cell 
in Et 2 between 1 -cells which themselves are maps between representable 0 -cells is unique, so 
the said 2 co-cycle condition is implied by (IV.78), cf. III.e.11 and immediately post (III.161). 
Consequently, we can replace V by the Zariski neighbourhood U in (IV.76). 

At which point, as in (IV.33), we switch tact and notation with {s,t) now from x^ ^ 
to find an isomorphism 

(IV. 79) 

restricting to the identity on all fibres over an etale neighbourhood V ^ U Xs U of 0x0. The 
restriction of B to the fibres of S>u x^ Q>\j via (IV.76) can equally be seen as the descent data 
for s*q*£'if = t*q*S'ij for the covering of a Zariski neighbourhood of x ^ Stp induced by V. 
On the other hand the hyperplane x ^ ^ .gr satisfies exactly the conditions 

of IV.b.3 so arguing exactly as in (IV.33) but for the locally constant sheaf Hom fg*!^, t*^) 
instead of Z etc., we deduce that B is actually defined over a Zariski open neighbourhood 
W ^ U xs U of 0x0, which, again, is a classical topology, so without loss of generality B 
is defined everywhere. As such if qji are the various projections of x^ ^jj x^ to 
there is a unique element 7 G F such that 

(IV.80) pl^B^ = pl^Bpl.B 

Necessarily, however, 7 vanishes on the (proper) fibre over 0x0x0, so it vanishes on all the fibres 
over a Zariski neighbourhood of the same, whence without loss of generality on U XsU XsU, 
i.e. B defines a descent datum for the smooth map q : ^p -3 . 

The Zariski open image of q contains a Zariski open neighbourhood of := M’ Xs S' 
for S' a Zariski open neighbourhood of our initial s, so we’ve certainly lifted the restriction, 
S' = S x^ of our torsor to a F-torsor over ^'. In order to glue such torsors, , 
over Zariski open neighbourhoods S', S", say, one proceeds exactly as in (IV.77), i.e. via 
the unique lifting of the given gluing of S' with S". The existence of such a unique such 
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isomorphism on Zariski neighbourhoods of r\^" is assured by IV.c.2, and, since every fibre 
is a fortiori everywhere connected in dimension 1 in the etale sense, it extends, c/. |IV.c.ll to 
all of n . As such, just as in IV.b.4 there is even a unique (depending on S') maximal 
Zariski neighbourhood, ^max, to which S lifts. □ 

In the presence of sufficient depth we therefore have the following variations 


IV.C.14. Corollary. Let everything be as above, \IV.c.l3[ and suppose further that for all s € S, 
the fibre SLg is everywhere ofhomotopy depth 3 (in the Zariski sense over k{s)) then the inelusion 
i : Jif ^ ^ of a hyperplane section affords an equivalence of categories 


(IV.81) 


i* : Eti(jr) ^ EtiiJS) 


Proof. Again, we require to lift a F-torsor, S —)■ , to a F-torsor over SL for any finite group 
F, and we already know, IV.c.13 or more accurately the end of the proof, that this can be 


done over a unique maximal Zariski neighbourhood ^ of dZZ. Now let ^ be the lifting and 


s G S', then by hypothesis extends over the whole fibre SLs-, so by proper base change, IV.c.6 
there is a Nistnevich neighbourhood V —>• S of s such that extends over all of to some 
F-torsor i#. Each fibre of ^ is, however, a fortiori connected in dimension 1 in the etale sense, 
so for {s,t) : V Xg V —?• V the descent isomorphism between s*i#y and t*i#y extends uniquely 


to a descent isomorphism between and f* 
s was arbitrary. 


As such, the fibre of ^max contains and 

□ 


IV.C.15. Corollary. Let everything be as in IV.c.13 and suppose further that SLjS itself is 
the universal family of sufficiently ample hyperplanes, i.e. J^ujU, U ^ P Zariski open, in the 


notation of (IV.74), of some ‘SZ jB such that for all b £ B, the fibre 1% is everywhere locally 


simply connected (in the Zariski sense over k{b)) in dimension 2, i.e. 

(IV.82) ^fiu\y)^TTi{U), TVdeg,(,)fc(y) < 2 

for U the Zariski local ring at y, then the inclusion i : JZ’ ^ IZI of a hyperplane section affords 
an equivalence of categories 

(IV.83) i* : Eti(jr) ^ EtfiJif) 


Proof. Let everything be as in the proof of |IV.c.l4 then as before it suffices to extend the 


torsor Wg over 3Pg, i.e. in a neighbourhood of !^g, where is the Zariski closed complement 
of . Now the universal family of hyperplanes has the particular property that for z ^ ZZg 
one can find a constructible T 3 s {in fact a Zariski open in a smooth curve over B) such that 
-3- ^ is a Zariski local isomorphism at z and is of relative dimension at most 1, and 
whence we can apply (IV.82). □ 


In all of which we can usefully observe that the systematic use of proper base change has a 
certain optimality, i.e. 

IV.C.16. Remark. There is no tubular neighbourhood theorem for the etale topology. Specifically 


the usual example for the necessity of the dimension condition in IV.c.14 is to take Ff to be a 
smooth curve of positive genus in V = 


■ c- 


Of course. 


IV.a.l 


the completion of X in iF has 
the same homotopy type as H. Given, however, a finite etale cover FF' —?■ FF it is not true that 
there exists a (not necessarily proper over its image) etale neighbourhood p : V —?■ FF together 
with an embedding H' . Indeed such a V would be normal, and without loss of generality 
connected, whence it’s irreducible, so that we can just compactify everything to p : V X, V 
normal. Now H' is a connected component of p“^(FF), so it’s equally a connected component 
of p~^{H), but the latter is connected by IV.b.6 Consequently, H' = p“^(FF), so p is an etale 
covering in a neighbourhood of FF, and whence everywhere by purity, which is absurd. 
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Similarly let us consider the necessity of the depth conditions by way of, 


IV.C.17. Continuation of the Scholion. IV.b.O'IV.c.lO The necessity of the depth conditions 
(IV.631 at closed points is equally obvious- e.g. join two projective spaces in a point, take a 


variety with an isolated quotient singularity, or, whatever. In the situation of algebraic depth, 
however, the analogous conditions to (IV.63) are referred to as rectified depth, [EGA-IV.3, 
10 . 8 . 1 ], and is wholly implied, op. cit. 10 . 8 . 6 , by the corresponding condition at closed points. 
This is, however, false for homotopy depth (whence we’ve dropped ‘rectified’ of [SGA-II, Expose 
XIII. 6 , Definition 2]) i.e. 

(IV.84) (IV.63) at closed points for ttq and tti does not imply connected in dimension 2 


and, as it happens, the same example will equally prove 

(IV.85) Gonnected in dimension 2 is necessary in the Lefschetz theorem, IV.c.13 for vri. 


Specifically, therefore, let X/C be the join of two copies A, B of in a line L. This is 
manifestly connected in dimension 1 in the etale sense but not connected in dimension 2 in 
the Zariski sense. Similarly off L, (IV.69), is trivially true at closed points because 5 > 1, 
and only slightly less trivial (5 > 1 plus Van Kampen) on L itself. This shows (IV.84), and. 


again Van Kampen shows that X is simply connected. Now take a, b to be smooth quadrics 
in A, respectively B, meeting the line L in the same pair, p, q, of distinct points, then {e.g. 
Mayer-Vietoris) the join, H, of a to 6 in {p} U {g} isn’t simply connected. If, however, a cover 
E ^ H could be extended to a Zariski neighbourhood of H then it would extend everywhere 


because the depth conditions hold at closed points, and whence (IV.85) 


IV.d. Lefschetz for 112. At which point the general inductive schema should be clear since 
we now have 


IV.d.l. Corollary. Let everything be as in IV.c.l4\ respectively IV.c.15 albeit with the fibres 
of of homotopy depth 3, respectively those of simply connected in dimension 2, in the 
etale rather than the Zariski sense, then the 2-functor 

(IV. 86 ) i* : Et2{^) Et2{Jif) 

is fully faithful, i.e. for any pair of 0-cells q,q' on the left, 

(IV.87) i* : Hom(g, q) Rom{i*q, i*q') 

is an equivalence of categories. 


Proof. By the 2-Galois correspondence III.g .6 the respective sides of (IV. 86 ) are equivalent to 


the 2 -category of representations of n 2 (.^), respectively n 2 (.^), while under the conditions of 
IV.c.l5|the fundamental groups are isomorphic. As such the assertion is equivalent 


IV.C.14 


or 


to 


(IV. 88 ) 


'n'2{^*) vr2( Jf*) 


Indeed, without loss of generality, the representation on q, q' are transitive in the sense im¬ 


mediately following (11.13), which in turn can be replaced, II.a .6 by their pointed stabiliser 
representations. The only part of the explicit description, II.a.14 of the same which depends 
on 7 r 2 among the data defining q, respectively q', is the representation of 7 r 2 in the centre of 
the stabiliser of q, respectively q', and the only part of the data in the description of a 1 -cell 
q ^ q' which depends on 7 r 2 is that these representations should map to themselves under the 
implied map from the stabiliser of q to q'. 

implies that (IV.87) is an equivalence of categories. Gonversely, in 
given a finite quotient T of ' 7 r 2 (.^*), one should take q to be defined by the triple (vr', 7 ', A'), 
where vr' = (tt^jEjA;^) for some sufficiently small open sub-group 7 r( acting trivially on T; 7 ' 
the topological 2 -type of the universal fibration in KfE, l)’s; and ^ the natural forgetful map 
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Gonsequently, the easy direction is that (IV. 

the notation of |II.a.l4 

































between them. Similarly, given a character y of F, one takes q' to be defined by a triple 
where is the previous tt'; 'y" the topological 2-type of the universal fibration in 
iF(Im(y;), l)’s; and again the natural forgetful map. As such y affords a natural map from 
q ^ q' and the isomorphism class of objects of the category Hom(g, q') are a principal homo¬ 
geneous space under H^(7rj, Im(x))- If, however, A is the image of 7r2(=^) in F then the orbit 
under H^(7rj, Im(x)) of the isomorphism classes in Hom(i*g, is isomorphic to characters F 
such that. 


(IV.89) 


Hom(F, 


^ F ^ x|a G Hom(A,Q,Z) 


and whence (IV.87) an equivalence implies (IV.88) surjective. 


This said, it therefore suffices by III.d.7| to prove that if g is a 2-Galois cell over then i*q 
is 2-Galois over and, even slightly more conveniently. III.c. 10 &: III.c. 15 we can replace 
2-Galois by quasi-minimal. To this end let '3^ —)• 3^ —be a factorisation of q into a 
locally constant gerbe followed by a representable cover, then we have a commuting diagram 
of functors 

Eti(^') -^ Eti(^) 


(IV.90) 


Eti{i*3^') 


{p\^Y 


» Eti(T^) 


where by the very definition of quasi-minimal the top horizontal is an equivalence of cate¬ 
gories, while the verticals are equivalences by |IV.c.l4 
an equivalence. 


or 


IV.C.15 


so the bottom horizontal is 

□ 


Alternatively, we have the weaker but more generally valid 


IV.d.2. Corollary. Suppose only that everything is as in IV.e.13 and define Etl'^ in the obvious 
way, i.e. O-eells are ehamps whieh are proper and etale over a Zariski neighbourhood of etc., 
then restriction affords a fully faithful 2-functor 

(IV.91) i* : Et|f> ^ Et2(=^) 


Proof. As per IV.c.13 for the 1-Galois correspondence in Zariski neighbourhoods of the 


2-Galois correspondence is valid in the obvious way, so everything is exactly as in the proof of 
IV.d.l modulo replacing IV.c.14 respectively IV.c.15 by IV.c.13 □ 


While the rationality issues encountered in (IV.36), IV.c.14 won’t completely disappear, IV.d.ll 
&: IV.d.l2[ we can usefully observe 


IV. d. 3. Fact. Let everything be as in the set up \IV.b.l\ but suppose S is a field k with separable 
closure i :k^k then i and a choice of pi —)• Spec(fc) determines a unique (up to equivalence) 
lifting (up to equivalence) of the base point * : pt —)> and on understanding TT 2 {t^*) as tt 2 of 

the connected component of the base point. 


(IV.92) 


vr2(^fcj^7r2(.r*) 


Proof. Lifting =t= is just the definition of fibre products (A.3). Similarly if, again, 3^ --V —?■ 


is the factorisation into a local constant gerbe followed by a representable cover of a quasi- 
minimal 0-cell q, then, more or less by definition, every base change of p by a representable etale 
cover of 3^' is again quasi-minimal. Of course for a finite separable extension K/k identified 
with a subfield of k it could happen that 3^fi is disconnected, but it is, nevertheless, a finite 
sum of connected representable covers of 3^', amongst which pointing 3^' a priori picks out 
exactly 1, say 3^”, so that 3L x ayf 3L" over the corresponding connected component of 3Pk is 
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certainly quasi-minimal, and whence (IV.92) is surjective. Finally, for any such K, Et 2 (=i?ix) is 
a full sub-2-category of Et 2 (=^) so (IV.92) is injective. □ 


In a similar vein we can refine [TV. c.6 1 i.e. 

IV.d.4. Fact. Let X jV be a proper Deligne-Mumford ehamp over the speetrum of a Henselian 
loeal ring, with 0 V the elosed point, then there is a 2-equivalence 

(IV.93) Et2(.^) ^Et2(.%) 


Proof. By the Whitehead theorem III.e.l7| or more accurately a minor variant of it as in the 
proof of IV.c.2 to cope with non-trivial vro, it suffices to prove that the homotopy groups of 


either side of (IV.94) coincide, where, without loss of generality and are connected. 


Arguing however as above, (IV.90), we already know from IV.c.6 that we have an isomorphism 


on TTi, and a surjection on 7r2. It therefore suffices to lift a 2-Galois cell q over to the same 

over SPdy. On the other hand if A SLq is the factorisation of q into a locally constant 

gerbe in B^’s, and a representable cover for some locally constant sheaf 'Z_l then since p 
can be lifted to some etale cover SLy —)• SLy, we can on replacing by SLy, suppose that 
the 2-Galois cell is actually a locally constant gerbe. Similarly, another application of |IV.c.6 
implies that E is the restriction of a locally constant sheaf on SPy, so we’re done by proper 
base change, and |III.h.4 


□ 


Irrespectively, the main proposition should, at this juncture, be clear 


IV.d.5. Proposition. Let everything be as in the set up IV.b.l with SL jS proper enjoying for 
all s € S fibres, ^s, everywhere of dimension j while being connected in dimension 3, and 
simply connected in dimension 2 (both in the etale sense), then for i : ^ a hyperplane 

section there is an equivalence of categories 


(IV.94) 

To this end we assert 


i* : Etf> Et2(=^) 


IV.d.6. Claim. Denoting by E the constant sheaf with values in the finite abelian group Z it 
will suffice, under exactly the hypothesis of |IV.d.5] to prove 

(IV.95) li^ 




where the limit is taken over Zariski open neighbourhoods of 


Proof. Arguing as in the proof of IV.d.4 proves the assertion under the weaker hypothesis that 
Z is an arbitrary locally constant sheaf in finite abelian groups. By definition, however, as a 
group 7r2 is unchanged by etale coverings so by lifting a further representable cover of Jif to 
^ we can suppose that Z is functions to Z. □ 

Now let us return to 


proof of \IV.d.5 . Fix a constant sheaf, Z, of finite abelian groups; e G H^(.;?^,Z); s £ S; retake 
the notation of (IV.74) for the universal hyperplane; and, again, identify with the fe(s)-point 
0 £ P. As such, following the notation and proof of |IV.c.l3 in the obvious manner there is an 
etale neighbourhood V of 0 and a class 

(IV.96) }l^i^y,Z)3 ge^q*ey £B.^i&y,Z) 

Now for U the Zariski open image of V in P we have a simplicial space 


(IV.97) 


... f(2) --v Xu V Xu ■=v xuV := V 
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whose pull-back to affords the descent spectral sequence 
(IV.98) Z) = ff , Z) ^ Z) 

and similarly for the co-homology of the hyperplane section S^u ^ ^jj-, where by our current 
hypothesis of |IV.d.5 and |IV.c.l5| 

(IV.99) j = 0, orl 

0 2 I I 

while the E 2 ’ term mimics (IV.32I, i.e. a commutative diagram 

0 -> E°’^(^t/,Z) -^ H2(^y,Z) 


(IV. 100) 


0 


> Ef 




s*-t 


s*-V 






Here our hypothesis allow us to apply the respective part of 


IV.d.l so that by (III. 137) all the 


verticals in (IV. 100) are injective. Consequently g of (IV.96), can be identified with a class in 


the bottom left group mapping to the image of q*eu in the top left, and a simple diagram chase 
using (IV.99) shows that we can replace V with the Zariski open U in (IV.96). 

At this point we change notation in order to compare the descent spectral sequences, say 
(IV.lOl) Z) ^ ^ ^ Z) 

for q : ^jj —?■ D ZZ the Zariski open image- and ^f/ —)■ M’. Now as we’ve seen in 

(IV.33), (IV.79), and (IV.80) the trick is to shrink U 3 0, or products thereof, as necessary 
in order to extract some extra surjectivity or injectivity that isn’t quite guaranteed by the 
Lefschetz theorems that we already know. In order therefore to lighten the exposition from 
here to the end of this comparison of spectral sequences 

(IV. 102) P D U 3 0 means a sufficiently small Zariski neighbourhood 

Similarly, there will appear intermediate etale neighbourhoods, where the words ‘surjective’, 
‘injective’, or isomorphism, may only be valid after Henselisation, but since we’re performing 
a finite diagram change there will be no loss of generality in confusing the notions ‘sufficiently 
small etale neighbourhood’ with Henselisation. With this in mind what we’ve so far established 
is that is an isomorphism, so the obvious next step is 


IV.d.7. Claim. Notation and conventions as above, 62 ’^ is an isomorphism, i.e. is injective. 

sub-proof. Let V -3 U XsU he a sufficiently small etale neighbourhood of 0 x 0 and consider 
the resulting map of descent spectral sequences 

(IV.103) Z) ^ ^ Fi’^iJZ) => X^ Z) 

then the following facts about formally imply the assertion. 

(a) If i = 0, it’s an isomorphism Vj- 


1,2 


(b) If j = 0, it’s an isomorphism Vi- 


(c) If j = 1, it’s injective Vi- IV.c.l 


IV.C.4 


IV.b .6 


□ 


• 0 2 2 1 
IV.d. 8 . Claim. Notation and conventions as above, e,’ is an isomorphism, i.e. ef is injective. 


sub-proof. This breaks up into 
(IV. 104) 


1,1 


is an isomorphism. 


which as in the proof of IV.d.7 is a formal consequence of (a)-(c) of op. cit., and 
2 1 

IV.d. 9. Sub-Claim. ef is injective 
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sub-sub-proof. Let V U XsU xsU he a sufficiently small etale neighbourhood of 0 x 0 x 0 
and consider the resulting map of descent spectral sequences 


(IV. 105) 


^ x^ Xjr ^u,Z) 


then the following facts about formally imply the assertion. 


(a) If i 

(b) If j 


0, it’s an isomorphism Vj- 

IV.C.4 

0, it’s injective Vi- IV.b.3 



□ 


Which in turn completes the proof of IV.d .8 


□ 


• 0 2 3 0 

IV.d. 10. Claim. Notation and conventions as above, 64 ’ is an isomorphism, z.e. e,’ is injective. 


sub-proof. Given (IV. 104) this amounts to 

(IV. 106) 63 ’° is injective 

Now, bearing in mind (IV. 102), by the obvious variant of (IV.33), is injective for all p, so 
the assertion follows a fortiori from 

(IV. 107) 64 ’*^ is an isomorphism 

which in turn is a formal consequence of (a) and (b) in the proof of IV.d.9| □ 

A priori such tedia only give an isomorphism (Zariski locally around s G 5) of the gr^ parts of 
either side of (IV.95) implied by (IV. 101), but 


(IV. 108) 


gr^ is an isomorphism because 63 is- (IV. 104), 


IV.d.9 


& 


IV.C.15 


and (IV. 106) 


gr^’s an iso since 63 ’° -(IV.107), 


IV.b .6 


(, 3,0 ■ . , 1,0 

ef mj- and ef are- 


IV.C.15 


& 


IV.c.l 


As such, we’ve solved the problem everywhere Zariski locally on S, and we have to patch liftings 
e', e" of e to Zariski neighbourhoods of = 3^ Xg S', X 5 S" for S', S" 


themselves Zariski open open in S. Now by IV.d.2 e' and e" restrict to the same class on some 


intermediary Zariski neighbourhood, , of J^' H , whose complement in n we 
denote by Sf. What we therefore require to prove is that our depth hypothesis imply, 

(IV.109) xs S'ns",z) = 0 

We already know, however, the corresponding proposition for H*, f < 1, cf. IV.c.l 1, and even in 
a strong local sense since globally disconnected implies locally disconnected for generic s € S. 
Consequently, it will, by the local global spectral sequence for co-homology with support suffice 
to prove (IV.109) with S' n S" replaced by the Nistnevich local neighbourhood N ^ S' Ci S" 
of an arbitrary s € S' D S" . We have, however, a commutative diagram 

R\^n,Z) -^ Hi(S)v\^,Z) -^ H|,(jrjv,^) -1 E.^{^n,Z) 


(IV.llO) 


iiH^s,Z) 








with exact rows wherein the leftmost horizontals are isomorphisms by IV.c.14 (or, slightly more 
accurately its proof), whence the rightmost horizontals are injections, so that, by Nistnevich 
proper base change for the ultimate vertical, the vertical between the local co-homology groups 
is injective, while the vanishing of the bottom follows a fortiori from simply connected 
fibres in dimension 1 in the etale sense. As such we get (IV.109), and, just as in IV.b.4 we even 


find a maximal (depending on e) Zariski open neighbourhood of to which the corresponding 
gerbe —)• may be extended as a locally constant fibration in B^’s. □ 
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In the presence of further depth hypothesis we therefore obtain 

IV.d.ll. Corollary. Let everything he as above, \IV.d.5 and suppose further that for all s € S, 
the fibre !Xs is everywhere ofhomotopy depth 4: (in the Zariski sense overk{s)) then the inelusion 
i : dZf ^ 1%^ of a hyperplane seetion affords an equivalence of 2-categories 

(IV.lll) i* : Et2{^) ^ Et2iJZ’) 


Proof. By the Whitehead theorem, III.e.l7| andllV.cTTI it suffices to lift a 2-Galois cell q : S’ 


to all of As such let S M’' A M’ be its factorisation into a locally constant gerbe in 
B^’s for some locally constant (but not necessarily constant) sheaf of abelian groups Z followed 
by a representable cover p. An immediate application of |IV.c.l4 implies that Z is defined on 
all of and p extends to —)> . Now by IV.d.5, ef extends to a Zariski neighbourhood 

of .ZS' := as say, q' : S' ^ , and better, by the conclusion of the proof of op. cit. 

we can take to be maximal with respect to the properties that the extension q' exists and 
p \^/ is proper over its image. Plainly we’re done if the Zariski closed complement of p{^') is 
empty, so, suppose otherwise and let z be a generic point of the same lying over s £ S with 
N 3 s the Nistnevich local neighbourhood of the same. By the definition, IV.c.7 of Zariski 


homotopy depth and the Whitehead theorem (or more correctly another minor variant since 
there’s need for a little bit of care about the meaning of a base point, cf. [SGA-II, Expose 
XIII, pg. 15]) there is a local extension, fg : t % of Pg(fs to a Zariski open neighbourhood 

of z in the fibre 4^g. On the other hand, / has it’s own factorisation say, J^g ^ 'Pf ^ %, 
into a locally constant gerbe followed by a representable cover, which, in turn is unique, so 
can be identified with a Zariski open neighbourhood of yf, and /' with an extension of 
the locally constant gerbe over a Zariski neighbourhood of pf^{z). Arguing similarly at 
any other closed points in the complement of implies by Mayer-Vietoris that the locally 
constant gerbe defined by q' extends to all of yf, and whence to by Nistnevich proper 
base change. Such an extension is, however, unique by [IV.d.T and III. 137 so it glues exactly as 
in (IV.98)-(IV.99) to an extension of q' over some ^ ^ Zariski neighbourhood of s in 

S, which, plainly, is contrary to the maximality of y. □ 

Since the above is slightly longer than is strictly desirable, let’s note 

IV.d.l2. Remark. If we were to make the stronger hypothesis of homotopy depth 4 in the etale 
sense, then for every locally constant sheaf Z of finite abelian groups, and every closed point. 


X, in every fibre yg we have H|(>^,Z) = 0 for g < 4, so that going from IV.d.5 to (IV.lll) 
would be immediate by proper base change. 
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Appendix A. Some 2-Category stuff for which Mr. Google doesn’t give a 

USEFUL ANSWER 

Convention. Throughout this appendix the words ‘2-category’, respectively ‘strict 2-category’, 
will be used as a shorthand for: weak, respectively strict, 2-category in which all 2-cells are 
invertible, e.g. the 2-category of groupoids but not the 2-category of categories. 


A.i. Fibre products. Although logically subordinate to § A.ii on limits, fibre products so 


permeate the manuscript as to merit a specific treatment. This said, the basic rule for con¬ 
structing a universal property in a 2-category is to take its analogue in a 1-category, and replace 
all commutative diagrams with 2-commutative diagrams. Applying this rule of thumb to fibre 
products yields 


A.i.l. Definition. Let a pair, Fj : f = 1 or 2, of 1-cells in a 2-category be given, 

then a fibre product consists of a 0-cell, x^ 1-cells, Pi : x^ a 2-cell 

a : FiPi => F 2 P 2 , or, equivalently a diagram. 


(A.I) 


Xy t^2 —^ 


P 2 



Fi 


^2 


F 2 




with the following universal property: given any other such square 


(A.2) 


Q 2 


Y 

^2 


Qi 





F 2 


El 


there is a 2-commutative diagram 


(A.3) 



3Pi 


El 




which for K{—) the associator is equivalent to saying that there is a commutative diagram 


(A.4) 


FiQi 


(El). 01 


>Fi{P^Q) 


E'(Ei,Pi,Q) 


>(^1^1) <3 


QV 


^ ^ (E2).02 ^ ^,K{F2,P2,Q),^ „ 

F 2 Q 2 > F2{P2Q) > {F2P2)Q 
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with the following uniqueness property: if [Q',^'j) is another such diagram then there is a 
unique 2-cell ij: : Q ^ Q' such that for i = 1 or 2 the following diagrams commute 


(A.5) 



It follows that a fibre product is only unique up to unique equivalence between 1-cells which 
themselves are far from unique. Now while this is the nature of the world, it can be awkward, 
cf. | 0 . 0 . 8 [ so we distinguish 


A.i.2. Definition. Let the givens be as in A.i.l then a strict fibre product, .^i>< is a fibre 
product, with the further proviso that (A.3), equivalently, (A.4), holds with 

4>i = 1, i = 1 or 2, for a unique 1-cell, Q : '3^ ^ In particular, therefore, strict fibre 

products are uniquely unique, i.e. unique up to unique strict equivalence. 


We ignore the question of when the existence of fibre products and strict fibre products are 
equivalent since this holds in all cases relevant to this manuscript, e.g. [LMBOO, 2.2.2] provides 
a rather general construction of strict fibre products, which generalises to inverse limits, |A.ii.4[ 


A.ii. Direct and inverse limits. Before applying the rule of thumb for universal properties 
to limits, we need to define what we’re taking limits of i.e. 

A.ii.l. Definition. A directed, respectively inverse, system in a 2-category Gl is a 2-functor 
/ —)• C, respectively /°p —?• £, for some partially ordered set, I, viewed as a 1-category in the 
usual way. 


The content of the notion of 2-functor from a 1-category to a 2-category may usefully be noted 
for future reference, i.e. 

(a) . A map i from objects of I to 0-cells 

(b) . A map, f Ff from arrows to 1-cells, written Fij, respectively in the 
directed, respectively inverse, context of A.ii.l] 

(c) . For every pair of compossible arrows, g, /, a 2-cell, 7 ^/ : Fgf => FgPf^ written 

(A.6) lijk, respectively 7 ^-^*, in the directed, respectively inverse, context such that 


FhiFgFf) 


K(Fh,Fg,Ff) 


(Fh)*lgJ 


FhFgf 


17 Z7' \ 

{FhFg)Ff < 


^hgFf 



commutes for K{—) the associator of C, which, in the directed, respectively inverse, context, is 
just the tetrahedron condition of IlI.e.l (e) if G1 is strict. This said, we have 


A.ii.2. Definition. For a direct, respectively inverse, system in Gl a direct, respectively 
inverse, limit consists in a 0 -cell, lirp . respectively lim. 1 -cells Xi : ^ lirp . 

respectively X* : ^im . 3Fi —)■ 2 -cells, ^ 7 - : Xj => XiFij, respectively : X^ => F^X'^, 
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whenever j ^ i, for which whenever k ^ j ^ i the tetrahedron 


(A. 7) jTj 


lin^ . 

(with the obvious faces) 2 -commutes, respectively the opposite diagram for inverse limits such 
that given any other 0 -cell, '3^, 1 -cells Yi, respectively y*, and 2 -cells rjij, respectively 77 -^* 
forming such a diagram there is a 1-cell Z : lirn . .^i —)> 3^, respectively Z : 3^ ^ (im . along 
with 2 -cells Q :Yi ^ ZXi, respectively : y* —)■ X^Z, such that for j ^ i the tetrahedron 




(with the obvious faces) 2 -commutes, respectively the opposite diagram for inverse limits 
while enjoying the following uniqueness property: if Z\ C,[ etc. also yields a series of such 
2-commutative diagrams then there is a unique il) : Z ^ Z' such that 


(A.9) 


y* 






>Z'Xi 


respectively (modulo notation) (A.5), commutes for all i. 


Again, if limits exists they’re unique up to equivalence, while pertinent existence results are 

A.ii.3. Example. Direct limits of groupoids In this case we can define a groupoid, ^, whose 
objects are 

(A.IO) ob(^) := ]Job(^i) 

i 

Now suppose that we have arrows k^i^h, j^i^h, and objects Xk G ob(i?^), Xj G 
oh{tZ'j) then we have Hom-sets, 

(A.11) Hom*(xj,Xfc) := Romsr^{Fij{xj), Fikixk)) 

with transition functions 


(A.12) 


Thi : RorY{xj,Xk) Bom^{xj,Xk) : f 'lhii{xk)Fhi{f)'yhijixj 


satisfying Tgi = Tg^Thi for any further arrow /i —)• 5 by (A. 6 ), and 


(A.13) 


Rom_g:{xj,Xk) := lirpHom"(x,-,Xfc) 
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where the latter is just directed limit in Ens with respect to the transition functions T^i does 
the job. 


A.ii.4. Example. Inverse limits of groupoids Here we define a groupoid, , with objects a 
subset of 

(A.14) ]Job(jr*) X Ar(jr^) 9 

i>j 

where we further insist that 


(A.15) —)■ , and , whenever i > j > k 

while an arrow between two such objects, x* x y* x is an element (/*) G Ar(=;^) with 
source x*, sink y* for which the following diagram commutes 




FJ^P) 


> y 


(A.16) 




P 


■> r 


In the particular case of groups, i.e. groupoids with 1-object, one can usefully observe the 
contrasting behaviour of the direct and inverse limits, to wit: 

A.ii.5. Remark. If are groups, Ej ^ pt, with I filtered on the left and the directed, respec¬ 
tively inverse, system is in groups, i.e. Pijk, respectively is the identity, then: 

(a) The directed limit is again a group, and coincides with the group direct limit. 

(b) The inverse limit need not be a group. In fact the isomorphism classes of objects in ^m . <^- 
which is an invariant of groupoids up to equivalence- is ^m .^^^Tj, while the stabaliser of the 
object defined by the points of the is the inverse limit in groups. Consequently, [Jen72, 
Theoreme 7.1], inverse limits of finite groups are pro-finite groups, but otherwise anything can 
happen. 


A.iii. Champ means 2-sheaf. For E a site, the fact that an E-groupoid in the sense of 
[LMBOO, 2.1]- replace Aff/S" in op. cit. by E- or an E fibred groupoid in the sense of [Gir71, 
1 .1.0.2] is equivalent to giving a normalised {i.e. trivial on identities) 2-functor 

/, 


JT : E°P ^ Grpd : U ^ ^{U)] {V ^ U} Xf, {g, /) ^ 


(A.17) 

as defined in (A.6) is [SGA-I, Expose VI.7-8], where we do not adopt the shorthand Xf = f* to 
avoid confusion with pull-backs of natural transformations, or the actual 1-functor of (A. 19). 
The only reason, therefore, why one doesn’t call this a pre-champ (or functorially with respect to 
the ideas pre-2-sheaf in English) is because the gluing/sheaf condition is itself double barrelled, 
(A.20), and one wants (perhaps not necessarily correctly) to reserve ‘pre-champ’ for the 2- 
functors of (A.17) which satisfies some but not all of the gluing condition. More precisely for 
x,y ^ SI ([/) one has by ( A.6| ) an actual (and not just a pseudo) functor 

(A.18) RomrA x.v) : E/[/°p ^ Ens : {V ^ U} ^ Hom^(y)(X,(x), V„(y)) 




V the transition maps are given by, 
/ 


where for W 

(A.19) Hom ^(x,y)(V) 

and one asks that for every cover V 


Rom u{x,y){W) : P ^ ^/,^^/(p)C/,, 
U eE, 


(A.20) 


Xt 


1 ^ j"(t/) ^ si{v)^sr{v Xu vy 

Xs 


>s:{y xuV xuV) 
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is “exact”, according to the only possible meaning that exact could have, z.e., [LMBOO, 3.1] 
or [Gir71, II.1.2.1], for every pair of objects (A.18)-(A.19) defines a sheaf (a.k.a. the pre¬ 


champ condition), while for pij, respectively pi, the projections from V XjjV XjjV to V XuV, 
respectively V, the objects of ^{U) are, up to isomorphism, precisely objects of x G ^{V) 
together with an arrow (p : Ais(x) —?■ Xt{x) such that in the sense of (A. 19)- albeit relative to 
V rather than U- Pi^p = p 2 z(pPi 2 't’- Evidently, therefore, one thinks of x G ^(U) as a global 
section, and we may usefully observe, 

a) In principle there is a competing definition of global section over U, i.e. a transformation 

between the identity 2-functor on E/U and ^ restricted to the same. However, essentially 
for the same reason that (A.18)-(A.19) define a sheaf, the objects V i— Xy{x), and arrows 
/ I— >■ in the notation of op. cit. define such a transformation, and, better still, any other 

transformation admits a modification into one enjoying this special form, i.e. ^(U) is all 
possible global sections up to isomorphism. 

b) There is a minor, but informative, generalisation, to wit: let U € E, Ui £ E/U, z = 1 or 2 
be given, along with objects Xi£ ^(Ui) then, 

(A.21) E/U3Ve^{vi-.V ^ Ui, P : X,^(xi) ^ X,,{x2)) 

is for j : Ui Xu U 2 ^ U the fibre product, with projections pi, representable by the sheaf, 

(A.22) J! { Rom u^^^u^{Xp^{xi),Xp^{x2))) 

Consequently the espace etale generalises as it should, i.e. 

A.iii.l. Corollary. Let E be the etale site of a topological, respectively algebraic, space S, and 
SU/E a champ (as defined in (A. 17) and (A.20)J then there is a cover U ^ S which viewed as 
a sheaf factors through , and, A.i.l\ {s,t) : R := U XgpU ^ U, U, but not necessarily R, 


separated, is an etale groupoid such that (over E) ^ is equivalently to the classifying champ 
[U/R]. 

Proof. Following the case of the analogous proposition for sheaves- ]Mil80, V.1.5]- we just put 
U to be the co-product over all pairs {x,V) consisting in a sufficiently small open (so by the 
respective definitions this will be supposed even if it isn’t standard usage in the topological 
case to imply separated) H —)• S' and a section x G tX’{V). By item.(a) above, the x, define a 
2-functor from U (identified with the identity on {E/U)°^) to while by item.(b) the resulting 
fibre product U x^ U is represented by a sheaf, of which R is the espace etale. □ 


Plainly, jA.iii.H invites the reading “every 2-sheaf is representable”, which, although correct, 
like the espace etale of a sheaf requires a little care if things aren’t locally constant. For 
example, whether algebraically or topologically, consider the classifying champ ^ of the action, 
X p2 ^ A^, by ±1 on the affine line. The coarse quotient, Y = A(j^/± —> is a moduli 

space for but the “2-sheaf of sections of —)• Y” is just the sheaf j\Y* for j : Y* ^ Y 

the complement of the origin, and one fails to recover Similarly, the space of arrows R- 
even in cases such as S' a manifold where the topology of S poses no obstruction- needn’t be 
separated, and while R (as opposed to s x t) separated isn’t, cf. [LMBOO, 4.1], always required 
in the definition of an algebraic champ, quasi-compactness ot s x t usually is, which in turn, 
needs further, if wholly reasonable hypothesis, e.g. the sheaves defined by (A.19)-(A.20) are 
constructible. 
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